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1. Various (exact or asymptotic) “power-law''s in probability and statistics
—- A brief review

Data with power-law decaying statistics are observed over various complex
systems and stochastic dynamics with power-law behavior are investigated in
diverse fields of science.

There are several types of power-law statistical models. Examples are:
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(i). Power-law decaying correlation structure (of a stochastic process)

P. Carpena, P. A. Bernaola-Galvan, M. Gémez-Extremera, and A. V. Coronado,
Transforming Gaussian correlations. Applications to generating long-range
power-law correlated time series with arbitrary distribution, Chaos 30 (2020), no.
8, 083140.

M. Fernandez-Martinez, M. A. Sanchez-Granero, M. P. Casado Belmonte, and
J. E. Trinidad Segovia, A note on power-law cross-correlated processes, Chaos
Solitons Fractals 138 (2020), 109914.

J. Lee, Generalized Bernoulli process with long-range dependence and fractional
binomial distribution, Depend. Model. 9 (2021), 1-12.

C. Ma, Student’s t vector random fields with power-law and log-law decaying
direct and cross covariances, Stoch. Anal. Appl. 31 (2012), 167-182.




(ii). Power-law decaying spectrum (of a stochastic process)

S. C. Lim and L. P. Teo, Generalized Whittle-Matérn random field as a model
of correlated fluctuations, J . Phys A: Math. Theor. 42 (2009), 105202




(ii). Power-law decaying spectrum (of a stochastic process)

S. C. Lim and L. P. Teo, Generalized Whittle-Matérn random field as a model
of correlated fluctuations, J . Phys A: Math. Theor. 42 (2009), 105202

(iii). Distribution or density functions have power-law tails both at zero and
at infinity

X. Gabaix, P. Gopikrishnan, V. Plerou, and H. E. Stanley, A theory of power-law
distributions in financial market fluctuations, Nature 423 (2003), 267-270.

F. Prieto and J. M. Sarabia, A generalization of the power law distribution with
nonlinear exponent, Commun. Nonlinear Sci. Numerical Simul. 42 (2017),
215-228.




(iv). Power-law characteristic function

A (generalized) Linnik distribution is a univariate distribution with characteristic
function )
w)=——""—%,wER,
Pw) = Ay
where a, v € (0,2] and & are positive constants. In case of k = 1, p(w) was

proved by Ju. V. Linnik in 1953 as the characteristic function of a symmetric
distribution on R, and by A. G. Pakes (1998) for every x > 0.

In the extreme case v = 2, the distribution corresponds to the variance Gamma
distribution, which reduces to the Laplace (double exponential) distribution if
k=1.
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the Laplace motion (S. Kotz, T. J. Kozubowski, and K. Podgoorski, The Laplace
Distribution and Generalizations: A Revisit with Applications to Communications,
Economics, Engineering, and Finance, Springer, 2001)

the variance Gamma Lévy process (D. B. Madan and E. Seneta, The variance
gamma (V.G.) model for share market returns, J. Business 63 (1990), 511-524)
the Linnik Lévy process (A. Kumar, A. Maheshwari, and A. Wylomanska, Linnik
Lévy process and some extensions, Physica A 529 (2019), 121539)




2. Power-law subordinator, power-law Lévy process, and some extensions

A subordinator is a non-negative Lévy process. The law of a subordinator is
better specified by the Laplace transforms of its one-dimensional distributions.

2.1 Power-law subordinator J

Theorem 1
If v € (0,1], k1 and Ky are positive constants, «; and «; are nonnegative
constants, k1 < Ky, and a1 < ap, then there is a power-law subordinator
{Z(x),x > 0} with Laplace transform

(1+ aqw”)™

Eexp(—wZ(x)) = W, w>0, x>0. (1)
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Furthermore, this power-law subordinator has the following stochastic
representations.




(i) If a1 =0, then {Z(x),x > 0} can be represented as the subordination of a
positive stable subordinator with a Gamma process, i.e.,

Z(x) = Z(4(x), x>0,
where {Z;(x),x > 0} is a Gamma process with Laplace transform
Eexp(—wZi(x)) = (1 + aow) ™™, w >0, x >0,
{Zx(x),x > 0} is a positive stable subordinator with Laplace transform
Eexp(—wZs(x)) = exp(—w"x), w >0, x>0,

and {Z1(x),x > 0} and {Zx(x),x > 0} are independent.
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Special case: oy =0 andv =1

{Z(x),x > 0} is a Gamma process.




(i) When a3 > 0 and k1 = k2, {Z(x),x > 0} enjoys a compounded Poisson
process representation

where {A(x),x > 0} is a Poisson process with mean
EA(x) = k1(lnap — Inaq)x,

{W,, n € N} is a sequence of independent and identically distributed positive
stable random variables with Laplace transform

Eexp(—wW,) =exp(—w"), w>0, n€N,

{Yn, n € N} is a sequence of independent and identically distributed random
variables with density function

o (i) ~ee ()

(Inay —Inay)y

and {A(x),x > 0}, {W,,,n € N}, and {Y,,, n € N} are independent.

()




(iii) In case of oy > 0 and k1 < k2, {Z(x),x > 0} admits a representation
Z(x) = Z(Z1(x)) + Z3(x), x>0,
where {Z;(x),x > 0} is a Gamma process with Laplace transform
Eexp(—wZi(x)) = (14 apw)~F2=m)x  (, >0, x >0,
{Z>(x),x > 0} is a positive stable process with Laplace transform
Eexp(—wZa(x)) = exp(—w"x), w>0, x>0,

{Z5(x), x > 0} is the power-law subordinator in Part (ii),
and {Zx(x),x > 0} (k =1,2,3) are independent.
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and {Zx(x),x > 0} (k =1,2,3) are independent.

Sitmply speaking,
Part (i) = Part (i) +Part (ii)




2.2 Power-law Lévy process

Theorem 2

Suppose that v € (0,1], x1 and k, are positive constants, a; and a, are
nonnegative constants, k1 < kp, and a1 < asz.

If {Zx(x),x > 0} is Brownian motion with zero mean and covariance function
2min(xy, x2), x1 > 0,x >0,
and is independent with a power-law subordinator {Z;(x), x > 0} whose
Laplace transform is identical to (1),
then
Z(x) = Z(Z1(x)), x>0,

is a power-law Lévy process with characteristic function

1+a1‘w|2y K1X
Eexp(1wZ(x)) = W: weR, x>0, (3)

where 1 denotes the imaginary unit.
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Special case: a1 =0 and v =1

{Z(x),x > 0} is the variance Gamma process.

D. B. Madan and E. Seneta, The variance gamma (V.G.) model for share
market returns, J. Business 63 (1990), 511-524.
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2.3 Some extensions

The pair of power-law Lévy processes in Theorems 1 and 2 have not only their
own roles but also their important contributions to be used as the building blocks
to construct other pairs of Lévy processes on [0, 00).

For instance, suppose that {ax, k € N} is a summable sequence of nonnegative
numbers, and that {Yk(x),x > 0, k € N} is a sequence of independent copies of
power-law subordinators with Laplace transform (1). Then

= Z =15 Yk(X), X > O,
k=1

is a subordinator with Laplace transform

o0

1+ala”
Bexp (~w2()) = 1L i oy
k

,,)mx
w>0, x>0.

Similarly, a Lévy process is obtained with characteristic function

ﬁ (1 + aala/*|w*)™

Eexp(wZ(x)) = || o o pyer

weR, x>0.




FEzample 1

Yi(x)
k=1 (Trz(kf%)z*’rﬁ)%
If {Yk(x),x > 0,k € N} is an independent sequence of power-law subordinators
with Laplace transform (1), then {Z(x),x > 0} is a hyperbolic cosine ratio
subordinator with Laplace transform

Ko — K1 )x (cosh ((alw” + ﬁ)%))mx
(cosh ((azw” + 6)%))mx7

Alternatively, a hyperbolic cosine ratio Lévy process with characteristic function

(Ka—r1)x (cosh ((a1|w|2” + 5)%))
<cosh ((a2|w|2” + Bﬁ))

Let 8 be a nonnegative constant, and Z(x) = x>0

)

w>0,x>0.

Eexp(—wZ(x)) = (cosh(\[))

K1X

o wER x>

Eexp (wZ(x)) = (cosh(\/B))

is obtained if { Yx(x),x > 0, k € N} is an independent sequence of power-law
Lévy processes with characteristic function (3).




Ezample 2

Let 8 be a nonnegative constant. If {Yk(x),x > 0, k € N} is an independent
sequence of power-law subordinators with Laplace transform (1), where
K1 = Ko = K, then

—  Yi(x)
Z X) = 1 X Z 07
(*) ; (w2k2 + B)¥

is a hyperbolic sine ratio subordinator with Laplace transform

KX

(042(*1” + 5)% sinh ((alw" + 5)%)
(aw” + 6)% sinh ((a2wu +8) )

Alternatively, a hyperbolic sine ratio Lévy process with characteristic function

Eexp(—wZ(x)) = , w>0, x>0.

Nl=

(colw|* + ﬂ)% sinh ((a1|w\2” + ﬁ)%>
(axlwl2” + B)? sin ((azleol2 + 5)?)

Eexp (wZ(x)) = , weR, x>0,

results from assuming that {Yx(x),x > 0, k € N} is an independent sequence of
power-law Lévy processes with characteristic function (3), where k1 = k3 = k.




Ezample 3
Let
1 X Yk(X)
Z(x) = (4n*) ¥ —_— > 0.
(x) = (47%) Z T x>0
-
If {Yk(x),x >0,k € N} is an independent sequence of power-law subordinators

with Laplace transform (1), then {Z(x),x > 0} is a subordinator with Laplace
transform

| A=
&
ESN
N—
_|_
(@)
(o]
(2]
/N
Q
&
ESN
N—
N—
K
X
&
o
x
V
o

1
(cosh (a 1
Eexp (—wZ(x)) = 20— ; s W >0, x >
(cosh (agw%) + cos (agw%))
Alternatively, a Lévy process with characteristic function

K1X

(cosh (a1%|w\%> + cos (a1%|w\%>)
Eexp (wZ(x)) = 2w —r)x - -
(cosh (a§|w\%> + cos (a§|w\%>)

is obtained if { Yx(x),x > 0, k € N} is an independent sequence of power-law
Lévy processes with characteristic function (3).

RaX ) WGRXZO,




FEzxample 4

Let k1 = kKo = K and

1 XY,
Z(x) v Z Z(AX x > 0.
k=1 Y

If {Yk(x),x >0,k € N} is an independent sequence of power-law subordinators
with Laplace transform (1), then {Z(x),x > 0} is a subordinator with Laplace
transform

1 1 KX
cosh (afc«ﬁ) — cos (afoﬁ)

T T , w>0, x2>0.
cosh ( 2%)4) — cos (ang)

Alternatively, a Lévy process with characteristic function

Eexp(—wZ(x)) =

IS

KX

1, PO

cosh (ai‘ |w|?) — cos (ai‘ |w|?)
1 1

cosh (aé‘ |w|%) — cos (aé‘ |w|%)

results from the assumption that {Yx(x),x > 0, k € N} is an independent
sequence of power-law Lévy processes with characteristic function (3).

Eexp (wZ(x)) =

, weR, x>0,




3. Power-law vector random field and some extensions

3.1 Power-law vector random field

An m-variate random field {Z(x), x € D} is said to be a power-law random field,
if it takes the form

Z(x) = V2UY(x) + p(x), x € D, (5)

where U is a nonnegative random variable with with Laplace transform

(14 aw”)™

Eexp(wa) = m,

w >0, (6)
{Y(x),x € D} is an m-variate Gaussian random field
with mean zero and covariance matrix function C(xy, x2),
U and {Y(x),x € D} are independent,
w(x) is a (non-random) function on D,
v e (0,1],
0 < k1 < Ky,
0< g <.




Finite-dimensional characteristic functions

The power-law vector random field enjoys exact power-law finite-dimensional
characteristic functions, and it is infinitely divisible.

Theorem 3

If {Z(x),x € D} is an m-variate power-law random field of the form (5), then, for
every n € N and any distinct xx € D (k =1,...,n), an mn-variate random vector
(Z'(x1),...,2Z'(xn))" possesses the characteristic function

" n v\ 1
" n (1+a1 <Z Z w,’-C(x,-,x_,-)wj> >
Eexp <z > w;(Z(xk)> = exp (z > w;(u(xk)) — T
k=1 k=1 (1+a2 (ZZw;c(x,-,x,)w,-> >
i=1 j=1

Wi,...,w, € R,

(7)

v




Finite-dimensional characteristic functions

The power-law vector random field enjoys exact power-law finite-dimensional
characteristic functions, and it is infinitely divisible.

Theorem 3

If {Z(x),x € D} is an m-variate power-law random field of the form (5), then, for
every n € N and any distinct xx € D (k =1,...,n), an mn-variate random vector
(Z'(x1),...,2Z'(xn))" possesses the characteristic function

" n !
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v

Special cases
«1 = 0: a Linnik vector random field,

a1 = 1 and v = 1: a variance Gamma vector random field,
a1 =0, kp =1 and v = 1: a Laplace (or double exponential) vector random field.




3.2 Some extensions

It may be employed as the building block to construct other random fields.

Suppose that {ax, k € N} is a summable sequence of real numbers, and that
{Zk(x),x € D, k € N} is a sequence of independent copies of m-variate
power-law random fields with finite-dimensional characteristic functions (7), where
p(x) = 0. Define an m-variate random field

x) = Z arZ(x), x € D. (8)
k=1

It is an m-variate elliptically contoured random field with finite-dimensional
characteristic functions

. <1+a1|ak|2” (ZIZWC(X,,XJ) ) >
Eexp (szJ'Z(xJ)> H i=1j
j=1

k=1 <1+a2|ak|2’/ (IZIJZwC(X,,XJ) ) >

wk €ER™, x €D, ke{l,...,n},neN.




Example 1

1
In (8) taking ax = (7r2 (k — %)2 + ﬂ) ZV (k € N) yields an m-variate random
field with finite-dimensional characteristic functions

Eexp (z Z wJ’Z(xJ)>
=1

1 K1

n n

(cosh (\/B))NTH1 cosh (al (Z Zw;C(X;,Xj)wj> +5>

i=1j=1

1 K2 )

cosh ( <212wC(X,,XJ) ) +3>

wk €R™ x €D, ke{l,...,n},neN.

In particular, it reduces to an m-variate hyperbolic cosine ratio random field if
K1 = Kp, and an m-variate hyperbolic secant random field if a; = 0.




Example 2

For a1 =0 and ay = o2, if ax = (k)™ ¥ ,k €N, then {Z(x),x € D} is an
m-variate (generalized) Iog|st|c random field with finite-dimensional characteristic
functions

K

IS

) « (:zn:l i‘lwf-C(X,-,@-)wj>
Eexp <szjZ(XJ)> = — 7 ;
= sinh | « (Z > wiC(x;, x)w >

i=1j=

wk €R™, x €D, ke{l,...,n},neN.




Ezample 3

_1
Let oy = 0 and k1 = Ko = k. Given ax = (72k*+ ) * ,k €N, (8) is an
m-variate random field with finite-dimensional characteristic functions

E exp (120;}2()9))
j=1
n n v % n n v % "
(ag (Z waC(x,-,)g)w,—) + B) sinh ((al (Z Zw,fC(x,-,xj)wj> + ﬂ) )
i=1 j=1 i=1 j=1
B "o v 3 " on v 3 ’
(oq (Z Zw}C(x,—,)g)cq) + B) sinh ((aZ <Z Zw/fC(x,-,)g)cq) + ﬁ) >
i=1 j=1 i=1 j=1

wr €R”, x, €D, ke {l,...,n},neN.

It tends to an m-variate hyperbolic sine ratio random field, as 8 — 0, and v — l.J




Ezample 4

1 _1
For k1 = ko = k and Bk = o} >0 (k =1,2), in (8) taking ax = (272k?) ~
(k € N) yields an m-variate random field with finite-dimensional characteristic
functions

Eexp <z Z ij(xJ)>

cosh (ﬁl (2"2 i@C(Xﬁ x,-)w,-) 4) — cos (51 (2": i wiC(x;, Xj)%’) 4)
i=1j=1 i=1j=1

cosh (,82 (Zn: iwa(xi, Xj)wj> 4> — cos (ﬂz (i Zn: wiC(x;, Xj)wj> 4)
i=1j=1 i=1j=1

wk €R", x €D, ke{l,...,n},neN.




Example 5
_1
For Ky = ko = k and B = af (k = 1,2), letting a = (2n2 (k— 1)) 77 (k€ N)

in (8) results in an m-variate random field with finite-dimensional characteristic
functions

Eexp (z Z wJ/-Z(xj)>

cosh (61 (iiw?c(x;,x;)wo 4) + cos (Bl <anzn:w?c(xrvxj)wj)

i=1j=1 i=1j=1

ISN

ISN

cosh (62 (iiwa(x,-,)g)wj) 4) + cos (ﬂg (iiwﬁ(x;,)g)wj) >

i=1j=1 i=1j=1

wk €R™, €D, ke{l,...,n},neN.




	 
	 
	 
	 

