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Abstract

We study traveling wave solutions for Holling—Tanner type predator—prey models, where the predator
equation has a singularity at zero prey population. The traveling wave solutions here connect the prey only
equilibrium (1, 0) with the unique constant coexistence equilibrium («*, v*). First, we give a sharp ex-
istence result on weak traveling wave solutions for a rather general class of predator—prey systems, with
minimal speed explicitly determined. Such a weak traveling wave (#(&§), v(§)) connects (1,0) at £ = —o0
but needs not connect (u*, v*) at § = co. Next we modify the Holling—Tanner model to remove its singular-
ity and apply the general result to obtain a weak traveling wave solution for the modified model, and show
that the prey component in this weak traveling wave solution has a positive lower bound, and thus is a weak
traveling wave solution of the original model. These results for weak traveling wave solutions hold under
rather general conditions. Then we use two methods, a squeeze method and a Lyapunov function method,
to prove that, under additional conditions, the weak traveling wave solutions are actually traveling wave
solutions, namely they converge to the coexistence equilibrium as & — oco.
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1. Introduction

The Holling—Tanner model is an important and well studied predator—prey model in the liter-
ature. Its simplified dimensionless form is

m

U %
U=U1-U)——" v, vi=rv|1=-=), (1.1)
1+ U™ U

where U (t) and V (¢) are the population sizes of prey and predator respectively, and the param-
eters o, m and r are positive, with B nonnegative. Here the predation rate in the prey equation is
governed by the so called Holling type functional response. Unlike in the conventional predator—
prey models such as the Lotka—Volterra model, etc., the growth rate of the predator in (1.1) does
not depend on predation rate explicitly, but rather obeys the logistic growth with the carrying
capacity proportional to the prey population (with the proportional constant normalized to 1).
Clearly, such an equation emphasizes the intra-specific competition among predators. The model
was derived in Leslie [24], Leslie and Gower [25], May [31], and has been analyzed both for
its mathematical properties (such as the local and global stabilities of the prey-only equilibrium
(1, 0) and coexistence equilibrium (u*, v*), the existence and nonexistence of limit cycles, etc.)
and its efficacy in describing real ecological systems such as mite/spider mite, hare/lynx, spar-
row/sparrow hawk, etc. (see [12,14,15,17,18,20,37] and the references therein).

When investigating the spatial distributions of the predator and prey species, one is led to the
study of the diffusive version of the Holling—Tanner model:

m

alU Vv
U[ZdlAU‘FU(l—U)—WV, VtzdzAV—i—rV(l—E), XGQ, t > 0. (12)

In the case that the underlying domain €2 is bounded and there is no population flux across
the boundary 9€2, the dynamics of the model has been extensively studied. The topics include
the local and global stabilities of the constant equilibria (1,0) and (#*, v*), the existence and
non-existence of non-constant positive equilibria, Turing instability, Hopf bifurcation, etc. See,
e.g., [6,8,14,17,18,34,35] and the references therein for details.

We are interested in the case that €2 is the whole space R”. In such a situation, an important
topic is to understand the invasion of the predator into the prey habitat and the invasion speed.
This leads to the study of traveling wave solutions of (1.2) that connect the equilibria (1, 0) and
(u*, v*), and it is widely believed that the minimal wave speed of the waves gives the invasion
speed (see [4,10,27] and the references therein).

Although there is extensive research on traveling wave solutions of various predator—prey
models, very few cover the case of (1.2), where the singularity (at U = 0) in the predator equation
causes extra difficulties. Some special cases of (1.2) (with 2 = R™) have been investigated in
[3,13]. In [13], the problem is studied when m = 1 and both diffusion coefficients di and d, are
sufficiently small, while in [3] the authors focus on the special case m =1 and § =0.
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This research is partly motivated by [7], where the general case of (1.2) is considered, and
the invasion speed is established without knowing the existence of traveling waves. It is shown
in [7] that the invasion profile can be approximated by certain generalized transition waves, a
notion introduced by Berestycki and Hamel [2] to describe traveling-wave-like transition phe-
nomena. Such generalized transition waves include traveling waves as special cases but whether
the generalized transition waves in [7] are actually traveling waves is an open problem.

In this paper we aim to obtain a better understanding of the traveling wave solutions of (1.2).
As we will explain in detail below, some parts of our arguments can cover rather general systems
of predator—prey type, while special properties of the nonlinear functions in (1.2) will be used
in the other parts. In view of possible applications elsewhere, we will present results that cover
more general cases when it is convenient to do so. One general system including (1.2) as a special
case to be considered here is given by

14
U =diAU+BU) - fU)V, V,:dzAV+rV<l—E), (1.3)

which we call a generalized Holling—Tanner predator—prey model. Clearly both (1.2) and (1.3)
are special cases of the following more general system

U =diAU+FU,V), Vi=dAV+GU,V), xeR" t>0. (1.4)
A traveling wave solution of (1.4) is a special solution (U (x, ), V (x, t)) taking the form
Ux,t)=u(x-v+ct), Vx,t)=v(x-v+ct),
where v € R” is a unit vector denoting the direction of wave propagation, x - v is the usual inner

product in R", ¢ > 0 is the wave speed, and (u(£), v(§)) with & = x - v + ¢t satisfies, after the
scalings

§/Vdi =5 c/\di—c, d/d —d, (1.5)
the ODE system
cu' =u" + F(u,v), cv' =dv" +Gu,v), £ eR, (1.6)
and

O<u(¢) <1, 0<v() <o, V& eR,
(u,u’,v,v)(—00) = Ep:=(1,0,0,0), 1.7)
(u,u’,v,v)(00) = E* := (u*, 0, v*, 0),

where vy > 0 is a constant.

From the viewpoint of dynamical systems, a traveling wave solution corresponds to a hete-
roclinic orbit of (1.6) in the phase space R* of (u,u’, v, v') that connects the two equilibria Eg
and E* (with the extra requirement that u and v are positive). The existence of such a hetero-
clinic orbit is equivalent to the nonempty intersection of the unstable manifold W*(Ey) and the
stable manifold W*(E*). In the well known paper [9], Dunbar proved the existence of traveling
waves to a special predator—prey model in two steps. The first step is to show the existence of
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the so-called weak traveling waves that satisfy all the conditions in (1.7) except the boundary
condition at £ = oo, and the second step is to show that these weak traveling waves converge to
E* as £ — oo.

Dunbar’s proof of the first step is complex, which involves detailed analysis of the dynamics
of the orbits lying in the unstable manifold W*(E() and an application of a shooting argument
that needs the homotopy theory in R*. Subsequently his method has been generalized and im-
proved by many authors (see e.g., [1,5,16,19,21,22,29]). In particular, Huang [22] developed a
new shooting argument which not only simplifies Dunbar’s argument, but also produces a result
on the existence of weak traveling waves for much more general predator—prey systems. Both
Dunbar’s and Huang’s dynamical systems approaches depend on geometrical and topological
properties in R*. (Other topological approaches, such as the use of the Conley index theory, can
be found in [11,32].) On the other hand, there is an analytical approach to prove the existence of
weak traveling waves in the literature that is based on the combination of lower and upper solu-
tions and the Schauder fixed point theorem (see [8,23,28,30,38—40] and the references therein).
Though this approach sometimes does not produce results as general as that in [22], it has its
own strengths: the upper and lower solutions employed are simple, so the proofs involved are
less complex; the approach can be generalized to nonlocal predator—prey systems (such as those
with delays [30,39]), etc.

The second step in Dunbar’s proof relies on Lyapunov functions and LaSalle’s invariance
principle. These techniques have been used as a general approach in the literature, and unlike in
step one where rather general systems can be handled, here the detailed techniques vary greatly
from model to model, and many general cases are still not covered.

In this paper, we will follow a similar two steps approach. Theorem 2.1 is our first main result
in step one on weak traveling wave solutions, which covers very general predator—prey systems
of the form (1.4). However, it does not apply directly to the Holling—Tanner type models (1.2) and
(1.3), since the reaction function rv(1 — ) in the predator equation has a singularity at u = 0.
To overcome this difficulty, we will replace this function by a smooth function rv(1 — ﬁ) for
(u,v) € [0, 00) x [0, 0), where

{u, ifu>e,
o (u) = (1.8)

1

u+ceu—¢, if0<u<e,

with & > O sufficiently small, and apply our general theorem to obtain weak traveling waves
(ug, ve) for the modified system. We then prove that u, has a positive lower bound § independent
of small ¢ > 0, which ensures that (., v,) is indeed a weak traveling wave solution of (1.3).
We thus obtain our second main result Theorem 2.2, which in particular covers (1.2) with the
parameters satisfying m > 1, @ > 0, 8 > 0 and r > 0. Our choice of o, () in (1.8) is purely
based on the mathematical argument; it has no biological meaning, and the particular choice is
not important.

In step two, we will focus on the generalized Holling—Tanner model (1.3). We show that under
additional conditions, the weak traveling waves in Theorem 2.2 are actually traveling waves. To
prove this, apart from a Lyapunov function method, we will further develop and use a squeeze
method introduced in [7]. As a result, we obtain two main theorems, namely, Theorems 3.1 and
3.3, proved by these two different methods, on the existence of traveling waves for (1.3). Applied
to the Holling—Tanner model (1.2) with m = 1 and m = 2 respectively, they yield different sets of
conditions on « and B for the existence of traveling waves (see Theorems 3.2 and 3.4), suggesting
that both methods have their own advantages.



7786 S. Ai et al. / J. Differential Equations 263 (2017) 7782-7814

The rest of the paper is organized as follows. In Section 2, we consider weak traveling waves
for (1.4) and (1.3), with main results Theorems 2.1 and 2.2. In Section 3, we use a squeeze
method and a Lyapunov function method, respectively, to prove that under additional conditions,
the weak traveling waves of (1.3) established in Theorem 2.2 are actually traveling waves (see
Theorems 3.1 and 3.3). The results are subsequently applied to the Holling—Tanner model (1.2)
with m =1 and m = 2 (see Theorems 3.2 and 3.4). In the Appendix, we give a detailed proof of
Theorem 2.1 by an upper and lower solution approach.

In the rest of the paper, we are only concerned with traveling wave solutions (u(£), v(£)) with
& € R. For convenience, we shall use x to replace the variable &.

2. Weak traveling waves

In this section, we first present an existence and nonexistence result for weak traveling waves
for a very general predator—prey system, and then apply it to (1.3) through a perturbation argu-
ment.

2.1. Weak traveling waves for a general predator—prey system

In this subsection, we shall establish the existence of weak traveling wave solutions for a
general predator—prey system of the form (1.6).

Theorem 2.1. Let F and G be locally Lipschitz continuous on [0,00) x [0, 00), and let
F(1,0)=0and G,(1,0,) exist with G,(1,0) =r > 0.
(1) Assume that there exists vy > 0 such that

Gu,00=0, Gum,vy) <0, VYuel0,1l],
G(u,v)<rv, V(u,v)el0,1]x][0,vg],
G e C3(1—=46,1]x [0, 8]) for some small § > 0;

and
F(u,0)>—-My(1 —u) foruel0,1]andsome ()< My < min{d, 1}r,
F(0,v) >0, F(1,v) <0, VYve[0,v]
Then for every ¢ > c* := «/4dr , (1.6) admits a solution (u, v) satisfying
O<u(x)<1l, O<vlx)<vg, Vx <0,
O<u(x)<1, 0=<wv(x)=<u, Vx>0, 2.1)
(u,u’,v,v")(—00) = Ey.
Furthermore, u' and v’ are bounded on R, and
u(x) >0inRif F(0,v) =0, Vv € [0, vg],

u(x)<limRif F(1,v) <0, Vv € (0, vo],
v(x) <voin Rif G(u, vg) <0, Yu € [0, 1].
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(i) Assume that G is C' in a neighborhood of (1,0) and G(u,0) =0 for (u, 0) in this neigh-
borhood. Then for 0 < ¢ < +/4dr, (1.6) does not have a solution (u(x), v(x)) connecting (1, 0)
as x — —oo and satisfying v(x) > 0 for sufficiently negative x.

Remark 1.

(i) The speed c* = +/4dr is referred to as the minimal wave speed. Using the scalings in (1.5),
this minimal speed ¢* becomes /4d,r for the system (1.4), which does not depend on the
diffusion coefficient d; of the prey species.

(i1) The assumptions G(u,0) =0 foru € [0, 1] and G € C%([1—6,1] x [0, 8]) for some small
6 > 0 imply that

Gu,v)>rv— K[l —u+v]v, V(u,v)e[l—246,1] x[0,6], (2.2)

where K = max{|G,,(u, v)|, |Gyy(u,v)| : (u,v) € [1 —§,1] x [0,48]}. Indeed, using
G(u,0) =0 for u € [0, 1] and the fundamental theorem of calculus (FTC) we have, for
(u,v) e[l -46,1]x[0,§],

1

Gu,v)=vg(u,v)=: U/Gv(u, Ov)do, g(1,0) =Gy(1,0) =r.
0

Applying the FTC again yields, for (u,v) € [1 —§, 1] x [0, 6],

1 1
g(u,v)=r+<u—1)/gu(elu+1—el,91v>d9] +v/gv(91u+1—el,ew)del, 23)
0 0

where g, (1, v) = fol Guy(u,0v)do and g, (u,v) = fol Gy (u,0v)0 do. Clearly this implies
(2.2)

(iii) In part (i) of the above theorem, the assumption G € C 2([1 =8, 1] x [0, 8]) can be replaced
by

Gu,v)>rv—K[A—uw) +v7lv, VY (u,v)e[l-35,1]x][0,8] 2.4)

for some 6 € (0,1),0 € (0, 1] and K > 0.

(iv) The linear growth assumption G (u, v) < rv is the key to the minimal speed being equal
to /4dr. If G is in C%([0, 1] x [0, vo]), then (2.3) holds for (u, v) € [0, 1] x [0, vo], from
which we deduce that a sufficient condition for this linear growth condition to hold is

GL!U(“» v) 2 07 GU’U(M9 v) S 07 V(“» v) € [Oa 1] X [07 UO]'

(v) The condition on F(u,0) (the rate of change of prey population without the presence of
predator) in Theorem 2.1 (i) allows F(u,0) to change signs over [0, 1], such as those in
models with the strong Allee effect [33]. This condition weakens the condition F (x,0) >0
for u € [0, 1] required in [22].
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Theorem 2.1 could perhaps be proved by modifications of the arguments in [22], though we
assume less smoothness on F and G and weaker condition on F (u, 0) than [22]. In the Appendix,
we give a complete proof using an upper and lower solution argument.

In the next subsection, we will apply Theorem 2.1 to the generalized Holling—Tanner model
(1.3). Though we will not go into the details, we would like to point out that it also applies to
many other models, such as the following ones:

Beddington—-DeAngelis model ([22]).

auv

u —cu +u(l —u)— 0,

a+mu-+nv -

dv’ —cv’ (— — Uov —)v:O,
vt Hi—H2 +a+mu+nv

wherea >0, >0,a>0,m>0,n>0, u; >0, up >0 are constant and pr +n > 0.
Yodzis model ([22]).

OlI/t2U

T+mu

dv”—cv’+v<—,u1 — pov +

u —cu +u(l —u)—

PP oo,
1+mu2>

where >0, 8 >0, m >0, 1 > 0, uo > 0 are constant.

SIS model ([26]).
SI
S//_CS/+1—S— 5{3——{—1_‘_9)/[:07
d1”—d’+ﬂ—y1=0
S+1 ’

where 8 > 0, y > 0, and 6 € (0, 1] are constant.
Leslie-Gower model with strong Allee effect ([33]).

1
u” —cu' + Eu(l —u)(u —b) — Buv =0,

v
dv" —cv' +rv(l — =) =0,
u
where 8 > 0, b € (0, 1), and r > 0 are constant.
2.2. Weak traveling waves for the generalized Holling—Tanner model

For our analysis to follow it is convenient to write the reduced traveling wave system for (1.3)
in the following form:

W' — i + g@lhi @) — ha(w)] =0,  dv" —cv' +rv (1 - 3) —0, 2.5)
u

where r > 0, and we assume that g, h1, hy satisfy
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g, h1, ho € C[0,00); ghy, gh» are locally Lipschitz continuous on [0, 00);
(Ap):q &) >0, hi(u) >0, Yu e (0,1];
2(0)=0, h1(0) >0, h1(1)=0, hy(1) > 0.

Theorem 2.2. Assume (Ag). For ¢ < 2+/dr, there is no weak traveling wave solution of (2.5).
For any ¢ > 2/dr, (2.5) has at least one weak traveling wave solution (u, v) satisfying (2.1)
with vy = 1; moreover, u(x) > &g for x € R, and for any 0 < § < 8g, v(x) > § for x > xo and
some xo € R, where 8oy > 0 is defined in (2.7).

Proof. We first consider the modified system

u” —cu' + gw)[hy(w) — ha(u)v] =0, dv’ —cv' +rv (1 — ) =0, (2.6)

o (u)

where ¢ > 2+/dr and o (u) is defined in (1.8) with ¢ > 0 small. Let F(u,v) = gu)[h1(u) —
ho(m)v] and G (u, v) =rv[l — v/oc(u)]. It is straightforward to verify that all the conditions in
Theorem 2.1 with vg = 1 are satisfied, and hence there is a weak traveling wave solution (u,, v,)
of (2.6) satisfying (2.1) and 0 < u.(x) < 1 and O < vg(x) < 1 for all x € R. Applying Lemma 2.3
below we conclude that for any 0 < § < 8p and sufficiently small ¢ > 0, u.(x) > 6 for all x € R
and vg(x) > § for x > xg and some xg € R. Consequently o, (u.;) = ug, and (u, v) := (ug, ve) is
a weak traveling wave solution of (2.5) with the properties as stated in Theorem 2.2. 0O

Lemma 2.3. Assume (Ag). Let
My = sup{g(u)(|h2(u)| —h1(u))/u:0 <u <1},
pi = (c /2 F 4M1> /2,

M2=r/d—|—c<|1/d—1|+1)p1++2M1.

Let

80 := sup lu €, 1): sup (hl(s) _ dr&smz(m) > o} . 2.7

0<s<u

Then for any 0 < § < o, there is gy > 0 such that for every 0 < ¢ < &g, if (ug, ve) is a weak
traveling wave solution of (2.6), then ug(x) > § for x € R, and v (x) > 8§ for x > xo and some
X0 € R.

Proof. Denote

o) :=o0s(u), F(u,v) =gw)h1(u) —ha(m)v], Gu,v) =rv(l — L).
o(u)

Let (u(x), v(x)) be a weak traveling wave solution of (2.6). Note that 0 < u(x) <1 and 0 <
v(x) <1 forall x € R. Since 2;(0) > 0, we have 8y > 0; since h3(1) > 0 and k(1) = 0, we have
M) > 0and —F (u(x), v(x))/u(x) < M for x € R. We complete the proof in 5 steps.
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Step 1. Show that Ju ((;C))I < ,orfor all x e R.

Let p; = u’/u. Using the equation satisfied by u we have

, u F(u,v)

pl=——pi=co- —pi <cpr+ M - pi. (2.8)

We claim that |p(x)]| < ,01Jr for all x. Since p;(—00) =0 and p1+ is a positive constant solution
of p =cp + My — p?, it follows from the comparison theorem that p;(x) < ,or for all x e R.
Similarly, if p; < —pfr occurs at some xo, then letting p (x) be the solution of p’ = cp + M| — p>
with p(xg) = p1 (xo) and using the comparison theorem gives p1(x) < p(x) for x > x¢. Note that
co(xg)— My —p 2(xp) < c(— o 4+ M — (- Py 2 < 0 implies p(x) — —o0 as x — x1 for some
finite value x| > xg. It follows that p; (x) — —o00 as x — x; for some x; € (xo, x1], contradicting
the fact that p; (x) is defined for all x € R. We thus conclude that |u'|/u = |p;| < ,01+ on R.

Step 2. Show that ’:jl((;‘)) < (c — /2 - 4dr) /(2d) for x € R.

To show this, we note that, in the (v, v’) plane, the vector field determined by the v-equation in
(2.6) on the line segment v/ =kv,0<v < 1, k= (c — /2 — 4dr> /(2d) points upward across
this line, because

vV v —-Gu,v) ckv—rv ck—r L
_—— > = =K.
v dkv dkv dk

v (x)

This implies that < k for x € R, for otherwise there would exist x( such that * (x) >k, and

so 2 (;‘) > k for all x > xo, yielding v(x) > v(xp)e"* =0 — 00 as x — oo, contradlctmg the
fact that v(x) < 1 forall x.

Step 3. Show rhat 0&(8» < dM2 forx eR.

Let p = ——. We calculate

' vV (e@)v _ (U_/ _ (U(M))/) 2.9)
o) (ow)? v o (u)
and
, (v (c@) [ V' o'wu” o (wu'? <v’)2 <(o(u>)’>2]
P _(; o(u) )'0 + v o(u) B o(u) v + o(u) P
_ vl cv r o'wu o’ W)F(u,v)
_<?_ ) ) +[E?_E(l_p)_c s T o

o (u)u'? v \? (o(u)) 2
T oW _(?> +< o () ) Je

v (e c(p owu roor o' (wu’
_<?_ o(u) )'0 +[E(;+ o(u) )_E-’_E'D—C o (u)
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L O WEw) a”(u)u/z] _(v (o(u)))

o(u) B o(u) o(u)
c 2(0(14))’) , [r r 1 o’ (uwu'
=(-- —-p—= -—1
<d o(u) pt d'o d+c d o(u)
o' (u)F(u,v) B a”(u)u’z]p. (2.10)
o (u) o (u)
To continue the proof we need the estimates for o (1) and its derivatives. Note that
W 1, ifu>e,
o'(u) = L .
1-— o 8)26 -, if0<u~<se,
" 0, ifu>e,
o’ (u)= 1 .
(ufg)4 [14+2(u—¢)]ews, iif0<u<se,
and
” 0, ifu>e¢,
oW = — s+ 6 — €) + 6(u — e)2er=, if0<u<e.
It follows that, for u > 0 (taking ¢ > O further smaller if necessary),
max{u,ce VY <ow)<u+e, O<o'w)<l, 0<o’(u)<o"(0) <1, (2.11)
so that
/ "
o(u)<l, U(u)<l<i
o) " u o) ~u ~ u?
Now using these estimates and
’ 2
F ’
O<vix) <1, ux) f(pr)zch{"—i—Ml, MZ—MI for all x,
u(x) u(x)
and the definitions of M; and M, defined in the lemma, we obtain
p c 2(0(u))/> , [r ‘ ’|M/| u/2]
z_ L, _ B L D A
p>(d ow /° L’ P PR
c 2(0’(”))/) , (r
- —— —p— M ) . 2.12
>(d o) p+dp 2)p (2.12)
Multiplying (2.12) by the integration factor Q(x) := o>(u)e~*/¢ we get for x € R,

(2P (0] > Q)| o) = Moo (). 2.13)
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We now show that p(x) < dMy/r for x € R. Assume that this is false. Since p(—00) =0,
there is a smallest xo such that p(xg) = dM,/r and p’(xg) > 0. It follows from (2.13) and
Q(x) > 0 that p'(x) > 0 and p(x) > dMy/r for x > xo so that the right hand side of (2.13)
is positive, and so Q(x)p'(x) > Q(x0)p’(x0), which yields, for x > xo,

2
L Q00 W00 rma

0(x) — 02(u(x))

P (x0) = 0 (u(x0))p (xg)e“ /1.

o' (x)
This implies that p’(x) > 0 for x > xp and p(x) — 00 as x — oo.

. On the other hand, p'(x) > 0 for x > xo implies % — % > (0 from (2.9). Recall
that

o @)u' )| _ Ju'(x)]

o((x))  — ulx)

5,0]4', VxelR.

It follows that

v'(x) - o’ (u(x)u'(x)

v(x) o (u(x))

> —p1+ for x > xq.

v'(x)

Combining with the estimate ; )

< 54 from Step 2 we obtain

[v' (o)l

v(x)

< M3 := max {pf‘, } for x > xg.

c
2d

Using these estimates we obtain, for x > xg,
c 200 | _|fc 20'wu"\ (v o'
i ow JPITI\dT Tow v oW

o

with
+201 ) (M3 + o).
We may now use (2.12) to obtain

,
p" > (EP - Ms)/?, Ms = My + M>.

Since limy_ o0 p(x) = 00, there is x| > xg such that :—l,o(x) > 2Ms5 for x > x1, hence for
x> xq, p(x) > épz(x), and so by multiplying by p’(x) > 0 on this inequality and then inte-
grating we obtain

(P)?(x) > (p'(x0)) + 3%[p3<x) —p )]

Since p(x) — oo as x — 0o, we may take x» > x| such that for x > x;, the right hand side

of the above inequality is bigger than ﬁp3(x), yielding p’(x) > %\/5,03/2 (x) for x > x». This
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inequality implies that o (x) blows up in finite time after x,, which contradicts the definition of p.
This contradiction shows p(x) <dM;/r for all x € R.

Step 4. Show that u(x) > § for x € R.

Write the equation for u as u” — cu’ + F(u, v) = 0. Suppose for contradiction that u(x) < §
for some x € R. Then since u(—o0) = 1 there is a smallest x( such that u(xg) = & and u’(xp) < 0.
Since v(x) < %a(u(x)) = drﬂu(xo) from Step 3 (here we take € < §), we deduce u” (xp) =
cu’ (xg) — F (8, v(xp)) < 0 from the choice of § and (2.7), from which we conclude that u(x) < §,
u'(x) <0, and u”(x) <O for all x > xg. This implies u'(x) < u’(xg + 1) < 0 for x > xo + 1 and

so u(x) — —oo as x — 00, a contradiction. This shows u(x) > § for x € R.

Step 5. Show that there exists xo € R such that v(x) > § for all x > xo.

This can be proved in the same way as in the proof of Claim O in the proof of Theorem 3.1,
where y; there is replaced by §. Since it is more convenient and natural to present the proof there
in view of the context, we are not giving the details here. O

If we take
u _
80) =g M) =A—w+pu"),  ha) =ou” ! (2.14)
then (2.5) becomes
"o vu(—wy— -2 0. dv — e +ro( = 2y =0 (2.15)
u cu u u 1_ngmv— s v cv rv =Y .

which is the reduced traveling wave system for (1.2). Clearly (Ap) is satisfied whenm > 1, @ > 0
and 8 > 0. Moreover, g(1)h2(1) > 0. We thus have

Corollary 2.4. Supposem > 1, a >0, r > 0and B > 0. Then for ¢ < 24/dr, (2.15) has no weak
traveling wave solution; for every ¢ > 2+/dr, (2.15) has at least one weak traveling wave solution
(u, v) satisfying (2.1) with vy = 1; moreover, u(x) > 8y for x € R, and for any 0 < § < o,
v(x) > 8 for x > xo and some xo € R, where 59 > 0 is defined in (2.7) with g, h1, hy given in
(2.14).

3. Traveling waves

In this section we focus on the generalized Holling—Tanner model (1.3). We show that under
additional conditions, the weak traveling waves in Theorem 2.2 are actually traveling waves, that
is, they converge to the coexistence equilibrium (u*, v*) as x — oco. We will use two different
methods. In subsection 3.1 we use a squeeze method, while in subsection 3.2 a Lyapunov function
method is used. The obtained results are applied to the Holling—Tanner model (1.2) with m =1
and m = 2 respectively, and we will compare the results arising from the two different methods
at the end of subsection 3.2.
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3.1. Convergence of weak traveling waves by a squeeze method

In this subsection, we prove the following result for (2.5) by a squeeze method based on one
introduced in [7], and then apply it to the Holling—Tanner model (2.15).

Theorem 3.1. Assume (Ag) and that hy(u) > 0 and hy(u) > 0 for u € (0, 1). Let h(u) := Z;EZ;
for u € (0, 1] satisfy:

(Ay) there is a unique u* € (0, 1) such that h(u™) = u*;

(A2) limsup,_ o+ h(u) > 1;

(A3) for some positive integer ko, the 2kg-th iteration hZko () of h(u) does not have any fixed
point in the interval (0, 1) other than u = u*.

Then for every ¢ > 2+/dr, the system (2.5) has a traveling wave solution (u, v) satisfying (1.7)
with vg = 1 and v* = u*. Furthermore, max{3y, y1} < u(x) < 1and 0 < v(x) < 1 for x € R with
y1 :=min{u € (0, 1) : h(u) = 1} and 8¢ is given in Theorem 2.2. For ¢ < 24/dr, (2.5) does not
have a traveling wave solution.

Proof. Let (1, v) be a weak traveling wave solution of (2.5) from Theorem 2.2. Then necessarily
¢ > 2+/dr. Since u(x) > 0, it follows that (u(x), v(x)) for x € R satisfies

W — e + go@)h@) —v] =0, dv” —cv' + 2 —v)=0, G.1)
u

where go(u) = g(u)ha(u).
Using the assumption (Az) and h(u) > 0 for u € (0, 1) and k(1) = 0, we define a sequence
{y,,}lfoz_1 as follows: y_1 =0,y =1, and, fork=0,1,2,---,
Vok+1 =inf{u > yop—1 : h(u) < yor} = min{u > yor—1 : h(u) =y},

Vak2 = supl{u < yor  h(u) > yorp1}) = max{u < yor : h(u) = yor+1}-

It follows that {y2} is strictly decreasing and {y»x+1} is strictly increasing. Using (A1) and (A3)
we have

lim y, =u*exists,and O=y_ <y <py3 <. <u <---<p<y=1.
n—oQ

Note that in the case that 4 is strictly monotone decreasing on [0, 1], we have
‘}/71:07 )/n:h()/n+1), Vn:_19071""-

We use the mathematical induction to prove the following squeezing lemma, which is the core
of the squeeze method.
Lemma A. There exists an increasing sequence {x,},>
x>x,(n=0,1,2,---)

o With x, — 00 as n — oo such that, for

Von+1 < u(x) < you, Von+1 < V(X) < You. (3.2)
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In the proof of Lemma A below, we will use the following fact several times: If a function
f e LT, o0) has a constant sign and a bounded derivative on [T, 00), T € R, then f(0c0) =
limy_, » f(x) =0. One could also use a PDE argument similar to that in [7] to prove Lemma A.
The proof below uses an ODE approach, which might have independent interest.

Proof of (3.2) with n = 0. From Theorem 2.1 and g(1)h;(1) > 0 we already have
O<u(x)<1,0<v(x)<l1forx eR, and u(—oo0) =1, v(—o0) =0.

We show that u(x) > y; for all x € R (recall that (1) = 1). Assume this is false. Then there
is a smallest Tyy € R such that u(Tp) = y; and u'(Tpz) < 0. Since 0 < v < 1 we have u” <
go(w)[v —hm)] = go(u)[v — 1] < 0 at x = Tp,. From this and the fact i(s) > 1 for s € (0, y1)
we conclude using the first equation in (3.1) that u”(x) < 0, u’(x) < 0 and u(x) < y; for all
x < Toa, yielding u(x) — —oo as x — 00, a contradiction. Hence, u(x) > y; for all x € R.

We next show that v(x) > y; for all large x, say x > xg. As will become clear below, the key
is to prove the following claim.

Claim 0. There exists xo € R such that v(xg) > yj.

Assume that Claim O is false. Then v(x) < y; for all x € R. We discuss two possibilities.

Case 1. Assume there exists T3 € R such that v'(Tp3) < 0. Now using the v equation dv” =
cv'+ 2 (v—u)and v—u < v—y; <0wederive v”(x) <0,v'(x) < 0forall x > Tp3, concluding
v(x) —> —o0 as x — 00, a contradiction.

Case 2. Assume that v/(x) > 0 for all x € R. Then we would have 0 < v(00) < y; and
v/ (00) = 0. We integrate the v equation over [0, 00) to get

o0
—dv'(0) = c[v(00) — v(0)] + / 2w - wx,
u
0
so that fooo ru—“(v —u)dx < o0o. Since % > v(x) > v(0) for x > 0, and v(x) — u(x) <y —

u(x) < 0, it follows that (v — u) € L'[0, 00). Since (v — u) < 0 and its derivative is bounded on
[0, 00), we have limy_, oo (v —u) (x) = 0 so that ©(0c0) exists with u(0c0) = v(00). Since u(x) > y;
and v(x) < y; for x € R (by the contradiction assumption), we necessarily have u(oco) =
v(00) =yi.

Now using the variation of constants formula for the u equation (u’) — cu’ = go(u) (v — h(u))
and the L’Hopital’s rule we derive, as x — oo,

cu' (x) = go(u(00))[h(u(00)) — v(c0)] = go(¥1) (Yo — ¥1) > 0,

which implies that u#(c0) = oo, a contradiction.

We have thus proved Claim 0. It is now easy to show v(x) > y; for all x > xo. Otherwise
there is the smallest Tps > xg such that v(Tpg) = y1 and v'(Tps4) < 0. Then the same argument
used in the proof of Case 1 shows that v(x) — —o0 as x — 00, a contradiction. Thus we have
showed that

yr<ulx) <l VxeR, Y1 <vx) <l Y x > xo,

which is (3.2) with n = 0.
Proof of (3.2) for n > 1 by induction. Assume that (3.2) holds for n = k with integer k > 0.
We now show that it holds for n = k + 1. We divide the proof into four steps. Namely,
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Step 1. Show that there exists 77 > xi such that u(x) < y2k42 for all x > T7.

Step 2. Show that there exists 7 > 77 such that v(x) < yox42 for all x > 7>.

Step 3. Show that there exists 73 > T3 such that u(x) > y243 for all x > T3.

Step 4. Show that there exists 74 > T3 such that v(x) > yo43 for all x > Tj.

After these four steps are completed, we may take xzy; := T4 to see that (3.2) holds for
n =k + 1, as we wanted. We now carry out these steps.

Step 1. The key to complete this step is to prove the following claim.

Claim 1: There exists Ty > xy such that u(T) < yax+2-

Assume by contradiction that the claim is false. Then we have u(x) > y2r42 and h(u(x)) <
h(y214+2) = y2k+1 (by the definition of y2x47) for x > x;. There are two possible cases.

Case 1. There exists a 711 > x; such that u’(T71) > 0. Then we have, at x = Ty,

u” =cu' + go(u)[v —h(u)] > go(w)(v — yar+1) > 0,

from which we derive u”(x) > 0 and u’(x) > O for all x > Ty, yielding u(x) — o0 as x — 00,
a contradiction.

Case 2. u'(x) < 0 for all x > x;. Then u(o0) exists with u(00) > yr42. Since u” is bounded
and u’ € L'[0, 00), it follows that u’(c0) = 0. If u(c0) > y2x42, then since v(x) > yoy1 for
x > xp, we have u” > cu’ + go(u)[yak+1 — h(u(x))] > cu’ + M, for x > xj, where

M= min go(w)|yk+1 — h@)] >0,

u(00)<u=<yi

and an integration over [xg, x] gives u’(x) — cu(x) > u'(xy) — cu(x;) + My (x — x;) and so
u'(x) > My (x — xi)/2 for all x > xi, yielding u(x) — o0 as x — 00, a contradiction. Hence we
must have u(00) = y2r42.

Now we show that v(00) = h(u(o0)) = h(y2k+2) = yax+1- To see this, we integrate the u
equation over [xg, 00) to get

0]

—u' (xx) = c(yok42 — u(xp)) + / gow)(v —h(u))dx,

Xk

which implies fxio gow)(v — h(u))dx < oco. Since h(u) < yxuy1 for u € [yars2, y2x] and
go(u) > 0 in (0, 1], it follows that (v — h(u)) € L'[x;, 00). As (v — h(u))(x) > 0 for x > x;
and its derivative is bounded, we may conclude that limy_, oo (v — 2 (u))(x) = 0 so that v(oc0) =
h(u(00)) = y2k+1-

Using the variation of constants formula for the v equation (v')" — cv’ = =2 (v — u) and the
L’Hopital’s rule we derive

v () = 2 00) = v = 2 s — yaisn] > O,
u(00) V2k+2

which implies v(oco) = 0o, a contradiction. This completes our proof of Claim 1.
We are now ready to show that u(x) < y2r42 for all x > Tj. If this is false, then Claim 1
implies there is Tjp > T} such that u’(Tj2) > 0 and u(T}2) = y212, and the same argument used
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in the proof of Case 1 shows that u” (x) > 0, u’(x) > 0, and u(x) > y42 forall x > Ty, yielding
u(x) — 0o as x — 00, a contradiction. This completes Step 1.

Step 2. Similar to step 1, the key part in this step is to show

Claim 2: There is T> > T such that v(T2) < y2k+2.

Assume that the claim is false. Then v(x) > yr42 for all x > T7. We discuss two possible
cases.

Case 1. There is a Tp; > T such that v'(T2;) > 0. Then using u(x) < Yoo for x > T1 we
have, at x = T,

rv rv
dv’' =cv' + 7(11 —u)> 7(y2k+2 —u) >0,

from which we derive v”(x) > 0 and v/(x) > O for all x > T», yielding v(x) — 00 as x — 00,
a contradiction.

Case 2. v'(x) < 0 for all x > Tj. Then we have v(00) > Y212 and v'(00) = 0. We integrate
the v equation over [77, 00) to obtain

—dv’(Tl)=C[v(<><>)—v(T1)]+/%(v—u)dx.

T

Thus, f;lo (v — u)dx < oo and consequently fTolo(v —u)dx < o0o. Since (v — u) > 0 and its
derivative is bounded on [T}, 00), it follows that lim,_, (v — u)(x) = 0 so that u(oc0) exists
with u(00) = v(00). Since u(x) < yak+2 and v(x) > ya42 for x > T1, it follows that u(co) =
v(00) = Yok+2-

Then using the variation-constants formula for the u equation () — cu’ = go(u)(v — h(u))
and the L"Hopital’s rule we derive

cu' (x) = go(u(00)[h(u(00)) — v(00)] = g0(Var+2) (V2k+1 — Vak+2) <O,

which implies that u(co) = —o0, a contradiction. This proves Claim 2.

We now make use of Claim 2 to show that v(x) < yor42 for x > T5. If this is false, then
Claim 2 implies there is T»y > T» such that v'(T»2) > 0 and v(T22) = Y2k+2, and the same ar-
gument used in the proof of Case 1 shows that v”(x) > 0, v'(x) > 0, and v(x) > ya2 for all
x > Ty, yielding v(x) — 00 as x — 00, a contradiction. This concludes Step 2.

Since Steps 3 and 4 can be carried out similarly, the details are left to the interested reader.
This completes the proof of Lemma A.

We now continue the proof of Theorem 3.1. Since lim,,_, o 3, = 1™, it follows from Lemma A
that limy—, oo (u(x), v(x)) = (u*, u*). Then applying the variation of constants formulas for both
equations in (3.1) and the L’Hopital’s rule we obtain lim, _, o (1’ (x), v'(x)) = (0, 0). This shows
limy o0 (u, u/, v, V") (x) = E*. Consequently, (u, v) is a traveling wave solution of (2.5), and the
proof of Theorem 3.1 is complete. O

Remark 2. The above squeeze method extends that in [7] to a more general situation. In [7], it
is claimed that lim,,—, o0 ¥, = u™* under the assumptions (A;) and (A;) only. We explain below
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that even with a monotone decreasing function 4 (u) as in [7], assumption (A3z) is still required
for this claim to be true in general. Clearly, we have yyr41 " y4 and yp N\ y* for some y;,
and y* in [0, 1], both being fixed points of the composition function (i (u)). In the case that
is decreasing on [0, 1], we also have y, < u* < y*. The following example shows that without
(Aj3), it is possible that y, < u™ < y*. Given s € (0, 1) and ¢ > 0 small, let 4 be a smooth
decreasing function on [0, 1] satisfying A(u) =2s —u fors —e <u <s +¢, h(u) > 2s — u for
O0<u<s—e¢,and h(u) < 2s — u for u > s + €. It is not hard to verify that for this function 4,
vi=s—¢,y*=s+e¢e,andu* =s.

We now apply Theorem 3.1 to the Holling—Tanner model (2.15). We only examine the cases
m = 1 and m = 2 which correspond to the Holling type II and III functional responses respec-

tively.

Theorem 3.2. For every ¢ > 2+/dr, (2.15) has a traveling wave solution (u, v) satisfying

So<u<l, O<v<l, (uu' v,0)(x)= { 8;%?;8?’0)’ ix o (3.3)
in the following cases:
i) m=1,0<a<land B=>0;
(i) m =2, and
[@>0,0<B<3} or {0<a<p”B-p"), 0<p<27). (34
Moreover, in case (i), we have the following explicit expressions for u* and y:
N 2 2(1 —a) . 35)

Y7 s ey B S Y 7 B s N Ty s S R

Proof. Note that (2.15) can be written in the forms of (2.5) and (3.1) with g(u), k1 (u) and ho(u)
given in (2.14) and

m

h(u)=;(1—u)(1+ﬂum)- (3.6)

( ) ou
u)y=—= S —
80 1+ Bu™m aum-!

It is readily checked that (Ag), (A1) and (A») hold, and 4 («#) > 0 and hy(x) > O for u € (0, 1)
for any m > 1. Below we check that (A3) holds with kg = 1 for cases (i) and (ii) separately. We
only consider the case 8 > 0 since the verifications in both cases are trivial when 8 = 0.

Case (i). In this case we have h(u) = é[l + (B — Du — Bu?] from (3.6). a < 1 implies that
h(0) = é > 1. Since h is a quadratic function with 2’(u) = é[(ﬁ — 1) — 2Bu], we see that it
has a maximum at = ’32—731 € (—00,1/2). Soif B <1, then h'(u) <O for u > 0 and hence & is
strictly decreasing in [0, 1]; if 8 > 1, then A is increasing in [0, iz] and decreasing in [i, 1]. Since
h(0) > 1, in either case we see that 4 (x) = u and h(u) = 1 have unique solutions u = u* € (0, 1)
and u = y; € (0, 1) respectively, with the formulas given in (3.5).
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To show (A3), we let p(u) = h(h(u)) — u. Since

LY PR - put - L ~ D — pulP
h(h@) = — 11+ —(B = DI+ (B — Du — fu’] = S[1+ (= Du— pu’ ¢,

it follows that p(u) is a polynomial of degree 4 with p(d+o0o0) = —oo. Since h(0) = é > 1,
we have p(0) =h(1) < h(1) <0. Since h(—%) =0, we have p(—%) =h(0) + % =14 % > 0.
Since h(1) =0, we have p(1) =h(0)—1 = é — 1 > 0. We thus conclude that p has two negative
roots lying in the intervals (—oo, —%) and (—1,0) respectively, and two positive roots lying in
the intervals (0, 1) and (1, co) respectively. Consequently, (4 (u)) has a unique fixed point in
(0, 1) which must be u*. Thus (A3) holds.

Case (ii). We have
M) = — ! (1—u+,3u —,8u> é(£—1+ﬂu—,8u2),

h(hw)) = h( ahi L1 he +phw? — ]

Thus, any fixed point u € (0, 1) of the function A (h(u)) satisfies
1 — h(u) + Bh(u)* — Bh(u)® = ah(u =1 —u + Bu® — fu?,

that is, [u — h(u)] — Blu® — h(u)*] + Blu® — h(u)] = 0. If u is a fixed point of i (h(u)) other
than u*, by (A,) we have h(u) # u and hence we can divide the above identity by u — h(u) to
obtain

[1— Bu+ pu?] — Bh@)[1 — u — h(u)] =O0. (3.7)

Assume the first set of conditions in (ii) holds, i.e., « > 0 and 0 < 8 < 3. Assume by con-
tradiction that A (h(u)) has a fixed point u € (0, 1) different from u*. Since u € (0, 1) we have
h(i)(1 — it — h(it)) < (1 —i0)?/4. 1t follows from (3.7) that

[1 — Bii + Bi*] = Bh(i)[1 — it — h(it)] < §<1 — i)’ = ga —2ii + ii%).

Simplifying gives 3i?> + 2ii + 4/8 — 1 < 0. However, the condition 8 < 3 implies that this
inequality does not hold. Hence (A3) holds.

Now we assume the second set of the conditions in (ii) holds. Noting that
1 1 2/1
Wuy=—(=—+p-2pu), Ww==(=-p).
o u o \u-

we see that 4'(0) = —oo and h'(u) reaches its global maximum over the interval (0, co) at
i = p~1/3 with h'(i1) = (B — 38%/3)/a. The assumption in this case implies that 4’ (ii) < —1.
Thus, #’'(u) < —1 for u € (0, 00), so that h(u) is strictly decreasing on (0, co) with h(u) > 0
for u € (0, 1), and so e h(h(u)) = h'(h(u))h' (1) > 1 for u € (0, 1). This yields that h(h(u))
cannot have two different fixed points in (0, 1), and thus (A3) holds. This completes the proof of
Theorem 3.2. O
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3.2. Convergence of weak traveling waves by Lyapunov functions

In this subsection, we use a Lyapunov function and LaSalle’s invariance principle to prove the
following result, and then apply it to the Holling—Tanner model (1.2).

Theorem 3.3. Assume (Ag) and

(AD: hi(u) — ha(u)u = 0 has a unique solution u* € (0, 1), ho(u*) > 0;
(AD): [hi(u) — hy (@) —u*) <0, [ha(u) — ha(u*)](u —u*) >0, Yu € (0, 1]\ {u*};
(AY): u*g(u) —u(u —u*)g' (u) >0, Yue(0,1].

Then, the system (2.5) has a traveling wave solution (u,v) satisfying (1.7) with vy = 1 and
v* =u* for every ¢ > 2+/dr. It has no such solutions when ¢ < 2+/dr.

Proof. Let (u, v) be a weak traveling wave solution of (2.5). By Theorem 2.2, there are § > 0
and xo > 0 such that u(x) > § for x € R and v(x) > & for x > x¢. Using a similar argument to the
proof of Step 1 in the proof of Lemma 2.3 we can show that |u'(x)|/u(x) and [v'(x)|/v(x) are
bounded for x € R, and hence there is M > 0 such that |u/(x)| <M and |v'(x)| < M for x e R.
This implies that the orbit (u,u’, v, v')(x) lies in the set Qs =: [§, 1] x [-M, M] x [§, 1] x
[—M, M] for x > xg. To show that (u,u’,v,v)(x) — (u*,0,v* 0) as x — oo, we define a
Lyapunov function L on (0, 1] x R x (0, 1] x R by

, N oH , oH |,
Lw,u’,v,v)=cH@u,v)— —u —d—1/,
ou av

where

u

v
ok h * a0k
H(u,v):/u “ du + 2(u)/v v dv.
v*

ug(u) r v

M*

Along the orbits of (2.5) with x > xo we have
L [ P+ 2 ] - T - al G9)
—L=|—F@u,v)+—Gu,v)| - —w)?* —d—= ">, .
dx u v du? 2

where F(u,v) = gw)[h1(u) — ha(w)v], G(u,v) =rv(l — 5). Below we show that under the
assumptions of the theorem,

OH IH .
(5 Fn)+ 2G| <0, Y, e©1x O 1\ (@) (3.9
du v
and
32H ?H . .
v >V, N >0, V(u,v) € (0, 1]x (0, 1]\ {(u", v")} (3.10)

First we rewrite F(u, v) and G(u, v):
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F(u,v) = g)[hy(u) — h(u*) — ha(u)v + ha(u*)v™)]
= g)[hy () — hy(u*) — (ha(u) — ha(u™)v — ha (™) (v — v9)],
and
rv
Gu,v) = 7[(u —u*)—(—v).

Then, forO<u <landO<v <1,

oH OH
—Fu,v)+ 8—G(u,v)=
v

u—u Fu,v) + WG(M, v)
ou ug(u) rv
u—u*

= [ @) = @) = Do) = o) = o) (0 = v)
o)

+

(v— v*)[(u —u*)—(v— v*)]
1
< . {(hl(u) —hi (W) —u*) —ha(u*)(v — U*)2}~ (by (A%)) (3.11)

By (A%), (3.9) follows.
2H  hy(u*)v*
ForO<u<1land0<v <1, wehave — = M > 0, and by (A%)
v? rv?
PH  ugu) — (u—u")[gw) +ug' )]  u*gu) —u —u*)g'(u)
— = >
u? u2g2(u) u2g2(u)

0.

Thus, (3.10) follows.

It follows from (3.8), (3.9) and (3.10) that %L(u, u',v,v") <0 for (u,u’,v,v) € Qs, and
equality holds only at E*. Applying LaSalle’s invariance principle gives (u, u’, v, v')(x) - E*
as x — oo. This proves Theorem 3.3. O

Next we apply Theorem 3.3 to the Holling—Tanner model (2.15), and prove the following:

Theorem 3.4. The conclusions of Theorem 3.2 hold in the following cases:
Gm=1,8>0,and
342 .
1+ CGERE f0<p=<V2,

O<a<a:=
{ﬁi ifB>~2.

(3.12)
{)ym=2,8=>0, and

+p |2 +4]. ro=p=i.

1
O<a<a:= 28ﬁ<1_W>’ ift<p<3,

hi (@) .
T 1h=3
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where hi(u) = (1 —u)(1 + Bu?) and

3=l 142 /1 3 3.13
I/l—g + —E . ()

Proof. We show that all the assumptions in Theorem 3.3 are satisfied. The assumptions
(Ap), (A/l) and the second inequality in (A’2) are easily verified for m > 1 with g, 41 and h»
given in (2.14). It remains to verify (A}) and the first inequality in (A}). We do so only for g > 0
since the verifications in both cases are trivial for 8 = 0.

Case (i). In this case we have i (u) = (1 — u)(1 4+ Bu), which is a quadratic function with
its maximum achieved at u = % — ﬁ Thus, if 8 <1, then h is strictly decreasing in (0, 00) so
that (hy(u) — hy(u*))(u —u*) <0 foru € (0, 1) \ {u*}. Assume now g > 1. Note that (h(u) —
hi(w*)(u —u*) <0forue (0,1)\ {u*} is equivalent to

hi(u) >hiw*), VYue,u"), hi(u) <hi(w®), Yue@w*1).

From the graph of /| we see that these inequalities are equivalent to s (u*) < h1(0) = 1. This
reduces to, by the definition of i1, (8 — D)u* — B(u*)? < 0, thatis Su* > B — 1. Now the formula
for u™ gives \/(,3 —a—1)2+48 > B+ a — 1, and simplifying this inequality yields a < %
Thus we have showed that the first inequality in (A%) holds if either « >0 and 0 <8 <1 or
O<a<%andl3>l.

To verify (A}), we note that

1
(14 pu)?’
u

wgw) —u(w—u”)g (u)= W[ZM + (Bu™ — Dul.

g(u) = , &)=

u
14 Bu

So for (A/3) to hold, it suffices to have (2 + B)u™ > 1, which combined with the formula of u*
reduces to

22+ B)
VB —a—1)24+48+(@+1-p8)

> 1,

thatis, 3(1 + ) —a > \/(,3 —a — 1)2 + 4. After simplifying this inequality we find that it is
equivalent to

G+ _ | e B

<1+
2+ 8 248

Finally, using the fact that for 8 > 1,

B (3+2B)B
ﬁfl—f‘ﬁ — ,BZ\/E,
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we conclude that the condition (3.12) implies (A ) and the first inequality in (A ). This com-
pletes the proof for case (i).

Case (ii). In this case we have

hiw) =0 —u)(1+Bu®)=1—u+ Bu® — pu’,

() =—1+2Bu —3Bu’ = —BBu* — 2u + %), K (u) =28 — 6Bu =2B(1 — 3u).

Hence 7/ 1 () is increasing on (0, 1/3) and decreasing on (1/3, 1). Note that h/ 0) =-—1, h’ (H =
-1, and n' ( )=—1+ 3,B Hence, if 8 < 3, then h/ (u) < 0 and so h is strictly decreasing
on (0, 1], y1eld1ng the first inequality in (A%) (for any a > 0).

Next we show this inequality holds as Well if 8>3 and @ € (0,a). So we assume S > 3.
Then A (u) =0atu =i and u =it with 0 < it <ii < 1 given by

i=i(1- 1-2 i—t (14 /1-2
u_3 5] u_3 5]

Moreover, i (i) is a local minimum and /(i) is a local maximum, so that /| is decreasing in
(0,i) U (@1, 1) and is increasing in (it, ). Let e € (@1, 1) be such that & (&2) = hy(i). We derive
now that # has the formula given in (3.13). To see this, using k() = hy (@) gives (& — u) —
B@* — i) + B@® — ii®) =0, yielding 1 — B(ii + i) + B(@* + fi + u*) = 0. Since A’ (1) =0
we have 1 = 28i — 3Bi?. Inserting this into the above equation gives 28ii — 38> — (i +
i) + B(42 + fiii + @?) = 0, and simplifying gives (i — 1) + (i1 + it — 2it%) = 0. Removing the
common factor i — i gives 1 — (i + 2it) = 0, which together with the formula of i above leads
to (3.13).

Now to guarantee that (h(u) — hy(u™))(u — u*) < 0 for u € (0, u*) U (u*, 1), it suffices to
require u* € (i, 1). This is equivalent to u* > & and hy(u*) < hy(@). Since hy(u*) = a(*)?,
this reduces to a(u*)? < h(@). On the other hand, note that u* is the horizontal coordinate
of the intersection point of the graphs of & (u) and au?®. Using these graphs we see that u*
decreasing and a(u*)? is increasing as « increases in the interval (0, &) with u* 7 1 as a \( 0
and u* \ u*(@) =@ as @ /' @. Thus we have @ (%1)> = h1 (i), and so

a=—, i<u*(a)<l, Yae(,a).

This shows that the first inequality in (A%) holds if 8 > 3 and « € (0, @), as we wanted.

1—Bu?

m . and so

It remains to verify (A’3). We have g(u) = —%— and g'(u) =

1+ﬁu

2u* +u(Bu* —1)
(1 + Bu?)?

u*g(u) —u(u —u*)g' ) = (3.14)

Note that the function u(Bu? — 1) reaches its minimum on (0, co) at u = /1/(38) with the value
—2/T/(3P). Hence,
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" .y - 2u « 1 1 315
ug(u)—u(u—u)g(u)_m w—3 35 ] (3.15)

1
Note that 0 < 75 < 1 when 8 > 3. We consider three cases.

Case 1. Assume that 8 > 3 and 0 <o <& =h(@)/(@)?. Then from the above proof we know
that u™ > & for o € (0, &). Using this and (3.15) we get, for u € (0, 1],

(il
ug(u)—u(u—u)g()_(]+ﬁu2)2 3
_3(1+’82)2<+2/1———/ )>O
So (A%) holds in this case.

Case 2. Assume that % <B<3and0<a<a=288 ( 3¢_) Recall when 8 <3, hi(u)
is decreasing on (0, 1] so that u™ is decreasing as « increases on (0, co) with u™ 7 1 as @ \( 0 and
u*\(0as o 7 oo.Soto have u* > % /ﬁ for 0 < o < @, it is equivalent to having u* = % %
for @ = &, which is equivalent to having

- @)
ownr

S

,Bhl( r):zsﬂ (1—%).

Hence, it follows from (3.15) that (Ag) holds in the current case.
Case 3. Assume that 0 < 8 < % and0<a<a=({1+p) [ﬁ + g] In this case we have

% > 1 and u(ﬂu2 — 1) is decreasing in [0, 1], and so u(ﬁu2 —1)>p—1 foru € [0, 1]; thus
from (3.14) we have

W g(u) — u(u — u*)g'(u) > U;’W [2u" — (1 )]

To have 2u* — (1 — B8) > 0 for 0 < & < @, it is equivalent to having u™ = %(1 — B) fora =a,
yielding
_ () 4 1 2 /3
= = hi(=(1-— =(
“="r =g (30 -P) = +’3)[(1 pr

So (A%) holds in this case as well. This completes the proof of Theorem 3.4. O

We conclude this section by giving some comparisons of the results in Theorems 3.2 and 3.4,
which are consequences of Theorems 3.1 and 3.3, respectively. Since Theorems 3.1 and 3.3 are
obtained by completely different methods, we hope the comparison might reveal the strengths of
these different methods.

For the case m = 1, Theorem 3.4 clearly covers a bigger range of the parameter «, thus giving
a better result than Theorem 3.2. For m = 2, when g € [0, 3), Theorem 3.2 gives a better result



S. Ai et al. / J. Differential Equations 263 (2017) 7782-7814 7805

(no restriction on o > 0) than Theorem 3.4; on the other hand, Theorem 3.4 covers ranges for
B > 27 which is absent in Theorem 3.2.

In conclusion, the above comparison seems to suggest that both the squeeze method and the
Lyapunov function method have their own advantages.

4. Appendix

Here we give the proof of Theorem 2.1 by an upper and lower solution approach. We believe
that this method should have many applications elsewhere.

We start with the definition of upper and lower solutions of (1.6), which generalizes those in
the literature when F and G are required to satisfy monotone or quasi-monotone conditions (see
[3,30] and references therein).

Definition. The continuous functions (u, v) and (i, v) on R are called a pair of lower and upper
solutions of the system (1.6) if they satisfy:

)
0<u(x)<u(x) =< Uy, 0<v(x)<v(x) =W, vV xeR,

for some positive constants Uy and Vj.

(ii) There exists a set D consisting of at most finitely many real numbers such that
(@i, u, v, varein CZ(R\ D),
(b) The right and left limits of u’, #’, v/, ¥’ all exist at each x € D and satisfy

W(x=)=u'(x4), uWx-)<u(x+), Va-)=0(x4), VE-)<v(x+4).

(iii) At oo, the first and second derivatives of i, v, u, v have at most exponential growth.
(iv) For every pair of continuous functions (u, v) withu <u <uandv <v <v,

i” — cit' (x) + F (i1 (x), v(x)) <0,
dv"(x) — v’ (x) + G(u(x), v(x)) <0,
u”(x) — cu'(x) + F(u(x), v(x)) > 0,
dv" (x) — cv'(x) + G(u(x), v(x)) = 0,

VxeR\D.

Lemma 4.1. Assume that (u,v) and (u, v) are a pair of lower and upper solutions of (1.6),
where we only assume that F and G are Lipschitz continuous on [0, Up] x [0, Vol. Then there is
a solution (u, v) of (1.6) satisfying

u(x) <u(x) <u(x), v(x) < v(x) < v(x), VxeR,

and u', u”, v and v" are bounded on R.

Proof. Since F and G satisfy the Lipschitz condition on [0, Up] x [0, Vp], there is A > 0 such
that, for (u;, v;) € [0, Up] x [0, Vp],i =1, 2,

[Fun, o) = Fluz, v)] + G, v) = Gz, v2)| < Al = wal + vy = val ). A1)
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Define the functions ﬁ(u, v) := F(u,v)+ Au and é(u, v) = G(u, v)+ Av. It follows from (4.1)
that F (u, v) is nondecreasing in u € [0, Up] for each fixed v € [0, Vj], G(u, v) is nondecreasing
in v € [0, Vp] for each fixed u € [0, U], and (1.6) can be written as

W —cu' —Au+ Fu,v)=0, dv’"—cv' —Av+G(u,v)=0.
Now let
X = {(u,v) € [CR)*: u(x) <u(x) <ii(x),v(x) < v(x) < b(x), Vx € R},

and define the map T = (T}, T») : X — [C(R)]? by

X o0
T, v)(x) = —F——= /ekl_(x_y)-i-/ew(x_” F(u,v)(y)dy,
)‘1 _)‘1
o X
1 X o0
) o\
To(u, v)(x) = ————— / P27V 4 f 20 Gu,v)(y) dy,
d(S —25) ) J

where

1 1
At = S VA +H4N), A= G +/c2 +4dA).

It is easy to check that for each (u, v) € X, (U, V) = T (u, v) is the unique bounded solution of
the linear equations

U'—cU — AU+ Fu,v) =0, dV"—cV' — AV +G(u,v) =0,

and any fixed point of 7 in X gives a solution of (1.6). Therefore, it suffices to show by the
Schauder fixed point theorem that 7 has a fixed point in X. To do so, we define the Banach
space

Cp(R,R?) = {(u,v) € [CR)*: [|(u, v, < 00},

with the exponentially weighted norm

G, V), = sup l(u(x), v(x))le PP = suﬂgnu(xn + @) le ™, 0 < p <minf{|A]], A, 1},
xe xe

and it follows that X is a bounded, closed, and convex subset of C, (R, Rz).

It is easily checked that 7 maps X into itself. Moreover, by rather standard arguments simi-
larly to those in the references [28,30,36,38,40], we can show that T is completely continuous
on X. Thus we can apply the Schauder fixed point theorem to conclude that 7 has a fixed point
(u, v) in X, which gives a solution of (1.6).
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Note that for x € R,

X o0
u’(x)=ﬁ = f Ekr(x_y)wL?»T/emx_” Fu,v)(y)dy.
1 1 AN %
X o0
dm:m Ay / e*5<X*y>+A2+/e*z+(X*>'> Gu,v)(y)dy.
2 M2
—00 X

It follows that |u’(x)| < Mo/(A] — A7) and |v'(x)| < Mo/[d(A] — 15)] for x € R, where My =
max{|F (u, v)|, |G, v)|: 0 <u < Uy, 0 < v < Vp}. This shows that ' and v’ are bounded on R,
and then using the equations in (1.6) yields the boundedness of u” and v as well. This completes
the proof of Lemma 4.1. O

In the following two lemmas, we construct upper and lower solutions for ¢ > ¢* = +/4dr and
for ¢ = ¢* respectively. Since the lower solution v to be constructed for ¢ > ¢* goes to zero as
c\y M , it is unclear whether the limit of the weak traveling wave solutions as ¢ \ JH is
the trivial equilibrium (1, 0). Therefore we cannot use the usual approach of taking the limit of
these weak traveling wave solutions (or a sequence of these solutions) to obtain a weak traveling
wave solution for the case ¢ = +/4dr. Instead, we construct the upper and lower solutions for
¢ = +/4dr separately.

Our construction of the upper and lower solutions is inspired by those appearing in the lit-
erature, such as [3,8,40], where various special cases are considered. Here we give a unified
approach that cover a very general class of predator—prey systems.

In view of Remark 1 (ii), under the assumptions of Theorem 2.1 part (i), the weaker require-
ment (2.4) always holds. In the lemmas below, we will only assume this less restrictive condition
and the constants §, o and K from (2.4) will be used. Furthermore, by the local Lipschitz conti-
nuity of F and G, there is M > 0 such that, for (u;, v;) € [0, 1] x [0, vo], i =1, 2,

|Fu, o) = Fuz, )| +1G @, v) = Gluz, v)| < My — ol + oy = w2l |- (42)

Lemma 4.2. Suppose all the assumptions in part (i) of Theorem 2.1 are satisfied. Let ¢ > c*,
A= (c—~/c?2—4dr)/Q2d), and M be the constant in (4.2). Choose auxiliary constants y, B, 1,
A one by one in that order such that

1 1
—(c—\/c2—4Mo) <y <min{k, §<c+ 02—4M0)},

2

M v/x 1 v/x
B > max (72 ) ,<—> g,
cy —y~—Mo vo

O<n<oy, —d(A+n)2+c(A+n)—r>O,

A > max { g7/" (1)]7/)\ <E>WV Ka+p)
"\ 8 "\ 8 T—dA+)E e+ —r |
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Then define u(x), u(x), v(x) and v(x) on R by

1—Be", Vx<a,

ux)=1, ulx)= { 0

Vx>a,
AX AX X
|, Vx=<ay, e —Ae™), Vx<ap,
vlx) = { vo, Vx>an, u(x) = { 0, Vx> ag,
where
1 1 1
ag=——1nA, ar=——1Ing, ar = —Invyg.
1 Y A

Then (u, v) and (u, v) are a pair of upper and lower solutions of (1.6).

Proof. We first point out that since My < min{d, 1}r, we have %(c —/c? - 4M0) <\= ﬁ(c —
~/¢% —4dr ) sothat y is well defined. If d < 1, then we have My < dr, so this inequality is clearly
true. If d > 1, then My < r < dr, which implies that an equivalent inequality
My r
<
c+e2—4My c+ 2 —4dr

holds. The choice of y yields that cy — y> — M > 0 so that 8 is well defined.

We also point out that by the definitions of ai, a» and ag, u, v and v are continuous at aj,
ay and ag respectively, and ag < a; < min{0, a2} by the assumptions on y, 8, , A and the
definitions of u, v, v. It is clear that u(x) < u(x) and v(x) < v(x) for all x € R, and

u'(ai—)=—y <0=u'(a14),
v'(ap—) = —ne* < 0=1/(ap+),

V'(ar—) = Avg > 0 =10 (az+).

Let (u, v) be a pair of continuous functions withy <u <uandv <v <v.
Since # =1 and F (1, v(x)) <0 by the assumptions on F, it follows that

i’ (x) —cit'(x) + F(a(x), v(x)) = F(1,v(x)) <0 for all x € R.
For x < aj, we have u(x) = 1 — Be¥*, u” (x) — cu'(x) = By (c — y)e?*, and by (4.2),
F(u(x),v(x)) = F(u(x),0) — Mv(x) > —Mop[1 — u(x)] — Mv(x).
Thus, noting a; < as and ©(x) = ¢** for x < a;, we obtain
u”(x) = cu' (x) + F(u(x), v(x)) = By (c — y)e”™ — MoBe” — Me™
=Be’ ly(c—y)— Mo — %Me“—”"]

> Be’ [y (c—y) — My — Me—7)1]
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= Be" [y (c—y) = Mo—MB~/7]
>0, Vx <ay,

where the last inequality is guaranteed by the assumptions on y and 8. For x > ay, since u(x) =0
and F(0, v(x)) > 0, we also have

u(x) = cu'(x) + F (u(x), v(x)) > 0.
For x < ap, we have v(x) = ¢**, and using G (u(x), v(x)) <rv(x) we get
dv"(x) —cv' (x) + Gu(x), v(x)) <dv”"(x) —cv' (x) + rv(x) =0.
For x > a», we have v(x) = vg so that G(u(x), v(x)) <0, and thus
dv" (x) —cv' (x) + G(u(x), v(x)) <O0.
For x < ay, since ag < 0 and a¢ < a; < ap, we deduce
v(x) = — AePTDY G(x) =M and 1 — u(x) = Be?*.

By the choice of A, for x < ag we have v(x) < v(x) < A <§ and 1 —ukx)<1-— ulx) <
Be? < §. Hence, for x < ay,
Gu(x),v(x)) >rv(x) — K[(1 —u(x))” 4+ v(x)7Jv(x)
>rv(x) — K[(1 —u(x))? 4+ v(x)? Jo(x)
> ru(x) — K (B +e7M)v(x)

> rv(x) — K (B + 1)e’ 7% e,
which together with the formula of v(x), the choice of A, ag <0, and 0 < n < oy leads to

dv”(x) — cv'(x) + G(u(x), v(x))
> dv'(x) — cv/ () +ru(x) = K (B + e * e
= M TIHA[=d O+ ) + c(otm) =] = K(B + Del™V ™77
> 0.
For x > ag, we have v(x) =0, and so dv”(x) — cv'(x) + G(u(x), v(x)) = G(u(x),0) = 0 by the

assumptions on G.
Combining the above we have proved the assertions of Lemma4.2. 0O

Lemma 4.3. Let the assumptions in part (i) of Theorem 2.1 hold. Suppose ¢ := ~/4dr. Let A =
c/(2d), My = hevy, and M be the constant in (4.2). Choose auxiliary constants y and B such
that
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1 1
—(c—\/c2—4Mo> <y <minik, §<c+\/c2—4M0)},

2

B M M,
ﬁ>max{el—y, 3 ]
(cy —y*—Mo)(x —y)e

There exists Ny > 0 large so that for all N > Ny, if we define

1 11 1 N?
w=—--, a=—kh—-,  a=-—,
A y B M}
and
- _J1=Be"", x<ay,
u=1, E()C)_{O, x >ai,
AX < _ / Ax <
l_)(x)Z{M1|X|e ) X a29 y(x)z{(M”x' N |x|)e ’ -X_a()v
V0, X >ay, 0, X > ao,

then (u, v) and (u, v) are a pair of upper and lower solutions of (1.6).
Proof. We first point out that y and § are well defined. By the choice of M, y, B, and the defi-
nitions of ag, a1 and as, we have u(a;) = v(ap) =0, v(az) = vp and ap < a1 < az < 0 provided
that N is sufficiently large.

Let u and v be continuous functions on R such that u <u <u and v < v < v. Combined with

the proof of Lemma 4.2, it is sufficient to do the following three steps to confirm that i, u, v and
v are a pair of upper and lower solutions of (1.6).

Step 1. Checking the inequalities for u. For x < a; we have

u(x) =—Bye’™, u'(x) = —Byre’, Fux),v(x)) > —Mo[l — u(x)] — Mi(x),
u(x) — cu' (x) + F(u(x), v(x)) > B(cy — yH)e’™ — MoBe’™ — MM |x|e™
= per™[(er =) = Mo — MM Ixie 7.

Since |x|e(k_7)x is monotone increasing over (—oo, —ﬁ) and a; < —ﬁ, it follows that

lx|e?—V)x < (kjy)e for x < a;. By the choice of 8, we have, for x < ay,

MM, ]>

u”(x) —cu'(x) + F(u,v) > Be¥™* |:(CV — ) — Mo — Bh—7p)e

Furthermore, u'(a1—) = —Be’" <0 =u'(a;+).

Step 2. Checking the inequalities for v. For x < agp, we have
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N 1
U+Mxe)‘x/:|: 4+ M(—=N/— AX N — J—xA Ax’
(v 1 ) W ( x)|e W —=xi|e
and
1 1
+M Ax//:N - - _)\2 )Lx,
e e VSRV S
and so
—d d c
dv' —cv' +rv=N + A —dy/—x2?— + /x| M —rN/—=xe™*
___|:4x\/—_x\/—_x R V- S R
—dN i
= &,
dx/—x

Note that for x < ag, since ap < 0 and ag < a; < az, we have v(x) = (M|x| — N/]x])e**,
v(x) = Mi|x|e’ and 1 — u(x) = Be?*. For all large N and x < ag we have v(x) < v(x) < 8,
and 1 —u(x) <1 —u(x) < Be’% < 4. Hence, for such N and x,

Gu,v) >rv—K[(1—u)’ +27Jv
>rv—K[(1—w)’ +v7]v
>rv— K[,Bea”x + M7 |x|GeU’\x]D
>rv— MK[B+ Mi|x|]|x]|e’"***  (sincex <ag<—1, 0<o <1)

and

—dN
dv" —cv' + G(u,v) > (r = - MIK[,B + M, IxI]IXIe"“) e

1 ( 2 A
=——  (an-— MlK[ﬁ + M1|x|]4x |x|em)e x
41x|+/1x]

1 [ 4 A
>———|dN —4M{ K (B + M)x e"’”‘]e *
4|x]+/|x]
>0.

Furthermore, using v/ (x) = [—- M| + —X— + A(—=Mx — N\/—x)]e**, we have
g W~

N M
2/ lag| 2 B

Step 3. Checking the inequalities for v. For x < ap = —%, we have v(x) = —Mjxe**, and v/ (x) =
—M[1+ xx]e*, so that D(ax) = M1/ (re) = vg and V' (ar—) = 0 = ¥’ (ax+). Since dv” — cv’ +
rv =0 and G(u, v) < rv, it follows that dv” — cv’ + G(u, v) < 0.

We thus conclude the proof of Lemma 4.3. O
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Proof of Theorem 2.1. We first show (i). Applying Lemmas 4.2 and 4.3 and Lemma 4.1 with
Up =1 and Vj = v yields the existence of a solution (u, v) of (1.6), satisfying u < u < u and
v < v < v. The definitions of u, u, v, and v imply that (u, v)(x) — (1,0) as x — —o0, and that,
after a translation in x, 0 < u(x) <1 and 0 < v(x) < vg for x <0, and that 0 < u(x) <1 and
0 <wv(x) < vg for x > 0. Using the expressions

0
W (x) = e (0) + / I E(uly), v(y)) dy,

X

0
v (x) = e/ (0) + é f eCCIVAG u(y), v(y)) dy,

X

and L’ Hospital’s rule we get (u’(x), v'(x)) — 0 as x — —oo. Therefore, (u, v) is a weak travel-
ing wave of (1.6).

We next prove the remaining assertions in (i). We first show that v(x) > 0 for x > 0. If not,
then there exists xg > 0 such that v(xg) = 0 and v’ (xg) < 0. If v/ (x0) < 0, then v(x) < O for small
x — xo > 0, contradicting the non-negativeness of v. So v/(xp) = 0, and by the uniqueness of the
IVP: dV" —cV' +Gu(x), V) =0, V(xg) = V'(x¢) =0 we conclude that v = 0, a contradiction
again. Thus we have v > 0 on R. Using the same argument and the assumption that F (0, v) =0
for v € (0, vg) we can show u > 0 on R.

Assuming G (u, vg) < 0 for u € [0, 1], we show that v(x) < vg for x > 0. If not, then there
is x1 > 0 such that v(x;) = vg and v'(x1) > 0. If v/(x1) > 0, then v(x) > vo forall x —x; > 0
small, contradicting that v(x) < vg for all x € R. So v'(x;) =0, and then the v equation gives
v”(x1) = —G(u(x1), vp)) > 0, yielding that v(x;) = vg is a strict local minimum of v. This
again contradicts the fact that v < vg, showing that v(x) < vg for all x € R. Applying the same
argument with the assumption that F (1, v) < 0 for v € (0, vp] leads to the assertion that u(x) < 1
for all x € R. This shows (i).

We now show (ii). Under the assumptions, we can write in a neighborhood of (1, 0) the v
equation in (1.6) as

dv' —cv' +rv+[gu,v) —rlv=0

where g(1,0) = G,(1,0) =r and g(u, v) —r — 0 as (u, v) — (1, 0). Note that the characteristic
equation dA% — cA +r = 0 has a pair of complex roots A = « £if := c/(2d) £i~/4dr — ¢2/(2d).
Assume by contradiction there is a solution (u, v) of (1.6) satisfying (u(x), v(x)) — (1,0) as
x — —oo and v(x) > O for sufficiently negative x. Then using the variation of constants formula
one can show that, for sufficiently negative xo and x,

v(x) = ¥ {v(xo) cos B(x — xo) + %[v/(xo) — av(xo)]sin B(x — xo)} [1+ R(x,x0)],

where limy,—, oo SUPy _x, |R(x, x0)| = 0. (See the proof of Lemma 4.4 in [22] for details.) This
asymptotic expression shows that v(x) changes the signs infinitely many times as x — —oo,
a contradiction. This shows (ii), thereby completing the proof of Theorem 2.1. O
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