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@ Linear Multifractional Stable Sheets in the Broad Sense (LMSS)
® Local Times

©® Main Contributions
o Sufficient & Necessary Condition for Existence of Local Times of
LMSS
e Sufficient Condition for Joint Continuity of Local Times of LMSS
@ Local Holder Condition for Local Times of LMSS
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(N, 1)-LMSS

LMSS: Linear multifractional stable sheets in the broad sense
® Extends multifractional Brownian sheets and linear fractional stable sheets
® Broad sense: « € (0,2]

® Multifractional Brownian sheets (Meerschaert, Wu and Xiao, 2008): a =2
® Linear multifractional stable sheets (Shen, Yu and Li, 2020): « € (0,2)

(N, 1)-LMSS is defined by

N
Xg“(u) = c / T [ = w27 = ()2 Mo (), weRY
RY 1

* ac(0,2]
® Hurst index: H(u) = (h1(uv),. .., hn(u))

* 0<m< h(u)y<M<1
® |h(u) — h(v)| < SN, min {ur=vi|™, = v}, u, v e RY

® M, is symmetric a-stable random measure with Lebesgue control measure

® cis chosen such that HX(';’(I)(I)HQ =1.
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(N, d)-LMSS

(N, d)-LMSS is defined by
XM () = (X" (), - XG ()

whose components are independent copies of (N, 1)-LMSS Xg’(').

Special cases of (N, d)-LMSS:

References o Hurst index
Fractional Brownian sheets (Xiao and Zhang, 2002) 2 Constant
Linear fractional stable sheets (Ayache, Roueff and Xiao, 2007) (0,2] Constant
Multifractional Brownian sheets (Meerschaert, Wu and Xiao, 2008) 2 Functional
Linear multifractional stable sheets (Shen, Yu and Li, 2020) (0,2) | Functional
(N, d)-LMSS (Ding, Peng and Xiao, 2021) (0,2] Functional
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Local Times

Occupation measure:
® Amount of time a process spends during a time period
® Occupation measure of Yon Z: pz(e) = Aw{t € Z: Y(t) € ¢}

e Y:RY - RYis a Borel vector field
e 7 c R" is any Borel set
® )y is the Lebesgue measure on RN

Local time:
® Amount of time a process spends at a level

® Local times L(e,Z) of Y on Z is the Radon-Nikodym derivation of pz with respect
to Ay

* [(xI)= %(x), for a.e. xe R

® ,i7 is absolutely continuous with respect to the Lebesgue measure Ay in RY
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Main Contributions

Result 1: Sufficient & necessary condition for existence of local times of LMSS
® First time for multifractional processes
® Existence of local times in £2()\,): E(L(x,Z)?) < oo
Result 2: Sufficient condition for joint continuity of local times of LMSS
® Improve results in the literature via a weaker condition
® Joint continuity of local times proved by estimating the p-th moments:
for any a € 7 there exist ci, ¢, B1, B2, 83 > 0 such that for any small
61,02,
* E|L(x[aa+61])P < c18
*E |L(X’ [37 a+ 61]) - L(X+ 52, ['37 a+ 61])"’ < C26526263
Result 3: Local Hélder condition for local times of LMSS
® Improve results in the literature via a weaker condition
® | ocal Holder condition: there exists ¢ > 0 and a function ¢ such that
with probability 1,
L(x, U(t,
lim sup 206 U5 1)
r—0 ¢t(r)

where U(t, r) is the open ball in Z, with center t and radius r.

< ¢, for almost all t € Z,
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Main Result 1:

Sufficient & Necessary Condition for Existence of Local Times of LMSS

(N, d)-LMSS admits an L?(\g)-integrable local time almost surely if and only if

0</I(ZN:hl(lv)—d>ldv<oo (1)
* ac (0,2 .

o T=[T",0<e<T

Sketch of Proof:
Existence of local times
<= Existence of the Fourier transform of the occupation measure of LMSS

= J(T) = [; [; Jra Eexp(i(€, XMW (u) — XHM(v))) dé dudv < oo

dvdu
= fz fI (Efv:l \U/—V/\h’(v))d <o

<= (1) holds
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Main Result 1:

Sufficient & Necessary Condition for Existence of Local Times of LMSS

=il
0<fz(2ﬁ1%—d) dv < oo

vel |5,
or
1
1
Ca d—vlgfI/; () fz( ) dv < oo

Example 1: Let N=1, T =[1/3,1/2] and hi(v) = 1 — \/v—
Then if d=inf,cz1/h1(v) =

we havefl/2 (ﬁfd)7 dv < h(1/3) fl/z\/viil/?’dv:%.

Therefore d < 2 is sufficient & necessary for the local times to exist.
Example 2: When the Hurst index is constant (e.g. Linear fractional stable sheets), C;

does not hold and C; becomes d < SN 1/h;. Therefore d < SN 1/hyis
sufficient & necessary for the local times to exist.

Yujia Ding (CGU) 8/14



Main Result 1:

Comparison to Existing Results on Existence of Local Times

References « Type Condition
Fractional Brownian sheets 5 | Sufficient d< iV: hl
Xiao and Zhang (2002) =
fficient
Linear fractional stable sheets 0,2] Su ;len d ﬁl: 1
9’ < h,
Ayache, Roueff and Xiao (2007) =
necessary
Multifractional B i heet
ultifractional Brownian sheets > | sufficient d<3 % for all ve T
Meerschaert, Wu and Xiao (2008) =0
Linear multifractional stable sheets (0,2) | Sufficient d< ZN: 1 _
Shen, Yu and Li (2020) 5 supvez hi(v)
N1
Cr:d< Jglezzl )
(N, d)-LMSS 0.2 S“ffzie“t or
Ding, Peng and Xiao (2021 ’ = inf a
& £ ( ) necessary VGI/; hi(v)
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Main Result 1:

Existence of Local Times of Multifractional Brownian Sheets

e S e ] o2 o] < Sy or v
N Ci:d<inf,cz ZI:I ﬁ
(N, d)-LMSS @ 2]Suffg|ent or . .o
Ding, Peng and Xiao (2021) ’ { =infuezd g o)
necessary| (s : N3 =il
Iz (Z/:1 o d) dv < oo

In Meerschaert, Wu and Xiao (2008):

e "If d> Z{il ﬁ for some t € Z then it can be proved using Theorem 21.9 of Geman and

Horowitz (1980) that multifractional Brownian sheet has no L?()\4)-integrable local times on Z."

Verified by C; and Cp

o "lf d= Z, 1 h for some t € Z, the equality only holds for t in a set of Lebesgue measure 0,
the existence of Iocal times is rather subtle, and requires imposing further assumption on

(h1(t), ..., hn(t)). Hence it will not be discussed here.”
According to Cy, the “further assumption on (hyi(t),..., hy(t)) " could be

N =il N
1 . 1 . e . “ ”
fI (/:2 . 70l d) dv < 0o, this means v — /:E . ol reaches its infimum in Z “slowly”.
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Main Result 2:

Sufficient Condition for Joint Continuity of Local Times of LMSS

N
(N, d)-LMSS X"*) has a jointly continuous local time on Z = [¢, T)" if d < inf 3~ ok
==

N
Sketch of Proof: Assume d < |2fzz 1/h/(v), there exists ¢, ¢, > 0 such that
vel =1
O E[L(x,1,5)" < (MVN P68, xeRn>1
@ For x,y € RY,|x — y| < 1,even integer n > 2,

- n< . nr (o (H(v))) sn(B(a(H(V) = (n=1)h (o (1)) (V) E(a(H(V))))
E[(L0x ba)Lln b)) ]<er  inf [y 5 " i

® Foranyl,s = H,lil[a/, aj+ 8] C T with 6 € (0, 1] sufficiently small

_ (o (HV)))
"B P PO i B () = N 2 (o () + hw(a(H@)))(v)( L d)
® S(N) is the group of permutations of {1, ..., N}
® For each o € S(N), let o(H(v)) := (ho(l)(v), RN ho.(,\,)(v)), veT

® ~(H(v)) ::min{mE {1,...,N}: d< X ﬁ}

® Foreach v € I, 5, k(H(v)) is real such that nk(H(v)) € (O7 1A chy((l:,((‘?)))) with a(H(v)) := ;Y:(lH(V)) h[%‘/) —d
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Main Result 2:

Comparison to Existing Results on Joint Continuity of Local Times

Ding, Peng and Xiao (2021)

References a Type Condition
Fractional Brownian sheets . i 1
2 Sufficient |d < mln{F;/E {1,...,N}}
Xiao and Zhang (2002) !
Linear fractional stable sheets 1 . N 1
min_ h;> <) | Sufficient d<> &
Ayache, Roueff and Xiao (2007) fe{t, N} =1
Multifractional Brownian sheets . N
2 Sufficient | d< > 0l forallveZ
Meerschaert, Wu and Xiao (2008) =1
Linear multifractional stable sheets N
I o I (0,2) Sufficient d<> )
Shen, Yu and Li (2020) =1 ez
(N, d)-LMSS 0,2 Suffici d< inf 35 L
(0,2] ufficient < nggm

Yujia Ding (CGU)




Main Result 3: Local Hélder Condition for Local Times of LMSS

Assume d < inf,ez 31, 1/hi(v), there exists ¢ > 0 such that with probability 1,

lim sup M <¢ for L(x,e)-almost all t€ T
r—0 we(r)
® ac(0,2]
« I=[cT"
® U(t,r) is the open ball with center t and radius r

® Scaling function: ¢;(r) := rB(H(t))(Iog(log(r’l)))N_B(H(t)), for r<e?

Y(H(®)
* B(H(D) = N=2(H(0) + oo % 7 — )
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