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Source scattering problem

Source scattering problems are concerned with the relationship between
radiating sources and wave fields.
@ Inverse problem: To determine the radiating source which produces
the measured wave field.
@ Direct problem: To determine the wave field from the given source
and the differential equation governing the wave motion.
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Wave equation for source scattering

@ The Helmholtz equation (acoustic wave):
(A+Kk)Hu=Ff in RY
@ Attenuated Helmholtz equation:
(A+Kk*+bu=f in RY,

where b is the attenuation factor.

@ The Navier equation for elastic wave :
(c+kHu=Ff in RY,

where 0 = (WA + (1 + A)V - V), where p, A are Lame constants.
@ Supported plate in a homogeneous medium:

(A2 —kYu=f in BrCR?
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Frame Title

@ Helmholtz equation for two layered medium
u" 4 (K*(x) + iak(x))u = f
where the wave number k defines as follows

k(x):{ kp, if x>0

k, if x <0,
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Application

@ Antenna synthesis

e Tomography (PAT)

e Medical imaging (MEG, EEG, ENG)
o Geology

e Neuroscience (brain imaging)

°

Material science and mechanical structure
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Statement of the problem (1)

The scattering problem with the source term —f; — ikf,
(A+Kk)u=—f —ikfy in R
lim r/2(0,u — iku) =0 as r = |x| = +oo,

where suppfy, suppfi C Q, 90 € C? and I C 9Q with outer unit normal v.

The direct problem: Given fi, fy, to determine the random wave field u.
The inverse problem: To recover fi, fy from given boundary data for
0< k<K.
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Statement of the problem (1)

The scattering problem with the source term —f; — ikf,
(A+Kk)u=—f —ikfy in R
lim r/2(0,u — iku) =0 as r = |x| = +oo,

where suppfy, suppfi C Q, 90 € C? and I C 9Q with outer unit normal v.

The direct problem: Given fi, fy, to determine the random wave field u.
The inverse problem: To recover fi, fy from given boundary data for
0< k<K.

Our goals are uniqueness and stability of fy, fi from the Cauchy data.

u=ug, Oyu=uionl,when K, <k<K.

Mozhgan (Nora) Entekhabi (FAMU) August 2022 7/39



Known integral representation

ulx, k) =

T [ H Gl = D) + ().

where Hg(z) = % fH,.OO

function of the first kind.

e’25(s2 — 1)~Y2ds, for Rez > 0, is the Hankel
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Known integral representation

u(x k) = / HEP (klx — yI)(Rly) + ko)) dy.

4

where H}(z) = L f11+l.oo e?5(s2 — 1)~1/2ds, for Rez > 0, is the Hankel
function of the first kind.
It is also can be defined as

HY (2) = Jo(2) + iYo(2),
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The Hankel function of fist kind

@ Recurrence formula for the Hankel functions of first kind:

(1)
g B) | H0(2) = 21, 2),
V4

d
dz

(2 HD(2)) = 27 HP (2), v=12,.
@ Bounds for the Hankel function:
e\ﬁmz|

@) < o )1/2, ) < ey
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Goals

(1)Uniqueness of Source Functions fi, fy

Let u be a solution to the scattering problem with fy € H*(Q), fi € L?(Q).
If the Cauchy data uyp = u; =0 on I when k € (K., K), then fy = f =0
in 2.
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(2) Inverse source problem

Theorem

Let [ f [y () || f I () < M, 1< M, and

0 < |x—yl|,x €0,y € suppfy U suppfy for some positive 6. Then there

exist a constant C = C(2,0) such that
M? )

A llfy Q)+ 11 o 17y () < C(E+ ———
I Iy @+ 1161y @) < €+ — 7y

for all u € H?(Q) solving (1.1), (1.2) with 1 < K. Here

K
& =/0 (w2 I u,w) Iy (OR)+ 1| V) ) (09)) dov,

0< E=—Ine.
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Numerical result
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Numerical result

Exact source Exact source
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Sketch of proof

Step 1: denoting

+o0 o0
/ W | u(,w) By (0Q)dew = h(K) + /k W || u(ow) [y (09)de,

— 00

&

+o0 o0
/ | Vu(,w) By (02)dw = h(k) + /k | Vu(,w) [ (02)dw.

—0o0
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where

YA —i - 1)
w0 =2 [ [ ([ ZHR0)+ ki) H b= y)dy)

( /Q ﬁ(my) — iwfo(y))H§ D (wlx — yD)dy) T (x)dw,

&
(" —i - &)
b =2 [ [ ([ ZHA) + k)T ol = y)ay)

([ 3500 = iy )T H ol = ) ()l
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Lemma

Let f € HY(Q), fy € HY(Q) and suppfy, suppfy C Q. Then

R < D1091d (LIK1R 1 A 1) () + LKE [ 12 (@) S
4001 < 31001 (31K I Iy () + 51K 11 5 1y () 1

7r 1 1 e2dlk|
16001 < S100la (1K 11 & 12y (@) + 21kP 16 1) @) T

where |0RQ| is the length of 02, d = sup|x — y| over x,y € Q.
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K
2= /0 (@2 | u(,w) 1) (0R)+ | Vu(,w) [ (99)) dew
|h(k)e 2@tk < e on [0,K],

Using harmonic measure on sector S = {k € C: |argk| < 7} or |kz| < ky
for any k € S. So we obtain the following band for K < k < cc.

“]-(k)e—2(d+1)k‘ S CEZM(/() /\/12,

|/2(k)e—2(d+1)k| < C€2/.L(k) MZ.
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Let (k) be the harmonic measure of [0, K] in S\[0, K]. Then

1 < (k) if  0<k<2iK,
Ly =) < k) i 2iK < k.

—
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Step 2: link between low and high frequencies
(02 — A)U =0in R? x (0, o0),
U(,0) = —fo, 8:U(,0) =f on R?

where U has the following well-known definition:

—foly
U(x, t) d —i-a // d),
Tor //IX —yl<t t2 - r2 t 2” yl<tVE2 =12

where r = |x — y|.
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Step 2: link between low and high frequencies
(02 — A)U =0in R? x (0, o0),
U(,0) = —fo, 8:U(,0) =f on R?

where U has the following well-known definition:

—foly
U(x, t) d —i-a // d),
Tor //IX —yl<t tz - r2 t 27T yl<tVE2 =12

where r = |x — y|.
We define U(x,t) = 0 when t < 0 and claim:

1 o ;
u(x, k) _\/%/0 U(x, t)etdt.
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Lemma

Let function u be a solution to the forward problem, with radiation
condition (1.2) with fi € H3(Q) and fo € H*(Q), suppf, suppfo C Q.
Then

(o)

| ) Iy 0o+ [ 1 V) Iy (00 <

COK (11 %y @)+ Il £ 1) (@),

where § = infly — x| over x € OQ and y € suppf; U suppfy.
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Lemma

Let U be a solution to (1.10) with i € L%(Q), fy € H*(Q) with
suppfy, suppfy C Q and T = 2diam$2 + 2.
Then there is C such that

o sy (@4 | 1y (@) < € (110U Iy (92 x (0, T))+

+ 1 VU I3, (092 % (0, T))).

By the Parseval’s identity;

JL ) Iy (o <72 [ ) Iy (000
<|lw

k<|w|

< k2 /R W || u(ow) ) (02)dw = k2 /R | 20 1) |13 (09)dt.
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Statement of the problem (II)

Attenuated Helmholtz equation;

(A + k* 4 ikb)u = —f; — bfy + ikfy inR? 0 < k,

u = ug,0yu=u; on O with0 < k < K,

where v is the outer unit normal to 0.
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Using the following change of variable

ut(x, k) == u(x, k), k:i=k/1+ %i,

then the equation (22) becomes
Au* + KUt = —f, — by + ikf,

with the solution

o) = 5 [ HO b=y () + () - () o
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Main Result

There exists a generic constant C depending on the domain Q such that

I Iy @)+ I f 1) () < Ce (e +

(b +1)M3 >
1+ K3|E|x + b/
for all u € H?(Q) solving (1.1), with 1 < K. Where

K
& = /0 (@ | uGw) Iy (OR)+ | Vu(,w) ) (89)) dw,

E = —Ine and M3 = max{ Il fo ||(4) Q)+ || A ||(3) (), 1}
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Using hyperbolic initial boundary value problem for higher frequencies;
92U — AU + bd:U =0 on Q x (0,0),

U(x,0) = fy, 9,U(x,0) = f on Q.

with the fundamental solution:

cosh(&/t2 — r2)fy(y)
U(x, t) 8 // d
(X t 271- eyt t2 — }/>

—bt

cosh(2/t2 — r2)fi(y)

Nrr dy,
x—y|<t t —r?

27r |

with r = |x — y|.
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Observability Bound for the Damped Wave Equation

Let the observation time 4(D + 1) < T < 5(D + 1). Then there exists a
generic constant C depending on the domain 2 such that

| % Iy (Q)+ 11 & 3 (@) < €

e (11 0:U I}y (692 x (0, T)+ | VU [} (62 x (0, T))),
for all U € H?(Q x (0, 00)).
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Frame Title

Let
E(t) = /Q(|8tU(x, D+ [VU(x, )2 + |U(x, £)]2)dx,
Eo(t) == [ (10:Ux, O + [V U(x, ) o
Q
and
F2 . ;/ (0:U(x, )2 + [VU(x, ) + U2(x, £))dT (x).
20X (0,T)

Let U be a solution of the forward problem (3.25) with f; € H}() and
fo € H?(Q), suppfy, suppfi C Q. Let 0 < t; <t, < T and 1 < 2b.
Then

E(t>) < "1 (2E(1) + F?)

and

E(ty) < 2e@bHa(—t(t)(E(1) 4 F?).
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Lemma

Let u be a solution to the forward problem with f; € H3(Q) and
fo € H*(Q) with suppfy, suppfy C Q, then

oo

|0 ) Iy 0+ [ V) ey (0

< Clk+ )71 (L +62) 1 fo Iy (@)+ 1| £ Iy (),
where C = C(Q,9), § = inf|y — x

, x € 0 and y € suppfi U suppfy.
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Statement of problem (lIl), elasticity system

o(u) + pk?u = —f; —ikfy in R3,
where 0 = (uA + (1w + A)V - V), where p, A are Lame constants.

Goal: Recovering the external force from the Dirichlet data

u=uy on I.
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By the Helmholtz decomposition, the displacement filed u can be written
as

u=up,+us in R)\Q
where up, and the sheer part us which satisfy Sommerfeld radiation
conditions

rll)rgo r(0rup —ikpup) =0, rILrgO r(0rus —iksus) =0, r = x|,

where kp, ks are the compressional and shear wavenumbers defined as
follows

k k

kp:W:Cpk, kszmzcsk.
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u(x, k) = /Q G(x, y: k) - (uly) + ikfo(y))d(y).

where G(x, y; k) is Green's tensor with following representation

1 eiks\x—y\ 1 eik;\x—y| eikp\x—y|
G,y k)= S 34 -V T( - )
beyik) ey 2R\ T Ty

where I3 is 3 x 3 identity matrix.
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pd?U —o(U)=0 in (0,) xRS,
U(,0)=fy, 0:U(0)=f on R

u(x,k):\/%/ U(x, t)e*tdt

U(x, t) = V(=c2Afy + (¢t — c2)VdivF)(x, t)+
OV (=2 Afy + (¢ — A)Vdiveo)(x, t) + OV (F1)(x, t) + IV (F1)(x, t)

where

and

1 C, — C
V(F)(x.y) = - ( / P~ S E(y)dy+
Cp = G Jix—y|<cst

Cs

/ Pt =X =Y )ay)
cs<|x—y|<cpt ’X - y’
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Result for elasticity system

There exist a constant C = C(£2,9) such that

M?2
1%, (D+ || fo 17, () < C(2+ —————),
16 Iy (@) 1o Iy (9 < €+ 5 )

for all u € H?(Q) solving (1.1), (1.2) with 1 < K. Here

2

K
€ :/0 <w2 “ U(,W) H%O) (8Q)+ H u(7w) H%l) (69)) dw,

0< Ee=—Ine,M = fy %) (@)+ I fo I%) (©).
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Significant of the results?
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Ongoing and future work

Partial data
Higher order equation

Random data

Extending to the inverse problem in time domain
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New Research: Trapped Mode in Two-Dimensional

Waveguides with Inclusion

We seek a potential ¢(x,y) satisfying
(A+ K¢ in r<alyl <d,r=(x>+y*)?
¢y =0,ly| =d,—00 < x < 0
¢r=0,r=a,
¢=0,y=0,|x|>a

¢ — 0,|x| = oo, |y| < d
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Thank You !
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