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* Laplace transforms of five infinitely divisible nonnegative random variables

Suppose that U is a nonnegative random variable,
v, o, (g, (p are positive constants, and a; < ap.

(i). (Biane, Pitman and Yor (2001)

)
Eexp(—Uw) = <S|nh (ovo) )U w>0.

(ii). (Biane, Pitman and Yor (2001))

Eexp(—Uw) = (cosh (av/w))™ ", w>0.

(iii). (Biane, Pitman and Yor (2001))

Eexp(—Uw) = (%)i w > 0.




(iv). (New, except for v =1 in Biane, Pitman and Yor (2001))

Eexp (— Uw) = (%) w>0.

(v). (New, except for v = 1 in Biane, Pitman and Yor (2001))

az sinh(a1v/w) \” "
ay sinh (az\/a)> =0
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Eexp(—Uw) = (




** Five Lévy processes {Z(x),x € [0,00)}

Suppose that v, o, a1, ap are positive constants, and a1 < asp.

(i). (Biane, Pitman and Yor (2001))

Bow(-2()0) = (=)

(ii). (Biane, Pitman and Yor (2001))

Eexp(—Z(x)w) = (cosh (av/w)) ™, w>0, x> 0.

(iii). (Biane, Pitman and Yor (2001))

Eexp(—Z(x)w):(%) , w>0, x>0.




(iv). (New)

Eexp(—Z(x)w):(%) , w>0, x>0.

(v). (New)

Eexp(—Z(x)w) = (%) . w>0, x>0.




* x = Five elliptically contoured random fields {Z(x), x € D}

Z(x) = vV2UY(x) + u(x), xeD,

where U is a nonnegative random variable with one of the five Laplace transforms,
{Y(x),x € D} is a Gaussian random field
with mean 0 and covariance function C(xy, x2),
U and {Y(x),x € D} are independent,
and u(x) is a (non-random) function on .

Finite-dimensional characteristic functions

n

E (szkZ(xk)) = exp <szk,u(xk)> Ly (ZZw;C(x,-,xﬂug) ,
k=1 k=1

i=1 j=1
Wi, ...,wp €R,

where £y(w) is the Laplace transform of U.




(i). A generalized logistic random field

1
n n 2
a (Z Z w,-C(x,-,xJ-)w_,->

i=1 j=1

1 9
n n 2
sinh (a (Z Z w! C(x;,)g)w,-) >
i=1 j=1

E (l kiIWkZ(Xk)> = exp (l él wkM(Xk)>

Special case v =1

A logistic random field
Balakrishnan, Ma, and Wang ( 2015).




(ii). A hyperbolic secant random field

exp <l Zn: wku(Xk))
k=1

L) T

i=1 j=1

wi,...,wp ER

(iii). A hyperbolic tangent random field
1

v
n n 2

tanh (a (Z Z w,—C(x,-,xj)wj> )
i=1 j=1

n n %
a (Z Z w;C(x,-,Xj)wj>

i=1 j=1

E (z kilwkZ(Xk)> =exp (l él wkM(Xk)>

Wi,...,wp €ER




(iv). A hyperbolic cosine ratio random field

B (1 3 wnzm)) = o0 (1 £ wnnto)

1 v
cosh <a1 (XH: Zn: wiC(XhXj)wi> 2)
i=1 j=1

I
n n 2
cosh (ch (Z Z w,—C(x,-,Xj)wj)
i=1 j=1

Wi,...,wpn €ER

(v). A hyperbolic sine ratio random field

I
n n 2
oy sinh | <z Z w/'C(Xian)wj)

i=1 j=1

E (z kil wkZ(Xk)) = exp <z kzl:l ww()q()) azsinh Eal (;;wic(xw)wj) ;

Wi,...,wp €ER




Peakedness comparison

For two real-valued random fields {Zx(x), x € D} whose finite-dimensional
distributions are symmetric about pk(x) (k = 1,2), we say that {Z1(x),x € D} is
more peaked about p1(x) than {Z,(x), x € D} about uz(x), and denote it by

{Zi(x) = pa(x), x €D} = {Z(x) - pa(x), x € D}, if

P((Z1(x1) — pa(xa), - - - Z1(xa) — pa(xn))" € An)
> P((Za(x1) — p2(xa)s - - -, Z2(xn) — p2(xn))" € An)

holds for every n € N, any x, € D (k=1,...,n), and any A, € «,, where <7,
denotes the class of compact, convex, and symmetric (about the origin) sets in
R", and N is the set of positive integers. (Wang and Ma (2018))

Tail comparison, heavy-tail  ( Birnbaum (1948), Olkin and Tong (1988))

A Student’s t distribution is more heavy-tailed than a standard normal
distribution, but a Student's t random field and a Gaussian random field are not
comparable in terms of the peakedness.



Compare two elliptically contoured random fields of hyperbolic type

Zk(X) = \/2UkY(X)+LLk(X), x €D,

where U is a positive random variable with Laplace transform of hyperbolic type,
{Y(x),x € D} is a Gaussian random field with mean 0 and covariance function
C(x1,x2), {Y(x),x € D} and Uy are independent each other, and p(x) is a
(non-random) function on D, k =1, 2.

e Let Uy be a positive random variable with Laplace transform
E exp(—Uyw) = (cosh (axv/w)) ™™, w >0,

respectively, where o and vy are positive constants, k = 1,2.
(i) If aq < ap and vy < 1y, then
P
{Z1(x) — pa(x),x € D} = {Za(x) — p2(x), x € D}.

P
(ii) Let {Z1(x) — pa(x),x € D} = {Za(x) — pa(x),x € D}. If
a1 = ap, then v; < 1y; and if vy = 1y, then a1 < as.




e Let Uy be a positive random variable with Laplace transform

B exp(—Uyw) = (m) w >0,

respectively, where o and vy are positive constants, k = 1,2.
(i) If aq < ap and vy < 1y, then
P
{Z1(x) = ja(x), x € D} 2 {Zo(x) - ia(x), x € D}.

P
(ii) Let {Z1(x) — pa(x),x € D} = {Za(x) — pa(x),x € D}. If
a1 = ap, then 11 < 1y; and if vy = 1y, then a1 < as.




e Suppose that Uy, U, and Us are positive random variables with Laplace
transform

Bexp(-Use) = (cosh (01) ", Bespl—tw) = (ot = )

and

E exp(— Usw) = (ta“h(o‘“/@)w, w>0

Can -
respectively, where oy and vy are positive constants (k = 1,2, 3).
(1) If ar < % and vy < 1y, then
{Zi(x) — ju(x), x € D} 2 {Za(x) — ua(x), x € D},

(ii) Let {Zi(x) — pa(x), x € D} ip {Z(x) — pa(x), x € D}. If
3a; = ap, then 1y < 1p; and if 11 = vy, then a; < 22

9

(iii) If aq = a3 and v; = v3, then

{Z1(x) = ma(x), x € D} = {Z5(x) - ps(x),x € D}.




e Let ay and v, (k =1,2) are positive constants, and oy < as. J

If U; and U, are positive random variables with Laplace transform

E exp(— Urw) = (M) F exp(— Uw) = (M) w0,

respectively, then {Z1(x) — i1 (x), x € D} = {Za(x) — pa(x), x € D} if and only if
11 S Vo,

4

If Uy and U, are positive random variables with Laplace transform

_ (azsinh (a1y/w) “ _ (azsinh (a1y/w) V2
ent-ve) = (Cienm) - Ferte= (Gem)

respectively, then {Z1(x) — p1(x),x € D} = {Za(x) — pia(x), x € D} if and only if
%1 S V.

4




Assume that U; and U, are positive random variables with Laplace transform

cosh (a1 /w) ag sinh (a/w) ) 2 ’

me-0) = () Beev - (R

P
respectively. If v; < s, then {Z1(x) — p1(x),x € D} = {Za(x) — p2(x),x € D}.

Conversely, if {Zy(x) — u1(x), x € D} = {Za(x) — pia(x), x € D}, then vy < 2.




