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10.1 A nonlinear stochastic heat equation

Consider a parabolic SPDE of the following form:

0 :
gut(x) = 1A, aur(x) 4 o (ur(x)) Wi(x), (1)
subject to up(x) := Uy for all x € R, for some non-negative

constant Uj.

In the above A, = —(—A)*/? denotes the fractional
Laplacian of index «/2, ¢ : R — R is non random and
Lipschitz continuous, and W denotes space-time white noise.

We assume 1 < o < 2. According to Dalang (1999), this
is a sufficient and necessary condition for (1) to have a mild
solution that is a random field.
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Let p;(x) denote the fundamental solution to the fractional
heat operator (0/0t) — 3A,/>. Then

pi(§) = exp (—1/£|*/2) (t>0,¢ €R).

The Plancherel theorem implies that: For all # > 0,

1 I'(1/c)
||Pl‘Hi2(R) = gHPtHiZ(R) = ot/
Moreover,
2'/°T(1/ar)
pi(0) = ilelﬂlgpz(x) = . (>0
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The linear case

When o = 1 and Uy = 0, the mild solution to (1) is given
by

vi(x) = / pi—s(y — x) W(dsdy). 2)
(0,f)xR

Then {v;(x)} is a continuous, centered Gaussian random
field, and many of its properties can be established (e.g.,
when o = 2, Swanson (2007),Tudor and X. (2007), Lai
and Nualart (2009), etc).

We will relate the local properties of {v;(x)} to those of the
solution to (1).
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General case: moment estimates

In general (1) is interpreted as

u(x) = Uy + /(o ) Rp,,s(y —x)o(us(y)) W(dsdy). (3)

We will make use of the following two results:

Lemma 10.1 [Dalang, 1999; Foondun and Khosh-
nevisan, 2009]

For all k € [2, 00) there exists a constant A 7 such that:

E (Ju/(x)[) <Acr;  and
E (|ut(x) — uy (x')] ) < Agr (| — x/|(e=Dk2 )y plo- 1)"/(20‘))

uniformly for all #,7 € [0, T] and x, X’ € R.
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When ¢ > 0 is fixed, Foondun, Khoshnevisan and Mah-
boubi (2015) have studied some properties of the function
x +— u,(x) by relating it to a fractional Brownian motion
through the Gaussian process {v;(x),x € R}.

Khoshnevisan, Swanson, X. and Zhang have considered
some properties of the function ¢ — u,(x), when x € R is
fixed.

By combining the results of the two papers, one can derive
some local properties of the sample function (7, x) — u,(x).

In the following, we will focus on the behavior of ¢ —
u;(x), when x € R is fixed, and present some results in
Khoshnevisan, Swanson, X. and Zhang.
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The BDG Inequality

For every t > 0, let .#? denote the o-algebra generated
by f(o xR Ps (y) W(dsdy) as ¢ ranges over all elements of

L*(R, x R). We complete every such o-algebra, and make
the filtration {.%,},>( right continuous.

The following BDG Inequality is Proposition 4.4 in Khosh-
nevisan (2014).
Lemma 10.2

If h € L*([0,7] x R) forallt > 0 and ® € £%? for some
£ > 0. Then, for every real number k € [2,00), we have

’ <4k/ ds/ dy [ ()20 )|

/ ha(3)4(y) W(ds dy)
(0,)xR
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10. 2 Approximation Theorems

Theorem 10.1 [KSXZ ]

Yim

Notation D.: For any ¢ > 0 and random field {X;(x) },;>0 1R,
denote

(DX)i(x) := Xiie(x) — X, (x) (t>0,xeR).

For every k € [2, 00) there exists a finite constant A 1 such
that uniformly foralle € (0,1),x € R,and ¢ € [0, T],

E (| (D) () — o (x)) (Dowi(x)[) < Arr e,

where
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Outlines of proof

For x € R fixed, we write the increment of ¢ — u,(x) as

Ure(x) — u(x) == 21+ 2, 4)

where

S = / Prie—s(y = x) = pis(y — x)] o (us(y)) W(ds dy);
(0,)) xR (5)

Frim [ paelr = 00 ) Widsdy)
(1,t+e) xR
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Step 1: Estimation of ¢,

Define

—~

= olu(x) /( b W)

Lemma 10.3

For every k € [2, 00) there exists a finite constant A,  such
that foralle € (0, 1),

sup sup E(‘/Z—Z

x€R 7€[0,T]

k
) < Air gla=ik/er (6)
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To prove (6), we first consider

Sam S= [ el = 0l () - olu()] Widsdy)

(1<) xR

By the BDG inequality and Lemma 10.1, we have

172 = Al
< 4k / ds / dy [rve sy — 0 o (s(y) = o(us(x)) 2

t+e [e'e)
<A / ds / 4y [Prees(y — 2 10s(y) — ()2

<A/ds/ dy ;)] (>~ " A1)

<A€al/a
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Next we consider ¢, — _#,. The same argument gives:

2

.
sz % 1KQ)

t+e [e'e) ) 5
SA/ m/ dy [prse s ()] 14 (2) — 06) 2

t —00

t+e

SA/ Prre sl Is — 1/ ds
t

S A€2(o¢—1)/o¢‘
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Step 2: Estimation of ¢,

Leta =2a/(3a—1) € (0,1), and write

1= Fia+ /1/,(;,

where

Fram [ =) = s = 9 ol 0) Wids ),
(0,t—e*) xR

A= / Prrecs(y — %) — prsly — )] o (s (») Wids dy).
(t—e*,r) xR
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By applying the BDG inequality and Lemma 10.1, one can
verify that

sup sup E(\/Iﬂ]k) §A5(9a+3o+—1)",

x€R 1€[0,T]

which is a lot smaller than A g9+,
To estimate _#| ,, we use the same strategy and introduce

= [ et = 0ol o)) Widsay),

Fra = o)) / Proesly — x) — prsly — )] W(ds dy).

(1—ea,t) xR

Note that the moments of u, ..(x)—u,(x) is negligible com-
pared with the main term.
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By the BDG inequality and Lemma 10.1, we can prove

Lemma 10.4

For every T > 0 and k € [2,00) there exists a finite con-
stant Ay 7 such that uniformly foralle € (0, 1), x € R, and
te[0,T],

< Ay et

Theorem 10.1 follows from Lemmas 10.3 and 10.4.
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From Theorem 10.1 and an interpolation argument, we can
derive the following result, which is useful for deriving lo-
cal properties of 7 — u,(x) from those of the Gaussian pro-
cess 1 — vy(x).

Theorem 10.2 [KSXZ]
ForallT >0,M > 0,and g € (0,G,),

E( sup sup sup |(Deu)(x) — U(ut(x))(st),(x)‘k> =0 (n),

t€[0,T] e€[0,n] x€[—M,M]

asn — 0.
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By a Borel-Cantelli argument, we obtain the following a.s.
uniform approximation bound:

Corollary 10.3
Forall T > 0,M > 0,and g € (0,G,),

sup sup  sup |(Deu)i(x) — o (u,(x))(Pev)i(x)] = 0 () ,

t€[0,T] e€[0,n] x€[—M,M]

as  — 07, almost surely.

Notice that G, > (a — 1)(2a), we derive from Corollary
10.3 and local properties of the Gaussian process ¢ — v(x)
the following results.
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10.3 Local Properties of the Solution

1. Law of the iterated logarithm
Theorem 10.4 [KSXZ]

Let x € R be fixed. The following hold almost surely:
Q Ifr > 0, then
) U e (x) — uy(x) _ 21/ (1/a)
higl:p gla=1)/@a), 2 Tog[loge| o((x)) (a—1)m
Q Ifr =0, then
: u-(x) — Uy B I'(1/a)
h?l(s)fp gle=1)/@a), /2 log[loge| 7(th) (a— 17
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2. Weighted variation

For any ¢t > 0 fixed and some integer n > 1, consider a
partition {tj;n};‘;o of [0, 7] by letting

tin =Jten, (0<j<k,:= Lg,:lj), tim =1,

with “mesh size” ¢,,.
For a fixed x € R, we consider the following function

kn—1

Vi x Zs@ 1y, (3)) - [, (6) = g, ()

Here, ¢ : R — R is a non random and Lipschitz continu-
ous function. When ¢ = 1, Vt("’“p) (x) is the “B-variation”
of the function s — u,(x), in [0, 7], where 3 := 2/ (av—1).
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Theorem 10.5 [KSXZ]

Choose and fix x € R, r > 0, and a non random and Lips-
chitz continuous function ¢ : R — R. Then,

i () = () [ 0 ) P2/ s

n—00

in L*(Q) as n — oo, where U(a) is an explicit constant
depending on «.

Moreover, if
Zgglozfl)/ﬁafl) < 00,
n=1

then the preceding can be strengthened to almost-sure con-
vergence.
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Thank You!
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