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Introduction

1. Introduction

Wave equation

(?;2 (t,x) = 2Aw(t, x) t>0,xcRY (d<3)
w(0.%) = to(x), (0.0 =w(x) xR

Description of waves (sound, water, seismic, light,...)

w(t, x) is the displacement of point x at time t; ¢? propagation speed

d = 1: string; d = 2: membrane; d = 3: elastic solid
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Introduction

1. Introduction

Wave equation

(?;2 (t,x) = 2Aw(t, x) t>0,xcRY (d<3)
w(0.%) = to(x), (0.0 =w(x) xR

Description of waves (sound, water, seismic, light,...)
w(t, x) is the displacement of point x at time t; ¢? propagation speed

d = 1: string; d = 2: membrane; d = 3: elastic solid

Solution (c = 1)

w(t, x) = /Gtx Yvo(y)dy + = /Gtx y)uo(y)dy

v
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Introduction

Fundamental solution G

G(t, x)

1
5 Hixi<t)

1 1

E;VﬁiiW;P1ﬂﬂ<”

1

\ 4o}

| - | is the Euclidean norm on R?
oy is the surface measure on {x € R3; |x| = t}

ifd=1,
ifd =2,
ifd =3
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Introduction

Fundamental solution G

1

5 Hixi<t) ifd=1,
1 1 .

G(t,X): 7\/Tw1{|x|<t} |fd:2,
1 .

| 270, ifd=3

| - | is the Euclidean norm on R¢
oy is the surface measure on {x € R3; |x| = t}

History
d = 1: D’Alembert formula (1746)

d = 3: Kirkhhoff formula (Euler, 1856)
d = 2: Poisson formula; Hadamard (1923, method of descent)
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Introduction

Inhomogeneous wave equation (f is smooth)

9%u
W(t’ x) = Au(t, x) + f(t, x) t>0,xcRY (d<3)
u0.x) = (), De(0.X) =wo(x) xR

f is a “source function” (describes the effect of the source of the waves
on the medium which carries them)
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Introduction

Inhomogeneous wave equation (f is smooth)

(?;tz(tx) Au(t, x) + f(t, x) t>0,xeR?Y (d<3)
u(0.x) = up(x). 22(0.x)=v(x) xR

ot

f is a “source function” (describes the effect of the source of the waves
on the medium which carries them)

Solution

u(t,x) =w(t,x)+ /t G(t—s,x — y)f(s,y)dyds

Rd

Justification: LetL_— A. ThenLlw =0

LG=6 and L(f+xG)=fxLG=rfxd=f
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Introduction

Stochastic wave equation

d?u -
W(t’ x) =Au(t,x) +u(t,x)W(x) t>0,xeRY (d<2)
u(0,x) =1, %(o,x)zo x € RY
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Introduction

Stochastic wave equation

d?u -
W(t’ x) =Au(t,x) +u(t,x)W(x) t>0,xeRY (d<2)
u(0,x) =1, %(o,x)zo x € RY

What is a solution?
A (mild) solution of (1) satisfies

t
u(t,x) =1 +/0 ( » G(t—s,x—y)u(s,y) W(dy)> ds, (2)

where the stochastic integral W(dy) has to be interpreted in some
sense.
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Introduction

Covariance function ~
v : R? — [0, o] is non-negative-definite; v = Fpu

/ o(X) dx_/ Fo(©)u(de) forall p € S(RY)
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Introduction

Covariance function ~
v : R? — [0, o] is non-negative-definite; v = Fpu

/ X)dx = / Fo(©)u(de) forall p € S(RY)

Homogeneous noise with covariance ~

W = {W(y); » € D(RY)} is a zero-mean Gaussian process

EIWEWWL = [ [ eluty)nx - y)diy
= [ P& (k) = (e v
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Introduction

Covariance function ~
v : R? — [0, o] is non-negative-definite; v = Fpu

/ X)dx = / Fo(©)u(de) forall p € S(RY)

Homogeneous noise with covariance ~

W = {W(y); » € D(RY)} is a zero-mean Gaussian process

EIWEWWL = [ [ eluty)nx - y)diy
= [ P& (k) = (e v

White noise case: v = &y and u(d¢) = (2r)~9d¢
{W(x) = W(1(0,x)} xere is @ Brownian sheet
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Introduction

Examples
1) (Heat kernel) For any t > 0,

2
v(x) = (27Tt)—d/2 exp (—‘ZL) = p(x) and p(d¢) = e_”f‘zdf

2) (Poisson kernel) For any t > 0,

and p(d¢) = e Wlge

t
Cd—————+
(2 +|x2)%

X) =
3) (Riesz kernel) For any a € (0, d),
¥(x¥)=IxI"* and p(d€) = Cql¢lI"dt
4) (Bessel kernel) Forany g > 0,
1 [e'e]
100 = 5057 [P e Pt and () = (1-+ %) e
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Introduction

Examples (continued)
5) (Fractional kernel) Hy, ..., Hg € (3,1)

n
v(x) = [JanxOPH2 x = (xM,... x(9)
i=1

u(d€) = [ [ enleW'2Hde,  g=(M,...,¢9)
i=1

MN(2H + 1) sin(wH)
2T

{W(x) = W(1j0,x)} xere is a fractional Brownian sheet with Hurst
indices Hy, ..., Hy

ay=H2H—-1) and cy=

If d =1, {W(x)}xer is a fractional Brownian motion (fBm)
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Introduction

Malliavin calculus
# is the completion of D(RY) with respect to (-, -)

W = {W(p); ¢ € H} is an isonormal Gaussian process
Any F € [?(Q) (measurable w.r.t. W) has the Wiener chaos expansion:

+ > n(fa)

n>1
b : R — R is the identity map ; /1(p) = W(yp) forany p € H
In : H®" — H, is the multiple Wiener integral of order n
‘Hp is the n-th Wiener chaos space corresponding to W
E|F[? = (E(F))* + > nll[fl2en
n>1

?,, is the symmetrization of f,
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Introduction

Skorohod integral

o(u) =

§:Domé C L2(Q;H) — L2(Q) is the adjoint of the Malliavin derivative

/ u(x)W(ox) u € Dom§
Rd

D:D'2 c [2(Q) — [2(Q;H)

Raluca Balan (University of Ottawa)

Stratonovich solution for wave equation

UAH (August 2-6, 2021)

11/36



Introduction

Skorohod integral
i(u) ::/ u(x)W(ox) u € Dom§
Rd

§:Domé C L2(Q;H) — L2(Q) is the adjoint of the Malliavin derivative
D:D'2 c [2(Q) — [2(2H)

Stratonovich integral

/R L u(x)We(ax) £ im /R JU()WE(x)dx (i it exists)

where We(x) = W(p.(x — -)) and p.(x) is the heat kernel
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Introduction

Skorohod integral
i(u) ::/ u(x)W(ox) u € Dom§
Rd

§:Domé C L2(Q;H) — L2(Q) is the adjoint of the Malliavin derivative
D:D'2 c [2(Q) — [2(2H)

Stratonovich integral

/R L u(x)We(ax) £ im /R JU()WE(x)dx (i it exists)

where We(x) = W(p.(x — -)) and p.(x) is the heat kernel

If W= {W(t)}icpo,r) is @ fBm of index H > 1/2

0

T T T T
of f) — o _ o2H-2
/0 u(t)W(dt)_/ u(OW(H) + H/o /0 Dau(t)t " Zatds
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{W(t)}tepo, 7 is Brownian motion
Adapted integrands

u(t) = u(0) + A(t) + M(t) is a semi-martingale: A is bounded variation
process, M is a square-integrable martingale (both continuous)

T T 1
/u(t)WO(dt):/ U)W (dt) + 5 (W, M)r
0 0
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{W(t)}tepo, 7 is Brownian motion

Adapted integrands

u(t) = u(0) + A(t) + M(t) is a semi-martingale: A is bounded variation

process, M is a square-integrable martingale (both continuous)

T T 1
/u(t)WO(dt):/ U)W (dt) + 5 (W, M)r
0 0

Non-adapted integrands

T T
/u(t)Wo(dt):/ u(OW(st) + Ly
0 0
n—1

1 fit fit1 P
T / Deu(t)dtds s, o Ly
=ty g

T={0=1f <t <...<tp= T} isapartition of [0, T]

Raluca Balan (University of Ottawa) Stratonovich solution for wave equation UAH (August 2-6, 2021)

12/36



Introduction

Definition 1
u is a (mild) Skorohod solution of stochastic wave equation (1) if

u(t,x) =1+ /Ot/d G(t—s,x—y)u(s,y)W(oy)ds
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Introduction

Definition 1
u is a (mild) Skorohod solution of stochastic wave equation (1) if

u(t,x) =1+ /Ot/d G(t—s,x—y)u(s,y)W(oy)ds

Definition 2
v is a (mild) Stratonovich solution of stochastic wave equation (1) if

v(t,x) = 1 +/Ot G(t— 5, X — y)v(s, y)W°(dy)ds
R
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Introduction

Fundamental solution of wave equation

1 .
(t X)— 1{|X|<t} ifd =1
G(t, )—fﬁﬂm} ifd =2
.
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Introduction

Fundamental solution of wave equation

1 .
(t X) 1{|X|<t} if d =1
G(t, )_7 {|x|<t} ifd=2
Jilz )
Fourier transform of G
Fe(t)e) = [ e et o = SLED
RY I3

1/2
76U < & (52
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Introduction

Fundamental solution of wave equation

1 .
(t X) 1{|X|<t} ifd =1

G(t, )— ifd=2

o \/7’2 Toix<n

Fourier transform of G

FG(1,)(€) = /Rd e EX G(t, x)dx = Si”g"g')

1/2
76U < & (52

Condition (C):

y 1/2
[ () w00 <s
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Introduction

Dalang’s condition (D):

1
/]Rd W#(dﬁ) < 00,

If (D) holds, the Skorohod solution exists and has the chaos
expansion

u(t,x) =1+ In(fa(,x; 1)),  with

n>1

n
fa(X1, ...y Xn, X 1) —/ ()HG(ti—H — bi, Xit1 — xj)dty ... dty
(1) i=1

where To(f) ={0 < t; < ... <ty < t}. Here th 1 = tand x,.1 = X.
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Introduction

Dalang’s condition (D):

1
/]Rd Wﬂ(dﬁ) < 00,

If (D) holds, the Skorohod solution exists and has the chaos
expansion

u(t,x) =1+ In(fa(,x; 1)),  with

n>1

n
fa(X1, ...y Xn, X 1) —/ ()HG(ti—H — bi, Xit1 — xj)dty ... dty
(1) i=1

where To(f) ={0 < t; < ... <ty < t}. Here th 1 = tand x,.1 = X.

Goal of this talk
Show that the Stratonovich solution exists, if (C) holds.

Note: (C) does not hold if W is white noise and d = 1

v
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Necessity of conditions (C) and (D)

Conjecture 1

The Skorohod solution of the stochastic wave equation (1) exists
if and only if (D) holds.

Remark: This fact is known to be true for the stochastic heat equation
driven by space-time homogeneous Gaussian noise with spatial
covariance kernel given by the Riesz kernel.

[For the stochastic heat equation, both Skorohod and Stratonovich
solutions exist, if (D) holds.]
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Necessity of conditions (C) and (D)

Conjecture 1

The Skorohod solution of the stochastic wave equation (1) exists
if and only if (D) holds.

Remark: This fact is known to be true for the stochastic heat equation
driven by space-time homogeneous Gaussian noise with spatial
covariance kernel given by the Riesz kernel.

[For the stochastic heat equation, both Skorohod and Stratonovich
solutions exist, if (D) holds.]

Conjecture 2

The Stratonovich solution of the stochastic wave equation (1) exists
if and only if (C) holds.
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Equation with mollified noise

2. Equation with mollified noise

Equation with mollified noise W<(x) = W(p.(x — -))

82V€ .

5 (%) :A\g(t,x)JrvE(t,x)Wg(x), t>0,xcRY (d<2)
. _q 9 _

ve(0,x) =1, 51 (0,x)=0

Raluca Balan (University of Ottawa) Stratonovich solution for wave equation UAH (August 2-6, 2021) 17 /36



Equation with mollified noise

2. Equation with mollified noise

Equation with mollified noise W<(x) = W(p.(x — -))

2 veE :
5 (%) :A\g(t,x)JrvE(t,x)Wg(x), t>0,xcRY (d<2)
. _q 9 _
V(O,X)—1, 61‘ (OaX)_O
3)
Definition
v€ is a solution of (3) if it satisfies
t .
VE(t X) = 1 +/ G(t — 5, x — y)vE(s, y) W=(y)dyds.
0 Jrd
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Equation with mollified noise

Series expansion
Intuitively, v should be given by v(t,x) =1+ >, Hy(t, x) where

n n

Ht) = [ [ ]Gl — s —x)] ] W ()t
Ta(t) J (R)";

i=1 i=1
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Equation with mollified noise

Series expansion
Intuitively, v should be given by v(t,x) =1+ >, Hy(t, x) where

n n

Ht) = [ [ ]Gl — s —x)] ] W ()t
Ta(t) J (R)";

i=1 i=1

Lemma 1.
If (D) holds, foranye >0,p>1,T >0,

sup  E|vi(t,x) —vi(t,x)[°P -0 asn— oo,
(t,x)€[0, T]xRd

where .
va(t,x) =1+ Hi(t.x).
k=1
Moreover, v¢ is a solution of equation (3).
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Equation with mollified noise

Lemma 2. (Feynman-Kac-type representation)

N; N,
Ve(t, X) = efEN’X[l‘t[(T,- - T,-,1)1‘1 WS(XTXI,)}
i=1 i=1

o N = (N;)t>0 is a Poisson process of rate 1, with jump times
O=mp<m<m<...

e (U))i>1 arei.i.d. random variables with density G(1, -).
(If d =1, U; ~ Uniform(—1,1).)

e N, (Uj)i>1 and W are independent

e The linearly-interpolated process (X;):>o is given by:
Xt = Xoy + (t = 1)Uipq form <t < 74,1 >0,

with X = 0. We let th =X+ X;.
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3. Existence of Stratonovich solution

Theorem 1

If (C) holds, there exists a process v such thatforany T > 0,p > 2,

sup  E|ve(t,x) —v(t,x)|°P -0 aselO.
(t,x)€[0, T]xRY

Moreover, v is a Stratonovich solution of equation (1), and

v(t,x) =1+ Ha(t, x),

n>1

where Hy(t, x) = I5(fa(-, x; 1)) is the multiple Stratonovich integral of

fa(Xt, ...\ Xny X; F) /T HG tiv1 — b, Xip1 — Xj)at.

(4)

v
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Existence of Stratonovich solution

Idea for the proof of (4):
Step 1. Show that, for any n, uniformly in t € [0, T] and x € RY,

V(L x) 9 some va(t,x) as €10

Step 2. Show that, uniformly in t € [0, T] and x € RY,

LP()
Va(t,X) — some v(f,x) as n— oo

Step 3. Show that, uniformly in t € [0, T], x € R% and ¢ > 0,

P
Vn(t, x) gilsy ve(t,x) n— oo

Diagram summarizing the 3 steps:

V(L x) — Vn(t, x) foranyn
(uniform in ) In In
Va(t,X) - — = % V(t,X)
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Existence of Stratonovich solution

A brief review: multiple Stratonovich integrals

Definition
The multiple Stratonovich integral is given by

In(f) := /(]Rd)" foxa, xa) [T W°(ax)

i=1
n
P, ; i s .
= f We(x; o) f it exists
im /(Rd)n (e X[ [ W GGt it
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Existence of Stratonovich solution

A brief review: multiple Stratonovich integrals

Definition
The multiple Stratonovich integral is given by

n
I°(f :_/ f(Xq,...,X% We (dx;
) = [ 00 [T We(h)
n

P - L
=1 f e We(x; e f
im /(Rd)n (x1, ,xn)H (x;)dxq ...dx, (if it exists)

Basic idea for proving existence of /5(f)

Compute
n

TTw=0a) =T H(p-(xi =)
i=1 i=1

using the product formula from Malliavin calculus.
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Existence of Stratonovich solution

Product Formula

In(f)h(9) = 1 (f® g) + nlp_1(f 1 g)
where (f® g)(X1,..., Xn1) = (X1, ..., Xn)9(Xn11) and

(F@19) (X1, s Xn1) = (f(, X1, Xn1), O

= / f(y,x1,...,Xn—1)9(2)y(y — z)dydz.
(R9)2
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Existence of Stratonovich solution

Product Formula
In(f)h(9) = 1 (f® g) + nlp_1(f @1 g)
where (f ® 9)(X1, ..., Xps1) = f(X1,...,Xn)g(Xns1) and
(f®19) (X1, Xn—1) = (F(, %1, .., Xn1), 9)m
= /(Rd)z f(y,x1,...,Xn—1)9(2)y(y — z)dydz.

.

Application of product formula

h(H)h(9) = k(f®g) + (f,g)n
h()h(9)h(h) = l(f® g@ h) + h(F)(g, hyw + L (g)(f, M + h(h){F, g)n
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Existence of Stratonovich solution

Notation
o[n={1,...,n}
e |J| is the cardinality of J, for any set J C [n]

e JCis the complement of J in [n]

o | x| =kifkeZandk <x < k+1,forany x e R
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Existence of Stratonovich solution

Notation

o[n={1,...,n}

e |J| is the cardinality of J, for any set J C [n]

e JCis the complement of J in [n]

o |x|=kifkeZandk <x < k+1,forany x € R

Product of n Wiener integrals

n [n/2]
[T => > > In-2k() 1)
j=1 k=0 Jc[n] {h,...,lk} partition of J® jed
|J|:n—2k I,-:{é,,m;}Vi:L...,k
k
H<ff,') fm,)?—t

i=1

Convention: ®;cpf; = 1.
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Existence of Stratonovich solution

Basic observation

<p5(x1 - ')7,06()(2 - )>H = (pga * ’y)(X1 — X2)
P2 x v = F . in the sense of distributions, where

pe(de) = eI u(de)
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Existence of Stratonovich solution

Basic observation
<p5(x1 - ')7pe(x2 - )>’H = (pga * ’y)(X1 — X2)

Poe * v = F e in the sense of distributions, where

pe(de) = eI u(de)

General formula

n Ln/2]
[Twen=> > > el @pty )
i=1 k=0 Jc[n] {h,...,I} partition of J® jed
|J|l=n—2k i={¢;,m}Vi=1,....k
k
H(p2a *® '7)(Xfi - Xmi)
=1

We multiply by f(x1, ..., Xs) and we integrate dx; . .. dxp.
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Existence of Stratonovich solution

Existence of multiple Stratonovich integral

It In—ok(fe oty 1) Bl ok(feg. 1) ase L0, for any k, J, (1), where

f/f,J,/1,...,/k((Yj)jeJ) = / f(X1,...,Xn) HPa(Xj -¥)

(RI)n jed
k
[ (p2z % ) (xe, = xm,)dlxy .. . dxn
i=1
k
fk’J’l1""7lk ((X/)./EJ) = /(Rd)Zk f(X1 P :Xn) H’Y(Xei - Xm;)d((Xj)jeJc),
i=1

then [5(f) exists and is given by:

Ln/2]

hH=> > > In—2k (T b oo )5

k=0 Jc[n] {h,...,I} partition of J®
‘J‘Zﬁ*Zk I/:{Z,',m,'}VI':L...,k

Raluca Balan (University of Ottawa) Stratonovich solution for wave equation UAH (August 2-6, 2021) 26/36




Existence of Stratonovich solution

Casen=2

BO= [ foae)Wda)W(dk)+ [ Foaxe)(x —xe)oide
(R9)? (RY)2

Formally,

We(dxq)W°(dx2) = W(dx1)W(dx2) + v(x1 — X2)dxqdxs.
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Existence of Stratonovich solution

Casen=2

BO= [ foae)Wda)W(dk)+ [ Foaxe)(x —xe)oide
(R9)? (RY)2

Formally,

We(dxq)W°(dx2) = W(dx1)W(dx2) + v(x1 — X2)dxqdxs.

Cssen=3

We(dxq) We(dxo) W°(dxs) = W(dx1) W (dxz) W(dxs)+
W(dx1)v(x2 — x3)dxeaXs + W(dx2)y(x1 — X3)dx1dxs+
W(dX3)’y(X1 — X2)dX1 dX2.
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Back to our problem

Step 1: convergence as ¢ | 0

We have to show that for any n fixed, there exists some v, such that

sup  E|vi(t,x) — vp(t,x)P -0 as .0
(t,X)€[0, T]xRY

where )
Va(t,X) =1+ Hi(t,x)
k=1
n n
Ha(t, X) = / / G(t,'_H — t,',X,'+1 — X X, dth.
! Ta(t) J 2y ,1} H
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Existence of Stratonovich solution

Theorem 2.
If (C) holds, thenforanyn>1,p>2,T >0,

sup  E|H(t,x) — Ha(t,x)[P -0 ase O,
(t,x)€[0, T]xRY

where

Ln/2]

Hn(t, x) := 5 (1 =2 2 2

k=0 JC[n] {h,...,Ix} partition of J°
|J|:n—2k I,-:{Z,-,m,}Vi:L...,k

n

AR SV v w .
/n(t)/(Rd)Zk /(I[gd)nzkjl:[G(l;Jr1 t]’X/H X/)H (de)

1 jed

k
[ (xe, = xm)d((X))jeue) aty ... dtn.
i=1
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Existence of Stratonovich solution

Sketch of proof (n = 2)

HS(Z‘,X):/ G(t—tg,X—Xg)G(tg—t1,X2—X1)
To(t) J(R9)?
We (xq) W (xz)dxdt
:/ G(t—tg,X—Xg)G(tg—t1,X2—X1)
To(t) J(R9)?
I (pg(X1 — ) & pg(Xz — ))dth‘l-
/ Glt — o X — %)Glby — 11, X — X1)
To(t) J(RY)?

(P2= * 7) (X1 — x2)dxdt
o HE(t, X) + HEE(t, X).
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Under (D): fpa [FG(t,)(€)P1(dE) < o0
Hz (t,x) = b(fbe(-, X 1) = b(h(-, x;t) inL3(Q)
where fo (-, x; 1) = (-, X; t) * (P ® p:)
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Under (D): fpa [FG(t,)(€)P1(dE) < o0
Hz (t,x) = b(fbe(-, X 1) = b(h(-, x;t) inL3(Q)
where fo (-, x; 1) = (-, X; t) * (P ® p:)

Under (C): [pa [ FG(t,-)(&)[p(dE) < o0

R0 = [ (- 0K -ttt > [ (- R)K( -~ t)ddty

T2(1) T2(1)

where

K(t) = | G(t.x)(pae x)(X)dx = | FG(t,-)(€)e ¢  u(de)

Rd Rd

- /R FG(t, ) (©u(de) = /R Gt X () = K(1),

.
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Existence of Stratonovich solution

Under condition (C):
Hs(t,x) = Ho(t,x) in L[3(Q), as .0,

where
Hz(t, X) = / / G(t — b, X — X2)G(t2 — b, X0 — X1)W(dX1)W(dX2)
To(t) J(RY)?
+

/ G(l’— tQ,X—XQ)G(tg — t1,X2—X1)’}/(X1 —Xg)dt
To(1) J(R9)?

= L(f(, x;1)).
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Existence of Stratonovich solution

Steps 2 and 3: convergence as n — oo

Theorem 3
If (C) holds, then forany T > 0 and p > 2, the limit

v(t, x) = nILm va(t, x) exists in LP(Q),
uniformly in [0, T] x RY. Moreover,

sup  supE|v,(t,x) — v¢(t,x)[P - 0as n— .
(t,x)€[0,T] xR >0

Raluca Balan (University of Ottawa) Stratonovich solution for wave equation UAH (August 2-6, 2021) 33/36



Existence of Stratonovich solution

Steps 2 and 3: convergence as n — oo

Theorem 3
If (C) holds, then forany T > 0 and p > 2, the limit

v(t, x) = nILm va(t, x) exists in LP(Q),
uniformly in [0, T] x RY. Moreover,

sup  supE|v,(t,x) — v¢(t,x)[P - 0as n— .
(t,x)€[0,T] xR >0

Sketch of proof:

sup  [|Hn(t,x)[lp < o0
m>0 (6X)€[0,T]xRd

€
sup  sup [|Hp(t, X)l|p < oo.
n>0 (tX)€[0,TIxRd £>0
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The case of smooth noise

4. The case of smooth noise: x(RY) < oo

Remark
{p-(x — -)}.>0 is Cauchy in H, uniformly in x € R%: when ¢,¢’ — 0,

. =) = putx =l = [ (7912 — 15%12)" () 0

(R9)2

Say p.(x —) - A(x)inH,ase | 0.
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4. The case of smooth noise: x(RY) < oo

Remark

{p-(x — -)}.>0 is Cauchy in H, uniformly in x € R%: when ¢,¢’ — 0,

Io-(x =) = Pt =l = |

, 2
(efsm?/z e |£\2/2) p(d€) = 0.
(R)2

Say p.(x —) - A(x)inH,ase | 0.

Definition
W(x) := W(A(x)) is well-defined in L2(Q)
W= (x) — W(x) in L3(Q), as € | 0, uniformly in x.
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The case of smooth noise

Feynman-Kac-type representation

N{ Nt
v(t, x) = efENvX[H(T,- 0 ]] W(x;)]
i=1 i=1

This is proved similarly to the Feynman-Kac-type representation of v*
(Lemma 2), replacing W¢ by W.
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The case of smooth noise

Feynman-Kac-type representation

N{ Nt
v(t, x) = efENvX[H(T,- 0 ]] W(x;)]
i=1 i=1

This is proved similarly to the Feynman-Kac-type representation of v*
(Lemma 2), replacing W¢ by W.

General Case
A similar Feynman-Kac-type representation can be written down for v
in the case of a general spectral measure p (not necessarily finite).
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The case of smooth noise

Thank you!
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