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(a) Let A € C**" be unitary, Hermitian and positive definite. Show that A = I.
(b) Prove that if H is Hermitian and nonnegative semidefinite then there exists a
Hermitian nonnegative semidefinite matrix G such that G*> = H.

The spectral radius of A € C"*" is defined by
p(A) = max{|\| : A an eigenvalue of A}.

Show that

(a) p(A) < ||A|| for every matrix norm || - || that is induced by a norm on C".
(b) if A is normal then ||A|| = p(A), when || - || is induced by || - || on C".

(1)()-(0)

Assume that |¢| < 1. Solve the system by using the LU decomposition with and
without partial pivoting and adopting the following rounding off model (at all stages
of the computation!):

Consider the system

a+be=a (fora##D0),
a+b/e=0b/e (for b#0)).

Find the exact solution, compare and make comments.

Let A €¢ R™™ and B € R™™,.

(a) Let AB have minimal polynomial mq(x), and let BA have minimal polynomial
ms(z). Prove that one of the following holds: my(z) = ma(z), m(x) = zma(x),
or mao(x) = xmy(x),

(b) Let AB be nonsingular. Prove that AB is diagonalizable if and only if BA is
diagonalizable.

(a) Given x = (2,2,1)7, find an orthogonal matrix @ such that @Qx is parallel to
e; = (1,0,0)7.

(b) Find an orthogonal matrix () and an upper triangular matrix R such that A =

@R, where
1
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0
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6. For any X = (z;5),Y = (y;;) € R™*", define

(X,Y) = > 2y

,j=1

(a) Prove that (-,-) is an inner product on R"™*".

(b) Given A € R™*", define L : R™™ — R™" by L(X) = AX, X € R™". Show
that L is a linear operator and determine its adjoint with respect to the inner
product defined in part (a).

7. Let A € R™" be a symmetric matrix with eigenvalues such that [A;| > [Ag| > -+ >
|An_1] > |An]. Suppose z € R™ with z7x; # 0, where Ax; = \;x;. Prove that, for
some constant C

AFz
lim — = Cx;

and use this result to devise a reliable algorithm for computing A\; and x;. Explain
how the calculation should be modified to obtain (a) A, and (b) the eigenvalue closest
to 2.

8. Consider the matrix

(a) Determine the singular value decomposition (SVD) of A in the form A = UXV7.
(b) Compute the condition number xo(AT A) using the SVD of A.



