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Source scattering problem

Source scattering problems are concerned with the relationship between
radiating sources and wave fields.

Inverse problem: To determine the radiating source which produces
the measured wave field.

Direct problem: To determine the wave field from the given source
and the differential equation governing the wave motion.
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Wave equation for source scattering

The Helmholtz equation (acoustic wave):

(∆ + k2)u = f in Rd .

Attenuated Helmholtz equation:

(∆ + k2 + b)u = f in Rd ,

where b is the attenuation factor.

The Navier equation for elastic wave :

(σ + k2)u = f in Rd ,

where σ = (µ∆ + (µ+ λ)∇ · ∇), where µ, λ are Lame constants.

Supported plate in a homogeneous medium:

(∆2 − k4)u = f in BR ⊂ R2
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Frame Title

Helmholtz equation for two layered medium

u′′ + (k2(x) + iαk(x))u = f

where the wave number k defines as follows

k(x) =

{
kp if x > 0
kn if x < 0,
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Application

Antenna synthesis

Tomography (PAT)

Medical imaging (MEG, EEG, ENG)

Geology

Neuroscience (brain imaging)

Material science and mechanical structure
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Statement of the problem (I)

The scattering problem with the source term −f1 − ikf0,

(∆ + k2)u = −f1 − ikf0 in R2,

lim r1/2(∂ru − iku) = 0 as r = |x | → +∞,

where suppf0, suppf1 ⊂ Ω, ∂Ω ∈ C 2 and Γ ⊂ ∂Ω with outer unit normal ν.

The direct problem: Given f1, f0, to determine the random wave field u.
The inverse problem: To recover f1, f0 from given boundary data for
0 < k < K .

Our goals are uniqueness and stability of f0, f1 from the Cauchy data.

u = u0, ∂νu = u1 on Γ, when K∗ < k < K .
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Known integral representation

u(x , k) =
−i
4

∫
Ω
H

(1)
0 (k |x − y |)(f1(y) + ikf0(y))dy ,

where H1
0 (z) = 1

πi

∫ 1
1+i∞ e izs(s2 − 1)−1/2ds, for Rez > 0, is the Hankel

function of the first kind.

It is also can be defined as

H
(1)
0 (z) = J0(z) + iY0(z),
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The Hankel function of fist kind

Recurrence formula for the Hankel functions of first kind:

z
dH

(1)
ν (z)

dz
+ νH(1)

ν (z) = zH
(1)
ν−1(z),

d

dz
(zνH(1)

ν (z)) = zνH
(1)
ν−1(z), ν = 1, 2, · · · .

Bounds for the Hankel function:

|H(1)
0 (z)| ≤ e |Imz|

(Rez)1/2
, |H(1)

0 (z)| ≤ e |Imz|

(Rez)1/2
.
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Goals

(1)Uniqueness of Source Functions f1, f0

Theorem

Let u be a solution to the scattering problem with f0 ∈ H1(Ω), f1 ∈ L2(Ω).
If the Cauchy data u0 = u1 = 0 on Γ when k ∈ (K∗,K ), then f0 = f1 = 0
in Ω.
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(2) Inverse source problem

Theorem

Let ‖ f0 ‖2
(4) (Ω)+ ‖ f1 ‖2

(3) (Ω) ≤ M, 1 ≤ M, and

δ < |x − y |, x ∈ ∂Ω, y ∈ suppf0 ∪ suppf1 for some positive δ. Then there
exist a constant C = C (Ω, δ) such that

‖ f1 ‖2
(0) (Ω)+ ‖ f0 ‖2

(1) (Ω) ≤ C
(
ε2 +

M2

1 + K
2
3 |E |

1
4

)
,

for all u ∈ H2(Ω) solving (1.1), (1.2) with 1 < K . Here

ε2 =

∫ K

0

(
ω2 ‖ u(, ω) ‖2

(0) (∂Ω)+ ‖ ∇u(, ω) ‖2
(0) (∂Ω)

)
dω,

0 < E = − ln ε.
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Numerical result
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Numerical result
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Sketch of proof

Step 1: denoting∫ +∞

−∞
ω2 ‖ u(, ω) ‖2

(0) (∂Ω)dω = I1(k) +

∫ ∞
k

ω2 ‖ u(, ω) ‖2
(0) (∂Ω)dω,

&∫ +∞

−∞
‖ ∇u(, ω) ‖2

(0) (∂Ω)dω = I2(k) +

∫ ∞
k

‖ ∇u(, ω) ‖2
(0) (∂Ω)dω.
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where

I1(k) = 2

∫ k

0
ω2

∫
∂Ω

( ∫
Ω

−i
4

(f1(y) + iωf0(y))H
(1)
0 (ω|x − y |)dy

)
( ∫

Ω

i

4
(f1(y)− iωf0(y))H

(1)
0 (ω|x − y |)dy

)
dΓ(x)dω,

&

I2(k) = 2

∫ k

0

∫
∂Ω

( ∫
∂Ω

−i
4

(f1(y) + iωf0(y))∇xH
(1)
0 (ω|x − y |)dy

)
( ∫

∂Ω

i

4
(f1(y)− iωf0(y))∇xH

(1)
0 (ω|x − y |)dy

)
dΓ(x)dω.
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Lemma

Let f1 ∈ H1(Ω), f0 ∈ H1(Ω) and suppf0, suppf1 ⊂ Ω. Then

|I1(k)| ≤ π

2
|∂Ω|d

(1

3
|k|3 ‖ f1 ‖2

(0) (Ω) +
1

5
|k |5 ‖ f0 ‖2

(0) (Ω)
)e2d |k2|

k1
,

|I2(k)| ≤ π

2
|∂Ω|d

(1

3
|k| ‖ f1 ‖2

(1) (Ω) +
1

5
|k |3 ‖ f0 ‖2

(1) (Ω)
)e2d |k2|

k1
,

where |∂Ω| is the length of ∂Ω, d = sup|x − y | over x , y ∈ Ω.
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ε2 =

∫ K

0

(
ω2 ‖ u(, ω) ‖2

(0) (∂Ω)+ ‖ ∇u(, ω) ‖2
(0) (∂Ω)

)
dω

|I1(k)e−2(d+1)k | ≤ ε2 on [0,K ],

Using harmonic measure on sector S = {k ∈ C : |arg k | < π
4 } or |k2| ≤ k1

for any k ∈ S . So we obtain the following band for K < k <∞.

|I1(k)e−2(d+1)k | ≤ Cε2µ(k)M2,

|I2(k)e−2(d+1)k | ≤ Cε2µ(k)M2.
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Lemma

Let µ(k) be the harmonic measure of [0,K ] in S\[0,K ]. Then{
1
2 ≤ µ(k) if 0 < k < 2

1
4K ,

1
π

(
( k
K )4 − 1

)−1/2 ≤ µ(k) if 2
1
4K < k.
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Step 2: link between low and high frequencies

(∂2
t −∆)U = 0 in R2 × (0,∞),

U(, 0) = −f0, ∂tU(, 0) = f1 on R2,

where U has the following well-known definition:

U(x , t) =
1

2π

∫∫
|x−y |<t

f1(y)√
t2 − r2

dy + ∂t

( 1

2π

∫∫
|x−y |<t

−f0(y)√
t2 − r2

dy
)
,

where r = |x − y |.

We define U(x , t) = 0 when t < 0 and claim:

u(x , k) =
1√
2π

∫ ∞
0

U(x , t)e iktdt.
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Lemma

Let function u be a solution to the forward problem, with radiation
condition (1.2) with f1 ∈ H3(Ω) and f0 ∈ H4(Ω), suppf1, suppf0 ⊂ Ω.
Then ∫ ∞

k
ω2 ‖ u(, ω) ‖2

(0) (∂Ω)dω +

∫ ∞
k
‖ ∇u(, ω) ‖2

(0) (∂Ω)dω ≤

C (δ)k−1
(
‖ f0 ‖2

(4) (Ω)+ ‖ f1 ‖2
(3) (Ω)

)
,

where δ = inf |y − x | over x ∈ ∂Ω and y ∈ suppf1 ∪ suppf0.
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Lemma

Let U be a solution to (1.10) with f1 ∈ L2(Ω), f0 ∈ H1(Ω) with
suppf0, suppf1 ⊂ Ω and T = 2diamΩ + 2.
Then there is C such that

‖ f0 ‖2
(1) (Ω)+ ‖ f1 ‖2

(0) (Ω) ≤ C
(
‖ ∂tU ‖2

(0) (∂Ω× (0,T ))+

+ ‖ ∇U ‖2
(0) (∂Ω× (0,T ))

)
.

By the Parseval’s identity;∫
k<|ω|

ω2 ‖ u(, ω) ‖2
(0) (∂Ω)dω ≤ k−2

∫
k<|ω|

ω4 ‖ u(, ω) ‖2
(0) (∂Ω)dω

≤ k−2

∫
R
ω4 ‖ u(, ω) ‖2

(0) (∂Ω)dω = k−2

∫
R
‖ ∂2

t U(, t) ‖2
(0) (∂Ω)dt.
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Statement of the problem (II)

Attenuated Helmholtz equation;

(∆ + k2 + ikb)u = −f1 − bf0 + ikf0 in R2, 0 < k ,

u = u0, ∂νu = u1 on ∂Ω with 0 < k < K ,

where ν is the outer unit normal to ∂Ω.
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Using the following change of variable

u∗(x , κ) := u(x , k), κ := k

√
1 +

b

k
i ,

then the equation (22) becomes

∆u∗ + κ2u∗ = −f1 − bf0 + ikf0,

with the solution

u∗(x , κ) =
i

4

∫
Ω
H

(1)
0 (κ|x − y |)

(
f1(y) + bf0(y)− ikf0(y)

)
dy .
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Main Result

Theorem

There exists a generic constant C depending on the domain Ω such that

‖ f0 ‖2
(1) (Ω)+ ‖ f1 ‖2

(0) (Ω) ≤ CeCb
2
(
ε2 +

(b2 + 1)M2
3

1 + K
2
3 |E |

1
4 + b

)
,

for all u ∈ H2(Ω) solving (1.1), with 1 < K . Where

ε2 =

∫ K

0

(
ω2 ‖ u(, ω) ‖2

(0) (∂Ω)+ ‖ ∇u(, ω) ‖2
(0) (∂Ω)

)
dω,

E = −lnε and M3 = max
{
‖ f0 ‖(4) (Ω)+ ‖ f1 ‖(3) (Ω), 1

}
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Using hyperbolic initial boundary value problem for higher frequencies;

∂2
t U −∆U + b∂tU = 0 on Ω× (0,∞),

U(x , 0) = f0, ∂νU(x , 0) = f1 on Ω.

with the fundamental solution:

U(x , t) = ∂t

(e −bt
2

2π

∫∫
|x−y |<t

cosh(b2
√
t2 − r2)f0(y)

√
t2 − r2

dy
)

+
e

−bt
2

2π

∫∫
|x−y |<t

cosh(b2
√
t2 − r2)f1(y)

√
t2 − r2

dy ,

with r = |x − y |.
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Observability Bound for the Damped Wave Equation

Theorem

Let the observation time 4(D + 1) < T < 5(D + 1). Then there exists a
generic constant C depending on the domain Ω such that

‖ f0 ‖2
(1) (Ω)+ ‖ f1 ‖2

(0) (Ω) ≤ C

eCb
2
(
‖ ∂tU ‖2

(0) (∂Ω× (0,T ))+ ‖ ∇U ‖2
(0) (∂Ω× (0,T ))

)
,

for all U ∈ H2(Ω× (0,∞)).
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Frame Title

Let

E (t) :=

∫
Ω

(|∂tU(x , t)|2 + |∇U(x , t)|2 + |U(x , t)|2)dx ,

E0(t) :=

∫
Ω

(|∂tU(x , t)|2 + |∇U(x , t)|2)dx ,

and

F 2 :=
1

2

∫
∂Ω×(0,T )

(|∂tU(x , t)|2 + |∇U(x , t)|2 + U2(x , t))dΓ(x).

Let U be a solution of the forward problem (3.25) with f1 ∈ H1(Ω) and
f0 ∈ H2(Ω), suppf0, suppf1 ⊂ Ω. Let 0 ≤ t1 ≤ t2 ≤ T and 1 ≤ 2b.
Then

E (t2) ≤ e4(t2−t1)2
(2E (t1) + F 2)

and

E (t1) ≤ 2e(2b+4(t2−t1))(t2−t1)(E (t2) + F 2).
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Lemma

Let u be a solution to the forward problem with f1 ∈ H3(Ω) and
f0 ∈ H4(Ω) with suppf0, suppf1 ⊂ Ω, then∫ ∞

k
ω2 ‖ u(, ω) ‖2

(0) (∂Ω)dω +

∫ ∞
k
‖ ∇u(, ω) ‖2

(0) (∂Ω)dω

≤ C (k + b)−1
(

(1 + b2) ‖ f0 ‖2
(4) (Ω)+ ‖ f1 ‖2

(3) (Ω)
)
,

where C = C (Ω, δ), δ = inf |y − x |, x ∈ ∂Ω and y ∈ suppf1 ∪ suppf0.
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Statement of problem (III), elasticity system

σ(u) + ρk2u = −f1 − ikf0 in R3,

where σ = (µ∆ + (µ+ λ)∇ · ∇), where µ, λ are Lame constants.

Goal: Recovering the external force from the Dirichlet data

u = u0 on Γ.
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By the Helmholtz decomposition, the displacement filed u can be written
as

u = up + us in R3\Ω

where up and the sheer part us which satisfy Sommerfeld radiation
conditions

lim
r→∞

r(∂rup − ikpup) = 0, lim
r→∞

r(∂rus − iksus) = 0, r = |x|,

where kp, ks are the compressional and shear wavenumbers defined as
follows

kp =
k

(λ+ 2µ)1/2
= cpk , ks =

k

µ1/2
= csk .

Mozhgan (Nora) Entekhabi (FAMU) August 2022 30 / 39



u(x , k) =

∫
Ω
G(x , y ; k) · (f1(y) + ikf0(y))d(y),

where G(x , y ; k) is Green’s tensor with following representation

G(x , y ; k) =
1

4πµ

e iks |x−y|

|x − y |
I3 +

1

k2
∇x∇>x

(e iks |x−y |
|x − y |

− e ikp |x−y |

|x − y |

)
where I3 is 3× 3 identity matrix.
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ρ∂2
tU− σ(U) = 0 in (0, )× R3,

U(, 0) = f0, ∂tU(, 0) = f1 on R3.

u(x , k) =
1√
2π

∫ ∞
−∞

U(x , t)e iktdt

where
U(x , t) = V(−c2

s ∆f1 + (c2
P − c2

s )∇div f1)(x , t)+

∂tV(−c2
s ∆f0 + (c2

P − c2
s )∇div f0)(x , t) + ∂2

tV(f1)(x , t) + ∂3
tV(f1)(x , t)

and

V(F)(x , y) =
1

c2
P − c2

s

(

∫
|x−y |≤cs t

cp − cs
cs

F(y)dy+∫
cs≤|x−y |≤cpt

cpt − |x − y |
|x − y |

F(y)dy).
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Result for elasticity system

Theorem

There exist a constant C = C (Ω, δ) such that

‖ f1 ‖2
(0) (Ω)+ ‖ f0 ‖2

(1) (Ω) ≤ C
(
ε2 +

M2

1 + K
4
3 |Ee |

1
2

)
,

for all u ∈ H2(Ω) solving (1.1), (1.2) with 1 < K . Here

ε2 =

∫ K

0

(
ω2 ‖ u(, ω) ‖2

(0) (∂Ω)+ ‖ u(, ω) ‖2
(1) (∂Ω)

)
dω,

0 < Ee = − ln ε,M =‖ f1 ‖2
(3) (Ω)+ ‖ f0 ‖2

(3) (Ω).
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Significant of the results?
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Ongoing and future work

Partial data

Higher order equation

Random data

Extending to the inverse problem in time domain
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New Research: Trapped Mode in Two-Dimensional
Waveguides with Inclusion

We seek a potential φ(x , y) satisfying

(∆ + k2)φ in r < a, |y | < d , r = (x2 + y2)1/2

φy = 0, |y | = d ,−∞ < x <∞

φr = 0, r = a,

φ = 0, y = 0, |x | ≥ a

φ→ 0, |x | → ∞, |y | ≤ d
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Thank You !
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