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Recently, Mijena and N. [2015], Foondun, Mijena, and N. [2016],
and Foondun [2021] considered the following time fractional
stochastic heat equation on the interval (0, L) with Dirichlet
boundary condition:

1 .
82 uy(x) = 5 Octie(x) + P (ue(x))W(t, x)], 0<x<L,t>0

ur(0) = (L) =0 for t>0,
(1.1)
where
(] Otﬁ is the Caputo fractional time derivative which first
appeared in Caputo [1967] and is defined for 0 < 8 < 1 by

1 /t dup(x) dr
0

0/ ur(x) = r(1—B) ar (t—r)p’

and for v > 0, Itﬁ is the fractional order integral defined by
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If(t) := r(l'y) /Ot(t — 7)Y (r)dr.

We know that for € (0,1), and g € L*(R;) or g € C(Ry)
o7 17e(t) = g(t).
m Uy : B — R, is a non-random measurable and bounded
function that has support with positive measure inside B;

m W denotes a space-time white noise and o : R — R is a
globally Lipschitz function satisfying I,|x| < |o(x)| < Ly|x|
where I, and L, are positive constants;

m )\ is a positive parameter called the level of the noise.
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m If the partial derivative in time 0; in the classical heat
equation J;u = Au is substituted with fractional derivatives
Otﬁ for 0 < B < 1, the processes explains the sticking and
trapping behavior of particle,

m while if the Laplacian A is replaced with fractional power
—(=A)*? for 0 < o < 2, it describes long particle jumps.
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In Foondun and Nualart [2015] and Foondun, Guerngar, and N.
[2017], the authors looked at the behavior of the solution to
equation (1.1) for small A and large A when 3 = 1. They showed
that
m For )\ large enough, the second moment of the solution u;
grows exponentially fast; while
m for small A, the second moment of the solution u; eventually
decays exponentially.
However, Foondun [2021] has shown this phase transition is no
longer valid and a more complicated situation occurs if the usual
derivative is replaced by a fractional derivative in time when
0<pB<l.

6/39
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From a practical point of view, the results in Foondun [2021] are
relevant because fractional time derivatives are often used for
modeling of various systems with memory.

Therefore, it is very important to understand that the use of such
derivatives can cause significant changes in the qualitative
properties of the solution.
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Goal

Our main recent results investigate the long time behavior of the
solution to the equation (2.1) with respect to A. Our work extend
the main results in Foondun [2021] to fractional Laplacian case in
space dimensions d = 1,2, 3.
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Stable processes

m Let X; denote a symmetric stable process of index a € (0,2)
in RY and B be a regular bounded open subset of RY.

m Let XtB denote the symmetric stable process killed upon
exiting B.
m The Dirichlet fractional heat kernel (the transition density of
XE) ps(t, x, y) on B has spectral decomposition
o0
pa(t, %, y) =Y e " on(x)en(y), (12)
n=1
for all x, y € B, t > 0, where {¢p},>0 is an orthonormal basis of
L?(B), and 0 < 1 < p2 < p3 < --- is a sequence of positive real
numbers such that, for every n > 1, PBy,(x) = e #rtp,(x), and
¢n(x) =0 for x € B¢ .
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Stable subordinator

m Let D = {D,,r > 0} denote a [-stable subordinator and E;
be the inverse of a stable subordinator of index 5 € (0, 1).

m The process Xg is a time-changed symmetric a-stable process
X8 killed upon exiting B, and since 8 € (0, 1), XE moves
slower than X5.

m The density of the time-changed process XE is given by
G,(Bﬁ)(t,x).

By conditioning, we have
6 (t,x) = /0 P (s x)f(s)ds, (13)

where

10/39
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fi(s) = tBLs 1B gy(tsV/A). (1.4)

where gg(.) (Cf. Meerschaert and Straka [2013]) is the density
function of D; and is infinitely differentiable on the entire real line,
with gg(u) = 0 for u < 0; see Meerschaert and Scheffer [2004] for
more information about for properties of the inverse stable
subordinator E;.

The function us(x) := EX[UQ(XE)] solves the space-time fractional
equation

{8t’8ut(x) = —(=A)*2y,(x) for x€ B and t >0 (1.5)

ur(x) =0 for x ¢ B,
with initial condition ug (Chen, Meerschaert, and N. [2012]).

11/39
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Thus, we get the following representation of u(x)

ur(x) = IEX[Uo(XZ:B )

:/B/o Ze 1% on(x)n(y)fe(s) uo(y) dsdy
- /B Z EB(_/“LntB)SOn(X)SOn(Y)UO(Y)dy

— /B (¢, x, y)uoly) dy,

where

G (t. %, y) ZEﬁ (=nt”)n(x)2n(y) (1.6)
n=1

12/39
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Mittag-Leffler function

Note that Eg(x) = > 2, r(%kﬁk) is the Mittag-Leffler function
and has the following property,
1 1

T = BN = A i

for x > 0. (1.7)

and

oo
Es(—Hnt") :/ eI fy(s) ds = E(e™"""™)
0
is the eigenfunctions of the Caputo time fractional derivative:

81.“BE,3(_,UntB) = _MnEB(_Nntﬁ)'

13/39
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We consider the following stochastic heat equation on a regular
bounded domain B in RY, d > 1 with Dirichlet boundary condition:

P u(x) = — (—A)2 up(x) + IFPPo(ue(x))W(t, x)], x€B, t>0
us(x) =0 for x¢ B and t >0,
(2.1)
where

m the operator — (—A)%, where 0 < a < 2, is the L%-generator
of a symmetric a-stable process X2 killed when exiting B;

m ug, W, o and X are as mention in the previous slides.

14 /39
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Walsh mild solution

Following Walsh [1986], we look at the mild solution of the
equation (2.1) satisfying the following integral equation.

ue(x) (gs Uo)t
+>\// G(/” t—s, x y)o(us(y))W(ds,dy), (2.2)

where G,(B’B)(t,x, y) denotes the heat kernel of the space-time
fractional diffusion equation with Dirichlet boundary conditions in
(1.5), and

(6 uo)e(x) = /B G)(t, x, y)uoly) dy. (23)

15/39
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Existence of unique random-field solution

Theorem 1 (Foondun, Mijena and N. [2016

Ifd < (2 A B~Y)a, equation (2.1) has a unique random-field
solution uy satisfying

2a
cotha—hBd

sup E|ug(x)]? < cre
xeB

for all t > 0.

16 /39
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Theorem 2 (Mijena, N. and Negash, 2022+)

Suppose that d < (2 A 371)a. Let u; denote the unique solution
to (2.2).
m Then no matter what X is, the second moment of u; cannot
decay exponentially fast.

m In fact, if we further assume that 3 € (0, 3], then as t gets
large, supcg E|u:(x)|?> grows exponentially fast for any \.

Remark 3

Ifd=1,8=1, and o = 2, our result above gives Theorem 1.1 of
Foondun and Nualart [2015] which says the second moment of the
solution having exponential growth in time when the level of the
noise \ is large (as explained in frame 6).

17 /39



Moments: white noise
0000@00000

Since the Mittag-Leffler function Es(—t?) behaves as a stretched
exponential for t — 0;

th
Eg(—t’)=1— F S e‘tﬁ/r(ﬁ“)7 for0 <t <1,

(B+1)

and as a polynomial decay for t — oo,

) SNBTTB) o p sy

Eg(— “
,3( T B

the polynomial decay behaviour of Elg(—tﬁ) illustrates the need for
the sharp condition of 3 € (0, 3] in Theorem 2.

18 /39
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The following two theorems demonstrate that the condition
g€ (0, %] is not only a technical limitation of the proof of
Theorem 2.

Theorem 4 (Mijena, N. and Negash, 2022+ )

In Theorem 2, if 5 € (%, 1), then there exist a strictly positive real
number \, such that for all A > \,, sup,cg E|u:(x)|?> grows
exponentially fast as time gets large.

Theorem 5 (Mijena, N. and Negash, 2022+ )

In Theorem 2, suppose that 3 € (%, 1). Suppose also that either
m d < a/28 (this implies (d =1) < /23 ) or
m {@n}n>1 are uniformly bounded by a constant C(B),

then there exist a strictly positive real number \; such that for
A < \; the quantity sup,q supxeg E|ut(x)[? is finite.

19/39
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Foondun's interpretation of these three results

m The above three results show that for any fixed 3, the solution
to the stochastic heat equation (2.1) behaves very differently
to that of the case when 3 =1 as described in frame 6.

m When the 5 € (0, %] the process XE do not reach the
boundary quickly enough which allows the non-linear term to
kick in.

m When 8 € (%, 1), this process proceeds quickly enough to the
boundary so that the non-linear term does not have time to
generate the exponential growth.

20/39
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[Sketch of the Proof of Theorem 5] We establish the required
result using Ito-Walsh isometry and the global Lipschitz
assumption on o. The second moment of the mild formulation

given by (2.2) becomes:
Elue(x)? = (98 u)e(x)?
[ / (¢ — 5, x, y)2Elo(us(y))2ds dy
B JO
<198 u)e(x) 2
t
22 [ 60— s x y2Elucly) sy
B JO

=+ b (2.4)

21/39
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We observe J; is bounded by the square of the same constant as
initial condition, since

I G,(B’B)(t, x)dx < [pa GP)(t, x) dx = 1 and the initial datum is
assumed to be bounded above by a constant.

It remains to bound J. Since {¢,}n>1 is an orthonormal
sequence, for each fixed t > 0 we obtain

t
b= 22 [ 761 s x yPEluly) sy
B JO
t oo
<oV [ Y Bt - 9P ds <o, (25)
0 n=1

where a; = supgs<; SUpyeg E|us(x)|?.
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Uniform bounds on the eigenfunctions

Example 6

Let X; denote a Brownian motion in R? and X2 denote the
Brownian motion killed upon exiting the rectangular domain

B := [0, L1] x [0, L2]. The eigenvalues of the Dirichlet Laplacian
are imn = ()2 + ()7 and

Omn(X,¥) = om(x)n(y) = \/ﬁ S'n(mwx)Sin(m) are the
corresponding eigenfunction so that |om n(x.y)| < \/7 for all
(x,y) € B. A similar result is valid for the Brownian motion in
higher dimensional rectangular boxes.

23 /39
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The other class of equations that we consider in this talk is
equation with space colored noise:

0 ur(x) = — (—D)2 ue(x) + I Po(ue(x))F(t, x)] x€ B, t>0
us(x) =0 for x¢ B and t >0,

(3.1)
and the initial condition ug : B — R, is a non-random measurable
and bounded function that has support with positive measure
inside B. The operator — (—A)%, where 0 < o < 2, is the
[2-generator of a symmetric a-stable process X2 killed when
exiting B.

24 /39
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The function ¢ : R — R is a globally Lipschitz function satisfying
Io|x| < |o(x)| < Lg|x| where I, and L, are positive constants. The
positive parameter X\ is called the level of the noise.

The noise F(t, x) is white in time and colored in space satisfying

Cov(F(t, x), I-'_(s7 y)) = do(t — s)f(x,y),

where 0 < f(x, y) < g(x —y) and g is a locally integrable function
on RY with possible singularity at 0 satisfying Dalang condition

g(&)
/Rd e < o (3.2)

where g denotes the Fourier transform of g.

25 /39
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We will need the following non degeneracy condition on the spatial
correlation of the noise.

Assumption 7

Assume there exists some positive number K¢ such that

inf f > Kr.
X,I}IJGB (X7 y) = N\f

This assumption is very mild as it is shown by the following
examples.

26

39
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Example 8

For the following list of examples Dalang's condition—Assumption
3.2— is satisfied.

m Riesz Kernel:

f(x,y) = S withy <d Aa.

Ix =yl
m The Exponential-type kernel: f(x,y) = exp[—(x - y)].

m The Ornstein-Uhlenbeck-type kernels: f(x, y) = exp[—|x — y|°] with
d € (0, 2].

m Poisson Kernels:
d+1
2

9= ()

Cauchy Kernels:

f(x,y)—i:<1+()gl—y,-)2)'

Jj=1

27 /39
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Following Walsh [1986], u; is a mild solution to (3.1) if

t
ue(x) = (G o) (x) + A /B / Gy (t—s, %, y)o(us(y))F(ds . dy),
0
(3.3)
where G,(B'B)(t,x, y) denotes the heat kernel of the space-time
fractional diffusion equation with Dirichlet boundary conditions in
(3.1), and

(QB up)t /G(ﬁ)txyuo( ) dy.

28 /39
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Exponentially growing second moments

Theorem 9 (Mijena, N., Negash, 2022+)

Suppose that the Dalang condition (3.2) holds. Let u; denote the
unique solution to (2.2). Then no matter what \ is, the second
moment of uy cannot decay exponentially fast. In fact, if we
further assume that /3 € (0, %] and Assumption 7 holds, then as t
gets large, sup,g E|u:(x)|? grows exponentially fast for any .

Theorem 10 (Mijena, N., Negash, 2022+)

In Theorem 9, if 5 € (%, 1) and Assumption 7 hold, then there
exist a strictly positive real number A, such that for all A > \,,
supxeg E|ut(x)|? grows exponentially fast as time gets large.

29 /39
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Bounded second moments

Theorem 11 (Mijena, N., Negash, 2022+)

In Theorem 9, suppose that § € (%, 1), d< % and

Jaxp f(x, y)dxdy < co. If {¢n}n>1 are uniformly bounded by a
constant C(B), then there exist a strictly positive real number X,
such that for A < \; the quantity sup,q supycg E|ut(x)|? is finite.

Corollary 12

In Theorem 11, if d =1 and o« = 2 then the conclusion of theorem
follows.

Corollary 13

In Theorem 11, if d =1 and f is Riesz Kernel function, then the
conclusion of theorem follows.

30/39
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Continuity of solutions in the fractional parameter 3

The following continuity theorem of the unique solution u’tB(x) of
equation (14) with respect to the parameter 3 is Theorem 4.3(b)
of Dang et al. [2018].

Theorem 14 (Dang

Let uE“') and uEB ) denote the solution to the following equation for parameters

v, B € (0, 1) with v — B. The initial condition uy is the same for both
equations.
o°
a?ut(x) = Au(x), x € B, t >0,
u(x)=0,x€ 9D, t >0, (4.1)
u(0, x) = f(x), x € B.

Jhen, we have

31/39
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Continuity of the solution u/(x)

where H is the Hilbert space of all functions with the bounded
norm induced by

11l = | D BEIF, @il
k=1

Remark 15

Meerschaert et al. [2009] established the existence of a unique
solution for equation (4.1).

32/39
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Continuity of the solution u/(x)

The following continuity theorem of the unique solution utﬁ(x) of
equation (1.1) with respect to the parameter (3 is Theorem 1.3 of
Foondun [2021].

Theorem 16 (Foondun [2021

Let ugﬁ) and u; denote the solution to equation (1.1) and the

solution to equation (1.1) for 3 =1 respectively. The initial
condition ug is the same for both equations. Then, for any p > 2,
we have

lim sup Elug(x) — /P (x)]P = 0.
B=1xelo, 1]

33/39
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Theorem 17 (Mijena, N., Negash, 2022+)

Assume that {¢p}n>1 are uniformly bounded by a constant C(B).
Ford < a, let up) and ugﬁ) denote the solution to (2.2) for
parameters v € (0, 1) and 8 € (%, 1) respectively with v — f3.
The initial condition ug is the same for both equations. Then, for
any p > 2, we have

lim supE|up)(X) - ugﬁ)(X)\” =0,

Y8 xeB

m Theorem 17 extends Theorem 1.3 in Foondun [2021] to
fractional Laplacian case, and Theorem 4.3(b) of Dang et al.
[2018] to stochastic case.

34 /39
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Theorem 18 (N. and Nguyen, 2022+)

Let 0 < 8 <1andp>2. Let uand u'®) denote two solutions of

problem (2.1) with fractional parameters f = 1,3, and oo = 2 and
= (0,L). Let d be a positive number such that

p(l—0) <d< B with§ < &< 3. Let us assume that

ug € L?(0,L). Then, for any p > 2 and b large enough, we have

sup  sup t7e P'E|u(t, x) — ul®(t,x)|P
0<t<T x€[0, L]

< TPBI-PFHA|gy(y, 0)[Plluoll 720, 1y

Where

Es(7,0) = [max(r(2)l_(_5riﬁl)+ 1),0) +(1-8P%+1-p)*T.

(4.2)

P - RN 35/39
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Theorem 19 (N. and Nguyen, 2022+)

Let 3,8 € [Bo, B1] such that B < B and 0 < By < 1 < 1. Let
u® and u®) denote two solutions of problem (2.1) with fractional
parameters (3, 3', and « =2 and B = (0, L). Let us assume that
up € Vi k. If 8 large enough then the following estimate holds

sup  sup e tE|u®)(t,x) — u®)(t, x)|P
0<t<T x€|0, L]

<[ =8)+ (8 =By + (T8 = 1)] llolly,

where
1

oo
luollvi, = (30X (uo, e )™ < o0
n=1

and k, k* > 0 satisfies that % + % = 1 with 6k > 1/2.

36 /39
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Continuity for Space fractional noise case

Theorem 20 (Mijena, N., Negash, 2022+)

Assume that {¢,}n>1 are uniformly bounded by a constant C(B),

and
Jaxg F(x, y)dxdy < co. Ford < Ymin{3, 1}, let ul” and
ugv) denote solutions to (3.1) for parameters (3, v € (%’ 1) s

~v — . The initial condition ug is the same for both equations.
Then, for any p > 2, we have

lim sup E|u£7)(x) - ugﬁ)(x)]p =0.
1B xeB

37/39
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Future work

Continuity results the case when the noise W is colored in
time and space.

Neumann (other) boundary condition.

Study explicit rates of continuity!
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