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systems of non-linear stochastic heat equations

We consider the following system of non-linear stochastic heat equations

) 92 uy
%(t,x): - “ 2K (t,x) + be(u(t, x)) Zak/ X)) W!(t,x), (1.1)

with Neumann boundary conditions

6Uk(t, 0) - 8uk(t, 1)
ox  Ox

uk(0,x) =0,

=0,
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systems of non-linear stochastic heat equations

We consider the following system of non-linear stochastic heat equations

u 2,
%(t,x) = % (t,x) + b(u(t, x) Z(fkl (t x), (1.1)

with Neumann boundary conditions

Guk(t, 0) . 8uk(t, 1)
ox  Ox

uk(0,x) =0, =0,

We put
u:=(u1,-- ,uqg), b= (bg), and o = (o).
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Conditions on b and o

Let us state the following hypotheses on the coefficients oy ; and by of the
system of non-linear stochastic heat equations (1.1):

Al For all 1 < k,/ < d The functions oy ; and by are bounded and
infinitely differentiable such that the partial derivatives of all orders are
bounded.

A2 The matrix o is uniformly elliptic i.e., there exists p > 0 such that for
all x € RY and z € RY with ||z|| = 1, we have ||o(x)z||? > p? (where]| - ||
is the Euclidean norm on RY).
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Mild solution of SHE

The mild solution

K(t,x) = / / Ge_r(x, v Z"k'(”(’ V)W (dr, dv)
4 /0 /0 Ge1(x, v)be(u(r, v))dv dr,

(1.2)
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Malliavin derivative of the mild solution of SHE

Proposition (Bally and Pardoux (1998))

Assume Al. Then for any t € [0, T] and x € [0, 1] we have
u(t,x) € (D>®)9. Furthermore, its derivative satisfies for all r < t,

D) (uk(t, X)) = Ge—r(x, V) i(u(r, v)) + (i, r, v, £, x),
where

d t rl )
ax(iy v, t,x) = 3 / / Ger (x, 2) D) (s (u(r, 2))) W/ (d7, d2)
=1 7" 0

e (i)
+/r/0 Gt—r(x, 2)Dr o (bk(u(T, 2)))dz d,

and

DY) (u(t,x)) =0  when r > t. (1.3)

v
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1°t goal

Theorem

Let u(t,x) be the solution to Eq. (1.1).

(i) For every x € (0,1), almost surely, when d < 3, the local
time L(&, t) of the process (u(t,x); t € [0, T]) exists for any
fixed t, moreover, L(e,t) € H*(RY) for o < %, where
H%(R?) is the Sobolev space of index o; when d > 4, the
local time does not exist in L?>(IP ® \y) for any t, here Ay is
the Lebesgue measure on RY.
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(ii) Assume d < 3. for each x € (0, 1), the local time of the
process (u(t,x); t € [0, T]) has a version, denoted by
L(&,t), which is s jointly continuous in (&, t) almost surely,
and which is y-Holder continuous in t, uniformly in &, for all
¥<1-— %’: There exist two random variables 77 and § which
are almost surely finite and positive such that

sup |L(£a t+ h) - L(ga t)| < 77|h|’Y’
£ERd

for all t,t+ h € [0, T] and all |h| < é.
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21 Goal

Theorem

Assume Al and A2. Then we get the following:

(a) There exists a constant ¢ > 0 such that for any x € (0, 1)
fixed, and forall 0 < s <t < T and £ € RY,

c 11>
pstx(g) = (t )d/4 exXp (-m) 9 (].4)

where ps ; (&) is the density of the R9-valued random vector
(U]_(t, X) - Ul(S,X), ) Ud(t,X) - Ud(S,X))-

v
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(b) There exists ¢ > 0 such that for any
O=tr<t; < ---<t, <T,xe€(0,1), mj positive integer,
fori=1,---,nand k=1,--- ,d, and
= (&1, &dr &ty s Eng) € R™E,

mi1 my d mp,1 Mmp.d
‘a R KOARR SR ptl,m,t,,,x(g)‘

1,1 &1,d &n,1

- 1 1112
< S L
-° :1;[1 (ti — t;—l)(d+2i=1 mi k)/4 P ( c(ti—ti_1)1/2)’

(1.5)
where & = (&1, -+ ,&iq), || - || is the Euclidean norm on R
and, 8}’, = 83—’,.
y
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Elements of the local times

Let (6¢)¢ejo,7] be a Borel function with values in R?. For any Borel set
B C [0, T], the occupation measure of § on B is given by the following

measure on RY:

vg(e) =Xt e B, 0; c o},
where X is the Lebesgue measure. When vp is absolutely continuous with
respect to Ay (the Lebesgue measure on RY), we say that the local time of
6 on B exists and it is defined, L(e, B), as the Radon-Nikodym derivative
of vg with respect to Ay, i.e., for almost every x,

duvg
TAd(X)

L(x,B) =
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The local time satisfies the following occupation formula: for any Borel set
B C [0, T], and for every measurable bounded function f : RY — R,

/B £(0,)ds — /R AL, Bdx.
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The local time satisfies the following occupation formula: for any Borel set
B C [0, T], and for every measurable bounded function f : RY — R,

/B F(65)ds = /R AL, Bdx.

@ The deterministic function 6 can be chosen to be the sample path of
a separable stochastic process (Xt)cpo, 77 with Xo = 0 a.s.
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The local time satisfies the following occupation formula: for any Borel set
B C [0, T], and for every measurable bounded function f : RY — R,

/B F(65)ds = /R AL, Bdx.

@ The deterministic function 6 can be chosen to be the sample path of
a separable stochastic process (X:)¢cpo, 77 with Xo =0 a.s.

@ We investigate the local time via Berman's approach.
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Let us state the following hypotheses on the integrability of the
characteristic function of X:

B1
/// i{uXe— >}dtdsdu<oo,
]Rd

where (-,-) is the Euclidean inner product on RY.
B2 For every even integer m > 2,

m m m
E |exp | i X, dt; TT du; < .
/(Rd)m/[()ﬂm xP IZ<UJ 5) Jl;[l le;[l Uj < 00

j=1
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Theorem

Assume B1. Then the process X has a square integrable local time.
Moreover, we have almost surely, for all Borel set B C [0, T], and for
almost every x,

1 . .
_ —i{u,x) i(u,Xe)
L(x, B) o) /]Rd e /Be dt du. (1.6)
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Theorem (Berman(1969))
Assume B1 and B2. Put for all integer N > 1,

1 i s
— —i(u,x) i{u,Xs) )
Ly(x,t) o) /[—N,N]d e /0 e ds du

Then there exists a stochastic process Z(X, t) separable in the x-variable,
such that for each even integer m > 2,

lim  sup E [yLN(x, t) — [(x, t)|m] = 0. (1.7)
N=00 (x,t)eRIx[0,T]

v
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Theorem (Berman(1969))

Let L(x,t) be given by (1.7). If L(x, t) is almost surely continuous in x,
then it is a (continuous in x) version of the local time on [0, t].
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E[L(x+ k, t+h) — L(x,t + h) — L(x + k, t) + L(x, t)]™

1 / / 4 —I'<V‘—V‘ x+k> —i(v-—v- ><>
= 7o md e Vi —e i —Vj+1,
(2m)md [ maym [t,t—l—h]’"J];Il ( )

and

E[L(x,t+ h) — L(x, t)]™

1 —i{vy,x PSS (v Xe =X, ! i
(2m)md /(Rd)'" /[t t+h]me (i) [e j 1<J T 1>} Hdthdvj,
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For the Gaussian case

Assume d = 1.

We know that

m . —_—
B [/ 505 %0)] = exp (—Var(ZJZlVJ(Xt’ X))

That is why we define the local nondeterminism (LND) as:

For any m > 2, there exist two positive constants c,, and € such that for
every ordered points 0 = tp < t; < --- < tp, < 1 with t,, — t; < €, and
(vi,-+,vm) € R™\ {0},

m

=i

Var Z vi(Xe, — Xy_,)
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For the Gaussian case

Assume d = 1.
We know that

E |:e’-2jm:1 vJ-(th—th_l)] = exp (_ Var(ZJ 1 VJ( 1))>

2

That is why we define the local nondeterminism (LND) as:

Lemma (Berman 1973)

For any m > 2, there exist two positive constants c,, and € such that for
every ordered points 0 = tp < t; < --- < ty, < 1 with t,, — t1 < &, and
(Vla"' 7Vm) € Rm\{o},

5 — % ) (1.10)
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For the non-Gaussian case

@ For non-Gaussian processes, the unknown form of the characteristic
functions caused the difficulty in extending the LND condition outside
the Gaussian framework.
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For the non-Gaussian case

@ For non-Gaussian processes, the unknown form of the characteristic
functions caused the difficulty in extending the LND condition outside
the Gaussian framework.

@ We introduce a new concept of the LND (which is called the a-LND)
that deals directly with the characteristic function.
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The a-LND

Definition

Let X = (Xt)te[o, 7] be a stochastic process with values in R? and J a
subinterval of [0, T]. We say that X is a-LND on J, if for every

nonnegative integers m > 2, ky1,--- , ki d, "+, km1, "+ , kmd, there exist
two positive constants ¢ and € (both may depend on
m, kl,lu Tty kl,d7 R km717 Ty km,d) such that
’IE [eizﬂ1<vj’xtf_xtf_1>] ‘ S = d i —, (1.11)
ITZ: IS (vl (g — tjma )@

for all vj = (vj1,--+,Vjq) € R? with vii#Z0(=1,---,mand
I=1,---,d), and for every ordered points t; < - -+ < t, in J with
tm — t1 < € and ty = inf(J).
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Remark

@ Let d =1and Y = (Y¢)ic[o,7] be a centred Gaussian process verifies
the classical local nondeterminism (LND) property on J, we have fore
any m > 2, there exist two positive constants ¢, and ¢ such that for
every ordered points t; < --- < tp, in J with t,, — t; < ¢, and
(vi,--+ ,Vm) € R™ with (vi, -+ ,vm) # (0,---,0),

Var Z vi(Ye = Yy_1) | 2 cmz vj2 Var (Yy — Y;_,) . (1.12)

Assume also that there exists a positive constant K, such that for
every s, t € J with s < t,

K(t —s)** < Var(Y;: — Ys). (1.13)
Hence Y is a-LND on J. )
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Q Let d >1and YO = (Y?).cp0,7] be a real-valued centred Gaussian
process verifies the classical local nondeterminism (LND) property on
J (i.e. (1.12)) and (1.13). Define

Yt = (Ytla"' 7Ytd)7

where Y1 ... Y9 are independent copies of Y°. Then Y is a-LND
on J.
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Elements of Malliavin calculus

Let (Wi(t,x), t€[0,T], x€[0,1]), i =1,---,d, be d-independent
space-time white noises defined on a probability space (22, 7, P), and put
W= (W2 .., W9). Forany h € H := L?([0, T] x [0,1],RY), we set
W(h) =9, fOT fol hi(t,x)W!(dx, dt) the Wiener integral. Denote by S
the class of cylindrical random variables of the form

F=o(W(h),--- , W(hy)).

FeS

0
DYF =37 52 (W(hn), - W(ha)hi(t,x).
i=1 !
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H = L2([0, T] x [0,1],RY)
Hee = L2([s, ] x [0, 1], RY).
For any F, G € DYP we point out that

d T 1
(DF, DG)y = / / DY F DI).G drdsx,
=170 70

and

d .t r1
(DF , DG),, , = Z/ / DY F DY).G drdx.
S =ds o
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New definition for the Malliavin matrix

Definition
Let0=to<t1 <---<t, <Tand F=(F, - ,Fp) be a R"9valued
random vector such that for i =1,--- ,n, F; = (Fj1,--- , Fi 4) where

Fix € DL for any 1 <j<nand1l< k< d. Wedefine the following
matrices, for every 1 < i,j < n,

rid — (I—i,jl

i\ _ (DF.. . DF,
9, ., where [ =(DFix, Dy,

1>t

where Hy | = L2([ti—1, ;] x [0,1]) we write T'F, ¢, t, for the Malliavin
matrix of F with respect to t1,--- ,t,. That is, the following block matrix

rF,tL'",tn = (rI’J) 1<ij<n’
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For d = 1.

rF’tl,...,tn -
<DF;’ DF1>L2([to,t11x[o,11) <DF;’ DF") 2,1 <[0.1)
<DF ’DF >L2([t1,t2]><[0,1]) <DF ’DFn>L2([t1,t2]><[0,1])
n 1 . . n n .
(DF" DY) e, oy SPF™ D) (e, o
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Definition
let0=tg<t;<---<t,<Tand F=(Fy, - ,F,) bea R™%valued
random vector such that F; = (Fj1,---,Fjq), fori=1,---  n. Fis said
to be nondegenerate with respect to ti, - - - , tp, if it satisfies the following
three conditions:

(i) Foralli=1,---,n,and k =1,--- ,d, Fjx € D*>.

(ii) TF 4, t, is invertible a.s. and we denote by F;%tl,m’tn its

inverse.

(iii) (det F,:,tl,...’tn)_l € LP for all p > 1.

CBMS Conference 2021 26 /44
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Integration by parts

Proposition

Let0=ty<t1 <---<t, < T and F=(F,---,F,) be a nondegenerate

with respect to ti,- - - , t,, R™9-valued random vector such that,
Fi=(Fi1,--- ,Fiqg) fori=1,---,n. Let G € D* and let

g(x11, s X1dy s Xn 1y " s Xnd) € C,%O(R”Xd). Fix m > 1. For any
multi-index 8 = (S1, - , Bm) with

Bo = (g, ko) € {1,--- ,n} x{1,--- ,d}, for =1,---  'm, we introduce
the following notations:

0, :

= d Og:=0 -0 ford =1,---,m.
8X,'9’ke an (6] B1 B s or 9 ,m

Then for any 8 = (P1,- -+ , Bm), there exists Hﬁ,...,t,,(/:, G) € D> such
that

E[(958)(F)G] = E [g(F)H;, .. o (F , G)] (1.14)

v
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where the random variables Hfh,,,’tn(F, G) are recursively given by

n d
Hi e (F 1 6) ZZ‘S( (T, ) DF; L[y, 1<, 11)

J=1 =1L
(1.15)
Ho .. o F, G) = Hom._ . (F, H P 0(F, 6)). (1.16)

V.
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Ford =1. Put F = (X, — Xy, » Xz, — Xq,,_,) and

o 9
Oxa,’

Zh Oxa,

On one hand, we have by integration by parts
E[9ge > 06— X0)] = Bl 25 G5l (Fi1)) (117)
On the other hand we have
E[0ge’ 2= 505500 = (juy) - - (it ) mE[e! 251 4G X50)] (1.18)
Combining (1.17) and (1.18), we get

IE[e’ 2 =X D)) < |y R |t 5 | HE (F, 1)1
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Ford =1. Put F = (Xy, — Xty -+ , X, — Xt,,_,) and

0 0
- 8X51 8X5n '

s
On one hand, we have by integration by parts
E[9ge’ Zmr 4y =X-0)] = Rle! 2 40Xy =X b (F 1)) (1.17)
On the other hand we have
E[dge’ 21 X5 X5-0] = (jug)k - (juy, ) mE[e! 25 45— X5-0] (1.18)
Combining (1.17) and (1.18), we get
IE[e’ 2 =X < |7 | TR HE (FL 1) (1.19)

Then, to establish a-LND, we need to estimate ||H,€m(F, -
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Theorem (Nualart (The Malliavin Calculus and Related Topics) )

There exist constants 3,y > 1 and integers n, m such that

IHa(F, G)llp < Il det vz IFIIDFIE o 1| Glliq-
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Lemma

O=to<ty <---<tpandfB=(P1, - ,Lm) with

ﬂez(ie,ko)e{l’...,n}x{l’...’d}' forezl’...

exists a constant C > 0 such that

—1||™
= Joutea [
m
2
: H ||DFig,k9Hm,22(m+n><d)7’H H ”DF"07kOHm722(m+"><d)7H7
6=1 (io,k0) € O(iy k)

where O(ig,kg) = {(i07 kO) € {1a to 7n} X {15 I

d}; (io, ko) # (ig, ko) } -

, m, then there

(1.20)
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Estimation of || DF; «||x

Proposition (Dalang, Khoshnevisan, and E. Nualart (2009))

Assume Al. Then for any s,t € [0, T] with s < 't, x € [0,1], p > 1, and
m>1,

E [||Dm(uk(t,x) — uk(s,x))H%@m} < Cr|t-— s|p/4, k=1,---.,d.
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Estimation of || (det I_F,tlj...,tn)*l k.
O=t<ti< - <t, <T

Z = (u(t1, x) — u(to, x), -+, u(tn, x) — u(th—1,x)), (1.21)

where
u(ti,x) — u(ti—1,x) = (u1(ti, x) — u1(ti—1,x), - -+, ug(ti, x) — ug(ti-1,x))

Let [z ¢ ...+, be the Malliavin matrix of Z with respect to t1,--- ,t, (Z is
given by (1.21)). Note that [z ...+, = (F’J)1<iJ<n is the random block
matrix, of the form T

r) = (D(un(t ) — u(ti-1,%)) D(wn(t, %) — n(t1,5))g,

where H¢, ¢ = L% ([ti—1, t;] x [0,1], RY).
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For d = 1.

rZ7t1’...’tn —
<DF;’ DF?“([to,tﬂx[o,l]) <DF;’ DF">L2([tovr11x[o,11)
(DF?, DF >L2([t1,t2]><[0,1]) <DF’DFn>L2([t1,tz]X[0,1])
n 1 - . n n .
(DF", DFY) 2ty s ety " (PF™ DF™) oo,y g

where F/ = u(t;, x) — u(ti_1, x).
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Recall that

rZ-,tlv'“ yth T

Dy v(u(t,x)) =0

when r >t (1.22)
(DF', DF?) .-~ (DF',DF™)
0 (DF?,DF"™)
0

.-« (DF" DF"™)
i.e. [z 4., is a triangular matrix.
Then

(1.23)

o
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Recall that
Dy (u(t,x))=0  when r > t. (1.22)

I_27 t1,estn =

[t07t1]>< [071])

<DF17 DF1>L2([t0,t1]><[0,1]) tt <DF17 DF">L2(
0 e [t 20x[0,1)

(DF?,DF")

0 o ADF"DE™) 21 a1 (01])

i.e. 'z ¢ ... ¢, is a triangular matrix.

Then

n

(1.23)
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Recall that

Dy (u(t,x))=0  when r > t. (1.22)
I_Z,tl,"-,tn ==
<DF1’DF1>L2([t0,t1]><[O,1]) <DF17DF">L2([to,t1]x[0,1])
0 " [t £1%[0.1))

(DF?, DF”>L2(

0 o ADFTDE™) 21 n1x(0.1])

i.e. [z 4.t 1s a triangular matrix.
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Recall that

Dy (u(t,x))=0  when r > t. (1.22)
I_th17"'7tn =
1 1 1 n
(DF*, DF >L2([t0,t1]><[0,1]) <DF2’ bF >L2([to,t1]x[0,1])
0 <DF , DF >L2([t1,t2]><[0,1])
0 --- (DF",DF" >L2([t,, Lt]x[0,1])
i.e. [z 4.t 1s a triangular matrix.
Then
det(rz t17 7 HHDF HL2([t, latI]X[O 1]) (123)
i=1
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Theorem

Assume Al and A2. Let 0=ty <ty <---<t, < T,x€(0,1), and Z
given by (1.21), then for any kK >0, p > 1,

n
| (det Tz, o) llep < K [ (5 — ti2) =972,
i=1

where K is a positive constant.
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Theorem

Assume Al and A2. Let 0=ty <ty <---<t, < T,x€(0,1), and Z
given by (1.21), then for any kK >0, p > 1,

n
| (det Tz, o) llep < K [ (5 — ti2) =972,
i=1

where K is a positive constant.

Lemma

Assume Al and A2. Let 0=ty <ty <---<t, < T, x€(0,1), Z given

by (1.21), and 8 = (B1, - , Bm) with
Bo = (ig, ko) € {1,--- ,n} x{1,--- ,d}, for 6 =1,---  m, then there
exists a constant C > 0 such that

M.z, 0] <TI0 (129
’ 0=1

v
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The non-linear SHE is %—LND

Theorem

Let u(t,x) be given by (1.2). Hence, for each fixed x € (0,1), for every

nonnegative integers m > 2, ky1,--- ,kid, "+ Kkm1, -+, kmd, there
exists a constant ¢ = c(m, ki1, - ,kid, -+ ,Kkm1, - ,Kmd) Such that
’E [ei jm:l<vj,u(tj7x)—u(tj,1,x)>:|’ < < —
- d k: L.
TTZ 0 TTS [vial9(t — t—a)# 5
(1.25)

for all v = (vj1,-++ ,Vjq) € RY with vj; #0 (j=1,--- ,m and
I=1,---,d), foreach t € [0, T), and for every ordered points
t=ty <ty <+ <tpin[0, T]. We said that the process
(u(t,x), t €[0,T]) is -LND on [t, T] for each fixed t € [0, T).
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Existence of local time when d < 3

Let o > 0, we define the Sobolev space H*(RY) as

HoRY) = {g € 2R (1+¢IP)3g € 2(RY)},

Theorem

Let u(t,x) be given by (1.2). Assume that d < 3, then for each
x € (0,1), the process (u(t,x); t € [0, T]) has local time L(¢, t).
Moreover, for every fixed t, L(e,t) € H*(RY) for o < %.
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The local time does not exist for d > 4

Theorem

Let u(t,x) be given by (1.2). Assume that d > 4, then for each
x € (0,1), the process (u(t,x); t € [0, T]) does not have a local time
L(&,t) in L2(P® A\y) for any t € [0, T].
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Lemma

Let u(t,x) be given by (1.2). Assume d < 3. Let L(&,t) be given as in
(1.7), therefore, for every &,y € RY, t, t + h € [0, T], and even integer
m> 2, .

E {Z(g, t+ h) — L(€, t)] < Con H|mO—9), (1.26)

E[LE+y,t+n) - LEe+m-LE+y,n+1E0]"

s (1.27)
< Coplly ™A™ 474

where 0 < 6 < (52) A L.
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Theorem

Assume d < 3. for each x € (0,1), the local time of the process
(u(t,x); t €0, T]) has a version, denoted by L(&,t), which is s jointly
continuous in (&, t) almost surely.
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Sample paths regularity of SHE

Corollary

Let u(t,x) be given by (1.2). Assume d < 3. Then for each x € (0,1), all
coordinate functions of (u(t,x), t € [0, T]) are nowhere Holder
continuous of order greater than %.

Brahim Boufoussi and Yassine Nachit (Cadi /ALocal times for systems of non-linear stochast CBMS Conference 2021 42 /44



Upcoming works

Investigation of the local time of the following two processes:
o (u(t,x), x € [0,1])
(u(t,x), (t,x) €0, T] x [0,1]).
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Thank you
for your attention!
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