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Skorokhod problem in R

Let o, 5 € D[0,00) be such that o < 3. Given ¢ € D[0,00), a
pair of functions (¢,n) € D[0,00) x BV]0, 00) is said to be a
solution of the Skorokhod problem on [a, 3] for v, if the following
two properties are satisfied:

i. Forevery t €[0,00) o(t) =¥(t) + n(t) € [a(t), B(t)];

ii. 7(0—) =0 and 7 has the decomposition n = n; — n,,
where N Nu € /[07 OO),

/O l{g(s)>a(t)ydm (s) = 0 and /0 li(s)<p(s)ydmu () = 0



Skorokhod Map

The mapping 1 — ¢ from D [0, 00) to D [0, c0) is called the
Skorokhod map on [«, ] for 9.

The original Skorokhod map was introduced by Skorokhod in 1961
as a tool for solving stochastic differential equations on the
half-line R with a reflecting boundary condition at 0. In other
words in the original Skorohod's paper a = 0 and 8 = .

The explicit representation for the original Skorokhod map is

¢(t) =¥(t) + sup [~¥(s)]", ¥ € D[0,00).

0<s<t



An explicit formula for the Skorokhod Map on [0, a]

Kruk, Lehoczky, Ramanan and Shreve published in 2007 an explicit
formula and studied the properties of the two sided Skorokhod
map (reflection map) constraining the process in D[0, o) to
remain in the interval [0, a], where a is a positive constant.

From the applications point of view, it is desirable to allow the
reflection boundary to be dependent on time.



Skorokhod Map with time dependent boundaries (1 of 2)

The concept of Skorokhod map with time dependent boundaries
have been studied by K. Burdzy, K. Kang and K. Ramanan in The
Skorokhod problem in a time dependent interval that appeared in
Stochastic Processes and their Applications in 2009. They
considered a general case, where both the lower and the upper
boundaries are time dependent. They also developed an explicit
formula for the Skorokhod map with such boundaries. In addition,
their analysis includes a more relaxed version of the Skorokhod
map called the extended Skorokhod map.
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Skorokhod Map with time dependent boundaries (2 of 2)

Somewhat different explicit formulas were developed independently
by M. Slaby for the Skorokhod map in "Explicit representation of
the Skorokhod map with time dependent boundaries." Probability
and Mathematical Statistics 2010 and for the extended Skorokhod
map in " An explicit representation of the extended Skorokhod
map with two time dependent boundaries." Journal of Probability
and Statistics 2010. These papers provide also detailed study of
the properties of the SM and ESM.



Definition 1 (Extended Skorokhod problem in R)

Let a, B € D[0,00) be such that a < 3, and let ¥ € D[0,c0). A
pair of real valued cadlag functions (¢, n), is said to be a solution
of the extended Skorokhod problem (ESP) on [a, ] for v, if the
following three properties are satisfied:

i. Forevery t >0 ¢(t) =1 (t)+n(t) € [a(t),B(t)];
ii. Forevery 0 <s <t

n(t) —n(s) >0, if ¢(r) < B(r) forall r € (s,t],

n(t) —n(s) <0, if ¢(r) > a(r) for all r € (s, t],

iii. For every t >0
n(t) —n(t=) 20, if ¢(t) < B(1),

n(t) —n(t=) <0, if ¢(t) > a(t).
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Solution of the extended Skorokhod Problem in R

Let «, 5 € D[0,00) be such that a < 3, and let ¢ € D[0,00). The
evolving ESP for ¢ on [, 5] has the unique solution (¢, n) given
by n = —=45(¢) and ¢ = ¢ + 1, where

Za,s(V)(t) = I8 < V128 00) (E) Ha s () (2)
+ I{7a<‘rﬁ} I[TmOO) (t)La,ﬁ(¢)(t)-

To = inf {t > 0|a(t) — ¥ (t) > 0}, 77 =inf {t > Ofy(t) — B(t) > 0}
Ha,5(¥)(t) = JSup t[(w(s) — B A inf (W(r) —aln)].

Lap()(t) = inf [(4(s) —a(s))V sup (¢(r) = B(r))]-

0<s<t s<r<t
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A stratum and a block in R”"

A closed set G in R" will be called a stratum if it admits the
following representation

G =

{(x xie[a, b, i< nx" e [AKXL, .. x"TH), B(x, ... ,x”fl)]},

where ' < b’ for i =1,2,...,n—1 and A, B are two real valued
continuous functions on [al, b'] x ... x [a"~L, b"71] such that
A(x) < B(x) for every x. In such case we will shortly write

G=5([a% b x ... x [a" "], [A, B]) .
In the special case when A and B are constant functions G will be

called a block. In other words a block is a cross product of n
intervals.
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Hausdorff distance

We are interested in the constraining domains in R” that change
with time and so we shall need to introduce the convergence for
sets. This will be defined in the sense of the Housdorff metric. For
any two sets Gi, Go C R” their Hausdorff distance is defined by

dy (G1, G2) = (sup d(x, G2)> v <sup d(x, G1)> ,

x€Gy x€ Gy

where d (x, G) = inf,c¢ ||x — y|| and where | - || is the Euclidean
norm on R".

It is well known that the set of all non-empty compact subsets of
R" forms a complete metric space with dy.



Definition 2 (A cadlag family of strata)

A family {G; : t > 0} of closed subsets of R” will be called cadlag
if the function t — G; is cadlag with respect to the Hausdorff
metric dy.

To represent cadlag family of strata we shall use the following
notation

Ge =S ([ag, B8] x ... x [af ™, 8771, [Ae, Bi])

where o < Bi for i =1,2,...,d and A; < B;.



Orthogonal evolving stratum constraining system

A family of pairs {(Gg, di(+)) : t > 0} will be called an orthogonal
evolving stratum constraining system if G; is a stratum for every
t >0, {G;:t>0}is cadlag, and

di(x) = Zre, Zre, r; >0, fori € IF(x)Ul;(x)p,

ielt i€l

where ;7 (x)

:{i:1§i<nandx":aiori:nand X":A(xl,...,x"_l)},

and I (x) =
{i:1§i< nand x' =Bl ori=nand x" = B(xl,...,x"*l)}.
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Orthogonal evolving block constraining system

In the special case when G; is a block for every t the orthogonal
evolving stratum constraining system will be called an orthogonal
evolving block constraining system.



Definition 3 (Solution of ESP on an orthogonal evolving

stratum constraining system)

Given an orthogonal evolving stratum constraining system

{(Ge, de(+)) : t > 0} and a cadlag function ¢ € Dg, ([0, 00),R"),
the pair (¢,7) € Dg, ([0,00),R") x Dyqy ([0, 00), R") is the
solution of the evolving ESP for ¢ with respect to (G, d¢(-)) if the
following conditions hold for every t > 0:

(i) 6() = () +n(2);
(i) (2) € G

(i) 1(t) = 1(s) € 0 [Uye(o.q du(d(u))]  for every s € [0, 1]
(iv) n(t) = n(t=) € de(6(1)).

T



Explicit formula for the solutions of ESP on an orthogonal

evolving stratum constraining system

Let {(Gt, d¢(-)) : t > 0} be an orthogonal evolving stratum
constraining system with

G=S ([a%,ﬁtl] x ... [af7t B (A, Bt]>. Then, the evolving
ESP for any ¢ € Dg, ([0,0),R") on (G, d(-)) has a unique
solution (¢,n) given by

n= <_Eo¢1,,6’1 (¢1)7 _Ea2’52(w2)a ceey _Ea",ﬁ"(¢n)> and ¢ =y + n,

where
= At (wl(t) - a Bl,w ( ) at7627 7wn_1(t) - Eagil,ﬁgil) ’
B7 = Be (M(1) = Zap o1 02(8) = Zag o 0" H(8) -

and for every i =1,2,....n
Eaiugi(d)i)(t) = I{TBISTaf}/[TBi,OO) Haiﬂi (@ZJ') (t)
+ I{T‘)‘f<7'6i}/[7'ai,00) La",,B" (¢ ) (t)
| p6ofa0

1 1
).



Projections in R

The projections 7, : R — [a, b] are used to construct the SM or
ESM in R. They are defined by

a, ifx<a;
Tabp =4 X, ifa<x<b;
b, if x> b.
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Projections in R”

In the vector valued case we will need similar projections onto
blocks and strata. Given a block D = [a', b'] x ... x [a", b"] we
define 7p : R” — D by

To(x) = (731,60 (x1), a2 52 (63), o, Tan o (x7) )

Finally, the projection on a stratum
G =S ([a',b'] x ... x [a"71, b"1],[A, B]) will be defined by

Te(x) =

(7T317b1 (Xl), veey 7Tan717bnfl(Xn_1), ’/T/Z\(Xl,...,X"_l),B(Xl,...,X"_l)(Xn)) .

N T



Example 1 (ESM for a simple function)

Consider the ESP for a function ¢ € S([0, c0)], R") with an
orthogonal evolving stratum constraining system (G, d¢(+)) such
that

P(t) =9(tx) and Gy = Gy, for every t € [tk, tkr1), k =0,1,...,m,

where 0 =ty < ;] < th < ... < t; < 00 and tp41 = 00. Then, the
corresponding ESM is the function ¢ such that for
t € [tk thr1), k=0,1,....;m

o(t) = (te) = g, ((tk—1) + ¥(te) — Y(tk-1)) -

N T



Expansion from strata to quasistrata

We are ready now to expand our explicit formula from strata to a
much bigger class of constraining domains that will be called
quasistrata.

Let E = {ej,ey,...,e,} be the standard orthonormal basis and
V ={vi,v2,...,v,} be any basis of R". We will use
(x1,x2,...,x")y to represent the vector

x = xIv; + x%vp + ... 4+ x"v,, in terms of its coordinates with
respect to V. The subscript will be omitted when V is the
standard orthonormal basis.



A closed set G in R" will be called a quasi-stratum if there is a
basis V such that

G:{(Xl,x2,...,x”)\/:xi€ [a',b] for i=1,2,...,n—1,

x" e [A(xL, ... x"1), B(x, . .. ,x"—l)]},

where ' < b’ for i =1,2,...,n—1 and A, B are two real valued
continuous functions defined on [al, b!] x ... x [a"~L, b"~1] such
that A(x) < B(x) for every x. For short, we will write

G =5Y([a" b x ... x [a" 1, 6" 1], [A, B]).
The superscript will be omitted when V' is a standard orthonormal

basis. In the special case when A and B are constant functions G
will be called a quasi-block.
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Quasiblock

In two dimensions a quasi-block is simply a parallelogram, in three
dimensions it is a parallelepiped. In general, a quasi-block in R" is
a parallelotope. This perhaps not quite popular name was
introduced by H.S.M. Coxeter in his 1973 book Regular politopes.
Alternatively, a quasi-block in R” can be described as an
n-dimensional parallelepiped.

. e



Quasistratum as a linear transformation of a stratum

Note that in the special case, when V is an orthonormal basis the
quasi-stratum becomes a stratum and a quasi-block becomes a
block.

By Ty we will denote the unique linear transformation

Ty : R” — R” mapping the standard orthonormal basis onto V/,
i.e. such that Ty(e;) =v; fori=1,2,...,n. Then

SV (2%, b x ... x [a""1, b"71], [A, B]) = T(G),
where G = S ([al, b1] x ... x [a"71, b"71], [A, B]). Note that Ty
can be represented by a matrix whose columns are vi,vo,...,Vv,.

Any invertible affine transformation of R” can be represented as a
composition of a translation with Ty for some basis V.



Evolving quasi-stratum constraining system

A family of pairs {(G¢, d¢(-)) : t > 0} will be called an evolving
quasi-stratum constraining system if there is a basis V such that
Ge =SV ([od, Bl x .. x [af 1, 8171, [A, B]), {Ge s £ > 0} s
cadlag with respect to the Hausdorff distance between constraining
sets, and d; satisfies the following conditions.

For any x = (x!,x2,...,x"),, on the boundary of G;
di(x) = dY (x) {er, Zriv;:riZO, forieltv(x)UJtV(x)},
iely i€y

where 1Y (x) =

{i c1<i<nandx' = ai ori=nand x" = A(xl,xz,...,x”*l)},
and JY(x) =

{i :1<i<nandx' =plori=nand x"=B (xl,xz,...,x"_l)}.

Finally, d¢ (x) = 0 for any x in the interior of G;.
S BT



Evolving quasi-block constraining system

In the special case when G; is a quasi-block for every t > 0, the
evolving quasi-stratum constraining system will be called an
evolving quasi-block constraining system.

N T



Let {(Gt, d:(-)) : t > 0} be an orthogonal evolving stratum
constraining system with
G=S ([a%,ﬁ%] X ...ox [aft 8071, (A, Bt]), let V be any basis

and let d(x) = Ty (de (T (x))). Then {(Tv G, dY) : t >0}
is a quasi-stratum constraining system. In particular,

TVGt - SV ([O[%?ﬁg-] XX [agilaﬁgil]ﬂ [Ah Bt])

and

dY(x) = {Z rivi — Z rivi:r' >0, forieltv(x)UJtV(x)}.

iety iedy



Proposition 1 (How solutions of ESP are affected by affine

mappings of R")

Let {(Gt, d¢(-)) : t > 0} be an orthogonal evolving stratum
constraining system, let T : R” — R” be an invertible affine
transformation and let To = T — T(0) be its linear transformation
component. For any ¢ € Dg, ([0, 00),R"), if (¢,n) is a solution of
ESP for 1) with respect to {(G¢, d¢(+)) : t > 0}, then (T ¢, Ton) is
the unique solution of ESP for Tt with respect to

{(TGt, dy(): t> 0}, where V' = Ty(E) and E is the standard

orthonormal basis.



Idea: expanding the results for the orthogonal constraining

systems via affine transformations

The above result suggests that through the use of affine
transformations the orthogonal evolving constraining systems can
generate much larger class of constraining systems. Moreover, the
affine transformation provides the link between the solutions of
ESP with respect to the image constraining system and the
solutions of ESP with respect to the original orthogonal
constraining system.



Constraining system generated by an orthogonal

constraining system

A time-dependent constraining system {(ét, de(-)) i t > 0} in R”
is generated by an orthogonal constraining system, if there is an
orthogonal evolving stratum constraining system

{(G¢, de(+)) : t > 0} and an affine mapping T : R” — R" such
that, for every ¢ € Dg, ([0, 00),R"), if (¢,n) is the solution of
ESP for ¢ with respect to {(G¢, d¢(+)) : t > 0} then

(T o ¢, Tpon) is the solution of ESP for T o with respect to
{(T(Gt), To (dt (T&l(-))» it > 0}. Such a mapping will be
referred to as preserving the solutions of ESP.



Proposition 2 (Every quasi-stratum constraining system is

generated by an orthogonal constraining system)

Let {(Ct, Elt) t> 0} be an evolving quasi-stratum constraining
system in R”, let V' be the associated basis as described in the
definition, and let Ty : R” — R" be the linear mapping such that

Ty (e;) =v; for i=1,2,...,n. Then {(C‘t,c”/t) : tZO} is
generated by an orthogonal evolving stratum constraining system
and Ty is preserving the solutions of the ESP.



Theorem 1 (Explicit solutions of ESP on quasi-stratum

constraining systems) Page 1 of 2

Let (@, c~/> be an evolving quasi-stratum constraining system in
R", i.e. there is a basis V = {vi,vi,...,v,}, such that

Ge =SV (lod, Bl x ... x [af ™%, 8171, [Ar, Bi]) and d; = dY, for
every t > 0. Then for any 1) € D ([0,00),R") the evolving ESP
on (@,CN/) has the unique solution ((Z),ﬁ) given by

i=Ty (—Ealﬂl (), 2 52 (42), oo —zanﬂn(w)) and ¢ = -+,

where Ty : R" — R" is the linear transformation defined by
Ty (ej) =v; forevery i=1,2,...,n,

() = (V) W3 (8), - 0 (8) = (TV) 7 ((PH(), B2 (), 07(8))

N T



Theorem 1 (Explicit solutions of ESP on quasi-stratum

constraining systems) Page 2 of 2

= Ac (Y1) = Zap 5 V2 (D) = Zaz gz ") = Sppr g )
B = B (W1(t) = Za 50, 02() = Zaz g ") = Zpor g ) -

In the above, for every i =1,2,...,n,
Zar st (V)0 = Iy oot oy Mo (V) O+ ooy ) Lo

Wh_ereTa;:inf{t>0]o¢() Yi(t) > 0},
" =inf {t >0 | '(t) — B(t) > 0}, while

Has()(0) = sup [(6(s) = A=) A inf (4(r) ~ a(r)]

s<r<t

Lap()(t) = inf [(1(s) —afs)) Vv sup (4b(r) — B(r))].

0<s<t s<r<t

.



Continuity and Lipschitz Conditions - constant Cy

Let A be the set of all permutations
A:{L,2,...,n} — {1,2,...,n}. Given any sequence of n

independent vectors vi,v3,...,v, and any A € A we define

CM(V)=tan | = ZV)\ Z V(i) fork=1,2,...,n—1,
i=k+1

(V)=

Finally, we set

Cy = max max C(V
v 1<k<n AEA k( ):



Continuity and Lipschitz Conditions - constant K\,

Given a sequence of n independent vectors V = {vy,v2,...,Vu},
let V; denote the linear subspace spanned by vectors V' \ {v;}, let
Kj = sin Z (v}, V}) and let Ky = mini<j<, Kj. It will be also
convenient to use the following notations: v = ﬁ and

V = {¥1,Vo,...,¥,}. It is important to notice two things. First,
forevery j=1,2,....n

Ky < K;j = sin (£ (v}, V})) <sin <4 (VJ’ZV" - vj>> :
i=1

Second, Ky depends only on the directions of vectors in V' and not
on their magnitudes, i.e.

Ky = K.

N T T



Theorem 2 (Continuity and Lipschitz Conditions)

Let (@, Z/) be an evolving quasi-block constraining system in R”"
that can be represented as an image of an orthogonal evolving
block constraining system via an invertible linear transformation T
and let V be the image of the orthonormal basis through T. If
(qgl,ﬁl) and (qgg,ﬁg) are the solutions of the ESP for le and 152

with respect to ((N;, cNi) then the following Lipschitz conditions hold
171 = 7ol < Ly - [[thr = all,

b1 — dall < (1 + Ly) ||y — o],

where

Ly =

n
>
i=1

Cy
Ky



The Lipschitz constants of Theorem 2 depend only on the angles
defining the shape of the quasi-block and not on its size.



In the special case of an orthogonal block constraining system, all
the relevant angles are right angles and therefore Cy, =1 and

Ky = 1. Thus, the Lipschitz constant in Theorem 2 becomes

| >4 vi]| = /n matching the result of Proposition 3.1 in 2013
paper "Explicit Solutions of the extended Skorokhod problems in
time-dependednt bounded regions with orthogonal reflection
fields", Probability and Mathematical Statistics by M. Slaby.

The following example will show that the Lipschitz constant Ly in
Theorem 2 is tight in R2. Essentially, it will demonstrate that for
any quasi-block constraining system in R? there are functions 1

and ¢ such that ||y — maf| = Lv (|11 — 42|



Example 2 (1 of 2)

Let (@, c~/> be an arbitrary non-evolving quasi-block constraining
system in R2. Then G is a parallelogram. Let a be the obtuse
angle in G and let & = m — . We can assume without the loss of
generality that (G, d) is generated by vectors vi = ae; and

vy = b(cos e + sinaey). More specifically, we assume that G
has vertices at 0, v, v and v; + va. Then

Cy =max{tan 3,1} =tan § = cot 5

Ky =sina =sina = 2sin § 3cos 5 < and

||v1 + Vo] =2cos§ =2sin$ and so Ly = csc§.

Let ¢y = —r (cot avilp 1) + cscavy /[1,00)) and

U = —r (csc avaljp 1) + cot a\_/zl[lm)), where
r < min{—atana, bcot §}. Then, using projections as in
Example 1, we can evaluate ¢1 and ¢».



Example 2 (2 of 2)

$1(0) = 7¢ (1;1(0)) 11(0) = —rcotav;. On the other hand
$2(0) = 7 (12(0)) = 0. Therefore 71(0) = ¢1(0) — ¢1(0) = 0
and 7j2(0) = ¢2(0) — ¢2(0) = r cscavs.

$1(1) = 0 and 71 (1) = r cscov;

<;~52(1) = rtan 5V and 7j2(1) = r csc avy.

Now, [|71(0) — 7j2(0)|| = ||r cscavza|| = r csca and

[71(1) — 7i2(1)]| = r|| (tan §, —_1) | = rsec_% =rcsc$. Thus
|11y — 72| = r max {csca csc 3‘} = rcsc% On the other hand,

1461(0) — ¢2(0)|| = r and [[{1(1) — P2(1)[| = r. Therefore

|1 — || = r and so ||fi1 — ii2|| = csc §||Ph1 — ba]|.

In other words, in this case, |7y — fia|| = Lv/||1 — 2]

Because G represents an arbitrary quasi-block constraining system
inR?, Ly is a tight Lipschitz constant in R2.
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