KU

THE UNIVERS

Convergence of Densities of Spatial
Averages for Stochastic Heat Equation

Gaussian Random Fields, Fractals, SPDEs, and Extremes
University of Alabama in Huntsville

Sefika Kuzgun
August 2, 2021

Work in progress, joint with David Nualart

1/14



Table of contents

1. Stochastic Heat Equation with Flat Initial Condition
2. Parabolic Anderson Model with Delta Initial Condition

3. References

2/14



Stochastic Heat Equation with
Flat Initial Condition



Stochastic Heat Equation

ou 10%u .
e R 1.1
5 2812—%0(11)W, r€eR, t>0, (1.1)
o u(0,2) =up(x) =1
o Wis space-time white noise

e ¢ nonrandom, Lipschitz
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Stochastic Heat Equation

ou 10%u .
—_— s R 1.1
5 anQ—&-U(u)W, r€eR, t>0, (1.1)
o u(0,z) =up(z) =1
o Wis space-time white noise

e o nonrandom, Lipschitz

Proposition ([Walsh, 1986])
There exists a unique mild solution v = {u(t,z) : (t,z) € Rt xR}
such that

sup E[|lu(t, z)’] = Crp (1.2)
(t,z)€[0,T] xR
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Spatial Averages

Fix ¢t > 0. The process x — u(t, x) is stationary.
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Spatial Averages

Fix ¢ > 0. The process  — u(t, x) is stationary. Consider
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Spatial Averages

Fix ¢ > 0. The process  — u(t, x) is stationary. Consider

1 R
Fpy:=— / u(t,x)dx — 2R
OR,t R

where

R
0% = Var (/ Ru(tw)dx) ~ R, [Huang et al., 2020]
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Spatial Averages

Fix ¢ > 0. The process  — u(t, x) is stationary. Consider

1 R
Fpy:=— / u(t,x)dx — 2R
ORt -R

where

R
012% — Var (/Ru(t7$)dx) ~ R, [Huang et al., 2020]

Theorem ([Huang et al., 2020])

dry (Frt,N) < . (1.3)

59
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Question

What about convergence in densities?
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Theorem ([Caballero et al., 1998, Hu et al., 2014] )

Assume that

o v e DL 9H)
o F=6(v) e D*% with E[F] =0, E [F?] =1.
o (D F)™ ' e LYQ)

Then,

sup |fr(@) = (@) < (IF [l [[(DoF)7H|, +2) IIL = Do Fll,

+ || F) 3 1Dy (Do F)l, - (1.4)
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Theorem (K. & Nualart (2021+))

Assume

e H1: 0 : R — R € C? with ¢’ bounded and |o" (z)| < C(1 + |z|™),
for some m > 0.

e H2: For some q > 10, E ||o(u(t,0))]"?| < co.

Then,

Cy
sup | fry,, (€) — ¢(2)] < Wik

zeR
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Theorem (K. & Nualart (2021+))

Assume

e H1: 0 : R — R € C? with ¢’ bounded and |o" (z)| < C(1 + |z|™),
for some m > 0.

e H2: For some q > 10, E ||o(u(t,0))]"?| < co.

Then,

sup . (a) — 6(0)] < fﬁ

Remark

H2 holds if o is bounded away from zero or if |o(x)| < Alx|
[Chen et al., 2016].
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Comments on the Proof

Forte[0,T]and r <s <t

| Ds,yu(t, 2)lp < Crppi—s(z — y)
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Comments on the Proof

Fort € [0,T] and r <s <t

| Ds,yu(t, 2)lp < Crppi—s(z — y)

e [Chen et al., 2020a] If o(x) = 2 then

HDT,ZD&yu(tv .13)”1, < CT,ppt—S(x - y)ps—r(y - Z)
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Comments on the Proof

Fort € [0,T] and r <s <t

[ ]
[ Dsyult, @)llp < Crppe—s(® — y)
e [Chen et al., 2020a] If o(x) = 2 then

HDnzDs,yu(tv x)”p < CT,ppt—s(x — Y)Ps—r(y — 2)

e Under HI:
I1Dr,=Ds yult, )|, < Cr,pPr 2,5, (t, )
where
Dy 2y, (t @) i = pr—s(z — y)

Pt—r(2 = Y) + Pt—r(2 = T) + Lijy—g|>|z—
><<ps_r(y—z)+ r (;—r)1/4 {y=al>l==yl} | §1




Comments on the Proof Continued

e Under H2: there exists Ry > 0 such that

sup E [|DURJFR¢|7P] < 0. (1.5)
R>Ry
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Parabolic Anderson Model
with Delta Initial Condition




Parabolic Anderson Model

ou 10%u

a_5@4_UVV7 r€eR, t>0, (2.1)

> U(O,.T) = uﬂ(x) = do

o W is space-time white noise

10/14



Parabolic Anderson Model

ou 10%u ]
—_— = R 2.1
gD 23x2+uW, r€R, t>0, (2.1)

> U(0,$) - UO(x) = do
o W is space-time white noise

Proposition ([Chen and Dalang, 2015])

There exists a unique mild solution v = {u(t,x) : (t,z) € Ry x R}
such that

sup E[|u(t, z)|P] < Crppi(z). (2.2)
te[0,T)
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Spatial Averages

Fix ¢ > 0. The process x — U(t,x) := u(t, z)/p:(x) is stationary
[Amir et al., 2011].
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Rt \J_R

R
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Spatial Averages

Fix ¢ > 0. The process x — U(t,x) := u(t, z)/p:(x) is stationary
[Amir et al., 2011]. Consider

1 R
GRry = > / U(t,x)dx — 2R
Rt \J_R

where

R
Y%= Var </ U(t, J:)dx) ~ Rlog R, [Chen et al., 2020Db]
-R
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Spatial Averages

Fix ¢ > 0. The process x — U(t,x) := u(t, z)/p:(x) is stationary
[Amir et al., 2011]. Consider

1 R
GRry = > / U(t,z)dx — 2R
Rt \J_R

where

R
Y%= Var </ U(t, x)dm) ~ Rlog R, [Chen et al., 2020Db]
-R

Theorem ([Chen et al., 2020b])

Ct\/ IOg R

drv(Gri, N) <
v (GRry, N) VR

(2.3)
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Theorem (K. & Nualart (2021+))

Fiz v > 12—9. Then, there exists an Ry > 1 such that for all R > Ry

Ct (IOg R)’Y
igg|fGR¢($)“¢($)|§ VB
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