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Operator Scaling Gaussian Random Fields

A scalar valued random field {X(x)} cgo is called operator-scaling if for
some d X d matrix E with positive real parts of the eigenvalues and some
H > 0 we have

(X(Ex)beems 2 {c"X(x) ema forall ¢ >0, (1)

f.d. . C . . .
where ‘=" denotes equality of all finite-dimensional marginal distributions,

and c£ = exp(E log c) where exp(A) = "2 ’2—‘; is the matrix exponential.

If E is diagonizable matrix, Eu; = Aju;, for i =1,--- ,d, then
{X(ctu)}rer "2 {cM/N X (tu;) }eer for any ¢ > 0.
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Operator Scaling Gaussian Random Fields

Explicit covariance functions of operator scaling Gaussian random field
(OSGRF) were proposed by Bierme, H. and Lacaux, C. (2018). They
define a function

d

ven(x) = (Y [, ud ) for all x e RY, (2)

i=1

where H € (0,1], and {1/a; = X\; > 0, u;,i =1,2,--- ,d} are eigenvalues
and eigenvectors of a diagonizable matrix E.

(2) is a semi-variogram funtion for a centered Gaussian random field that
has operator scaling property (1).

Recall semi-variogram of X is defined by
1
ven(h) = SE(X(x+h) - X(x))?.
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(Al) ’UE,H(X) in (2) with H <1 and a; < ap,a1,a € (0, ].).
(A2) The matrix E in (1) is diagonizable with eigenvalues Ay # A1, and

[ cos@ sind A0 cosf) —sinf
E= (— sinf cosH) <0 )\2) (sin0 cos f ) ’ for 6 € (0, ).
By assumption (A2), X has self-similarity along the directions vy, up with
the Hurst indices hy = Hai(= H/A1), ho = Hax(= H/\2), respectively.

{X(ctuj)} ter L {cMX(tu;)}rer for any ¢ >0,j=1,2, (3)

where u; = (cosf, —sin ) and up = (sin 6, cos 0).
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Estimation Strategy

Below is a brief explanation on how we will proceed to estimate
parameters, u1, up, hy, ho.

First, using sample paths on the horizontal and vertical axis,
{X(t,0),X(0,t),t € [0,1]}, we obtain estimate of 6, §, and
01 = (cos @, —sinf), p = (sinf, cos ).

Second, using the sample paths on the estimated eigenvector directions,
{X(td1), X(tin),t € [0,1]}, and self-similar property, we obtain Hurst
estimates hj,j = 1,2.
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Estimation of Eigenvectors

Define for i =2,--- , n,

ViX(i/n) = X (’{)”) _ox (“ _01)/”) 4 X ((i _02)/”> NG

v = (i) <25 () + 5 (6 )

Note that {V1X(i/n),V2X(i/n),i =2,---, n} are stationary processes
for a fixed n.
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Estimation of Eigenvectors

Define , ,
= VaX(i/n) = VX(i/n)
P2 T T T ©)
and 03 := lim, var(n°t2MP,), 02 := lim, var(n5t2M Qp,).
Lemma (2.2)
Under the assumptions (Al, A2), P, and Q, are asymptotically
independent in a sense that opg := lim, n'T*Mcov(P,, Q,) = 0, and

5+2h (gn B gg") 4 N(0, ),

where 211 = 0"%, 222 = O‘é, 212 =0pQ = 0.
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Estimation of Eigenvectors

Define for i = 4,--- , n,
ViX(i/n) = X (i{)”) —2X ((i _02)/") +X ((i _04)/”) .

Let ) )
pr 30 ViX (/0

Y n—3
=4
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Estimation of Eigenvectors

Lemma (2.3)
Under the assumptions (Al, A2),
. P, EP, _
) %R, T
i) EP, (cosf & .
EQ, sin 6 B
O(nz("l_”)(sinz(”_hl) 0\ cos2(@th) 0/ sin*Mm 9)),
Px EP; _
fif) P " EP, Op(n™2),
: EP: 2h 2(a1—a2) oi2a: 2h
iv) §—2 1= O(n"'17%2)sin“®2 0/ cos“™ 6).
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Estimation of Eigenvectors

The estimation method for 6 is the following:
Step 1) Estimate 2h; by the ratio of P} and P,.

2hy = log (ﬁ-ﬁ)/ log 2. (7)

Step 2) Estimate § with 21 and 2.

e ((22)"), ®
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Estimation of Eigenvectors

Theorem (2.4)
Under the assumptions (Al, A2),

- 2a
. PO _ 2(a1—ap) sin 0 -5
I) 2h1 2/11 = Op (n =es C052h1 0 vV n ) (9)
i) 0, —0=0,(n*72) v n=5sin29). (10)
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Estimation of Hurst Indices

Define vector-valued functions F,, F,,, for any 0. € (0,7/2),
Fu,(0c) :==(cosbc,—sinbc),  Fu,(0c) = (sinf.,cosb.).
Our estimators for uj,j = 1,2, are

0y = Fu,(0,) = (cos B, —sinB,), o := Fyu(6,) = (sinf,,cosf,).

For an integer 2™ << n, and a vector u € [0, 1], |u| = 1, define
m , i—2omtl j—2m i
V™(u)X(i/n) =X — U —2X —u + X ou (11)

for i =2m+1 ... n.
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Estimation of Hurst Indices

Generalizing P, Qn in (6), define for any constant 6. € (0,7/2),

" VP(Fu,(0:))X(i/n)?
Pr(o) = 3 T FulXUn) (12
j=2m+1
" VP(Fu,(0:))X(i/n)?
Qp(ee) = Y2 Pl PXUI) 13)
j=2m+1
Since, A A
Py (6n) = P7(0),  Qp(0n) = Q'(6),
and

Pr(0) £ 22 PL(O),  Q(6) £ 22" PL(0),

(by self-similarity of X along the directions vy, u2)
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Estimation of Hurst Indices

we estimate h; and hy by log-regression of

{PP(@Bn)im=1,2,- £}, {QT(0,);m=1,2,--- 0}

on {2mlog2,m=1,2,--- {,}, respectively, for a fixed integer ¢, << n,
i.e.,
1 & 1 &
hy = > mzl wm logy Py (0n), hy = > mzl Wm logy @'(0n), (14)

ln Ln
where Y " Wy =0,y mwy, = 1.
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Estimation of Hurst Indices

For any integers m, m’, lim,, cov(n®t2m Pm (9;), n'5t2m pm(6,)) = 0.

Therefore, for any constant 6. € (0,7/2),

PR(0) — ER7(0)
oo |90 —EQEUD | o 1)
Q2(0) ~ EQY(0)

where Y* = (ZOQC g) , 2,2, are diagonal matrices.

P

o (250 (38) o

Q(0)
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Estimation of Hurst Indices

Since 0, is obtained from P, = P%(0), Q, = Q%(0), given 0, = 0.,

st2m ((PR(0c) — EPY(6c)
e (Qz”(ec) - EQ,T(HC)> —a N(0, 2p.)- (15)
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Estimation of Hurst Indices

For any constant 6. € (0,7/2), define
1 & 1 &
W= 5> wmlogs E(PT(0C)), o =5 wimlogs E(Q(60)).
m=1 m=1

Given that 6, = Oc, ﬁj converges to h}g‘, for j=1,2. Also, as 0, converges

to 0, hf" converges to h;, for j = 1,2.
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Estimation of Hurst Indices

Theorem (2.5)
In a fixed domain with the assumptions (Al, A2),

i)
|IA1 | = (’)p(n_'5_2h1 + n_z("’?_al)_"’?) if ap — a; > .25,
! H Op(n_'5_2h1 I n_(2+4"”2)(32_31)) if ap — a; < .25.

ii)

|i\72 — h2| = Op(n_'5_2h1 + n—(4al—2)(az—al)) if32 — al S .25, ai > 5.
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Estimation of Hurst Indices

proof. i) By (15) and the delta method, given 6, = 6., the estimator hy
behaves as follows:

n5+2m by — hle) =y N(0, 04,). (16)
Also, for hfc — h1, note that

E(V"’(Ful(9c))x(i/”)2> :8(bal(2’jmal> + 2a2(2§:2))H

H
(b 22(m+1)a N €2a2 22(m+1)a
a1 n2al 1 n232

C* 22mh1 1+ CazH 23222m(32 31) 2a1—2as + (232 2a1— 232) (17)
hl n2h1 Ch
1

where b, = (uiFm(eC))zalafl = UéFm(QC)a and
iy = (8~ 22 (uf oy (80)2 Gy — (B 22021 PhIFT) BT The st

equality follows by Taylor expansion. (17) implies that
h0c _ hl O( 2ap 2a1 232)
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Estimation of Hurst Indices

Therefore, combining (16-17),
by — | < by — |4 (B — | = Op(n™572m) 4 O(22n2=22). (1)

(18) was derived for fixed 0, = 0.

Since €1 = ujF,, (0.) = uj(cosbc, —sinb.), €1 varies with 0,, and it has
the order of (10). Therefore, €172n?#1~22 s of order n?(31—2)=2 or
n—(2+4a)(a2—a1) depending on whether ap — a; > .25 or ap — a1 < .25, and
the result follows.
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Estimation of Hurst Indices

ii) By (15) and the delta method, given 6, = 6.,
52 (hy — hle) =4 N(O, 0g,). (19)

For hgc — ho,
22mal 22m32 H
E(vm(Fu2( ))X(’/n) ) ( 281( n2a1 ) + b32< n2az ))
22(m+1)a; 22(m+1)a; H
2
2 (5 ) re(5)

— o 22mh2 14 CalH 23122m(31 a2) 2a,—2a; + (2a1 2ar— 231) (20)
T Tha\ 2k c;
2

where
b32 = (UéFuz(gc))2a2, € = uiFuz(ac), C;z = (8 _ 22h2+1)(uéFU2(0C))2h27
and &, = (8 — 22(81—az+h2)+1)b;-12—1.
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Estimation of Hurst Indices

By (19-20), for fixed . = 6.,
by — ha| < |hy — h%e| +|hSe — hy| = Op(n~572M2) 4 O(5 n?2721), (21
2 2 2

€2 = U} Fu,(0c) varies with 0, = 0., and it is of order n~(421-2)(22—a1) \yhen
a —a; <.25 and a; > .5, or divergent otherwise, therefore, the results
follow. [J
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Simulation method for OSGRF on a grid was developed by Bierme, H. and
Lacaux, C. (2018) when semi-variogram is (2) with diagonal matrix E.

However, since we have diagonizable matrix E, the algorithm cannot be
used.

Moreover, the samples we need for the whole estimation procedure do not
fit a grid in a fixed domain, since we need not only
{X(i/n,0),X(0,i/n),i =0,1,---,n}, but also

{X((i/n)a;),i =0,1,---,n,j = 1,2} which do not lie in
{X(i/n,j/n),i,j=0,1,--- n}.
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Instead, we take the following approach:
(1) From OSGRF with fixed parameters (6, h1, hp, H), we obtained two
sample paths,

{X(i/n,0),i=0,1,---,n},{X(0,i/n),i =0,1,---  n},

that are independent of each other.
(2) From sample paths in (1), € is obtained.
(3) Along the estimated directions i1, {», sample paths are obtained,

{X((i/n)ﬁl),i =0,1,.-- ,n},{X((i/n)ﬁg),i =0,1,---,n},

that are independent of each other and also independent of sample paths

in (1).
(4) Using the sample paths in (3), hy, by, are computed.
We repeat (1)-(4) with various parameters (6, hy, hy, H).
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@ We proceed (1)-(4) with n = 213 for each set of (6, hy, hy, H) where
0e{i/20%m/2,i=1,---,19} with various hy, hy, H, and obtain
and hy, by with m =1,2,3,4(= £,).

@ Sample paths were simulated by circulant embedding method
developed by Dietrich, C.R. and Newsam, G.N. (1997). This method
was independently applied to each sample path in (1) and (3), which
results in zero covariance between any two samples from different
sample paths. This is not assumed covariance in our model.

e However, P(61), P (6,) are asymptotically independent when
01 # 0. Since we only use P(0) from each sample path with
different @ for different sample path, our approach is justified to
investigate how estimators perform.
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Simulation Results
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Simulation Results
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Simulation Results
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Simulation Results
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Simulation Results
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Simulation Results
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