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ABSTRACT

THIS PAPER DESCRIBES ANALYTICAL METHODS
THAT CAN BE USED TO DETERMINE THE
DEFLECTIONS AND STRESSES |IN HIGHLY
COMPLIANT GRAPHITE-REINFORCED
CEMENTITIOUS COMPOSITES. IT IS
DEMONSTRATED THAT THE STANDARD
TRANSFORM SECTION METHOD FAILS TO
PROVIDE ACCURATE RESULTS WHEN THE
ELASTIC MODULUS RATIO EXCEEDS 20. SO AN
ALTERNATE APPROACH IS FORMULATED BY
USING THE RULE OF MIXTURES TO DETERMINE
A SET OF EFFECTIVE MATERIAL PROPERTIES
FOR THE COMPOSITE. TENSILE TESTS ARE
CONDUCTED ON COMPOSITE SAMPLES TO
VERIFY THIS APPROACH; AND, WHEN THE
EFFECTIVE MATERIAL PROPERTIES ARE USED
TO CHARACTERIZE THE DEFLECTIONS OF

COMPOSITE BEAMS SUBJECTED TO PURE
BENDING, AN EXCELLENT AGREEMENT IS
OBTAINED.

LAMINATED COMPOSITE PLATE THEORY IS ALSO
INVESTIGATED AS A MEANS FOR ANALYZING
EVEN MORE COMPLEX COMPOSITES,
CONSISTING OF MULTIPLE GRAPHITE LAYERS
ORIENTED IN DIFFERENT DIRECTIONS. IN THIS
CASE, COMPOSITE BEAMS ARE ANALYZED BY
INCORPORATING MATERIAL PROPERTIES
ESTABLISHED FROM TENSILE TESTS. FINITE
ELEMENT MODELING IS USED TO VERIFY THE
RESULTS AND, CONSIDERING THE COMPLEXITY
OF THE SAMPLES, A VERY GOOD AGREEMENT IS
OBTAINED.

INTRODUCTION
STRATEGICALLY EMBEDDING LAYERS OF
GRAPHITE MESH IN A HIGHLY COMPLIANT
CEMENTITIOUS MATRIX PRODUCES A
COMPOSITE MATERIAL WITH RELATIVELY HIGH

TENSION AND COMPRESSIVE PROPERTIES AS
COMPARED TO STEEL-REINFORCED
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STRUCTURES FABRICATED FROM A STANDARD
CONCRETE MIX. [1] ALTHOUGH THESE
COMPOSITE SYSTEMS ARE SOMEWHAT SIMILAR,
THE METHODS USED TO ANALYZE STEEL-
REINFORCED COMPOSITES OFTEN FAIL TO
CHARACTERIZE THE BEHAVIOR OF THEIR MORE
ADVANCED GRAPHITE REINFORCED
COUNTERPARTS. SINCE ONLY A FEW
INVESTIGATIONS HAVE BEEN CARRIED OUT ON
THE MATERIALS IN QUESTION, THERE IS A
PRESSING NEED TO DEVELOP ANALYSES TOOLS
SUITABLE FOR DESIGN PURPOSES.

OVERVIEW OF TEST PROGRAM

A FINITE ELEMENT MODEL OF A MULTI-LAYERED
COMPOSITE BEAM WAS PRODUCED AND RUN
WITH BOUNDARY CONDITIONS FOR A BEAM IN
PURE BENDING. THE SAME BEAM WAS
ANALYZED USING THE TRANSFORM SECTION
METHOD. THE ELASTIC MODULUS RATIO WAS
VARIED FROM 1 TO 80 FOR EACH ANALYTICAL
METHOD.

THE RESULTS OF THE ANALYSES DIVERGED AS
THE ELASTIC MODULUS RATIO INCREASED, AND
THE OBSERVATION WAS MADE THAT THE
TRADITIONAL TRANSFORM SECTION METHOD OF
ANALYSIS DOES NOT WORK WELL FOR RATIOS
GREATER THAN 20.

THE NEXT STEP WAS TO DESIGN, PRODUCE,
INSTRUMENT, AND TEST A NUMBER OF HIGHLY
COMPLIANT GRAPHITE REINFORCED
CEMENTITIOUS COMPOSITE SPECIMENS.

A RELATIVELY FLEXIBLE CONCRETE WAS
DESIGNED WITH THE FOLLOWING MIX
PROPORTIONS: PORTLAND CEMENT (393
KG/M®), LATEX (78.2 KG/M>), ACRYLIC FORTIFIER
(24.3 KG/M®), MICRO-BALLOONS (154 KG/M?),
AND WATER (247 KG/M®). THE AIR CONTENT BY
VOLUME IN A STANDARD COMPRESSION TEST
CYLINDER WAS 14 PERCENT AND THE WATER



TO CEMENT RATIO OF THE MIX WAS 1.19.
TENSION AND COMPRESSION TESTS REVEALED
28-DAY TENSILE AND COMPRESSIVE
STRENGTHS OF 1.77 MPA AND 4.80 MPA,
RESPECTIVELY. THE ELASTIC MODULUS AND
POISSON’S RATIO WERE 0.8 GPA AND 0.28,
RESPECTIVELY.

THE COMPOSITE SAMPLES WERE REINFORCED
WITH A LAYER OF A NON-IMPREGNATED
GRAPHITE MESH HAVING 3K FIBERS PER TOW
SPACED AT 3.18 MM INTERVALS. EACH TOW
WAS 0.19 MM THICK BY 1.07 MM WIDE. THE
FIBERS WERE HELD IN PLACE USING 0.08 MM
DIAMETER KEVLAR STRANDS. THE ELASTIC
MODULUS AND TENSILE STRENGTH OF THE
GRAPHITE WERE 231 GPA AND 3.65 GPA,
RESPECTIVELY.

A PLEXIGLAS MOLD WAS USED WITH A
GRAPHITE TENSIONING DEVICE TO PRODUCE A
2.54 MM THICK “COOKIE” SHEET OF COMPOSITE
MATERIAL HAVING A SINGLE LAYER OF MESH
POSITIONED IN THE CENTER. POROSITY WAS
CONTROLLED BY WORKING WITH SMALL
AMOUNTS OF CEMENTITIOUS MATERIAL AND
FLOATING IT IN THE MOLD. THE COOKIE SHEET
WAS CUT INTO 5 CM WIDE BY 35 CM LONG
STRIPS USING A BAND SAW. THE STRIPS WERE
MACHINED USING A ROUTER AND TEMPLATE
INTO TEST SPECIMENS HAVING GEOMETRIES
THAT MATCHED ASTM COMPOSITE STANDARDS.
THE SPECIMENS WERE SANDED TO ADJUST THE
THICKNESS AND POLISH THEIR SURFACES.
THEN, STRAIN GAGES WERE ATTACHED TO THE
FRONT AND BACK SURFACES TO ACCOUNT FOR
BENDING AND/OR TWIST.

AFTER “PATH-FINDER” SPECIMENS WERE USED
TO VERIFY THE TEST PROCEDURE AND
INSTRUMENTATION, TENSILE TESTS WERE
CONDUCTED TO DETERMINE THE ELASTIC
MODULUS (2.8 GPA) AND POISSON’S RATIO
(0.14). loSIPESCU SPECIMENS WERE USED TO
DETERMINE THE SHEAR MODULUS (517 MPA).

THE RULE OF MIXTURES WAS APPLIED IN AN
ATTEMPT TO PREDICT THESE EFFECTIVE
MATERIAL PROPERTIES. AS A RESULT, IT WAS
DEMONSTRATED THAT A MODIFIED TRANSFORM
SECTION APPROACH COULD BE USED TO
ANALYZE SIMPLE COMPOSITE BEAMS.

A MATHCAD SOLUTION SHEET WAS DEVELOPED
TO MAKE THE REQUIRED CALCULATIONS.
WHEN THE MATERIAL PROPERTIES PREDICTED
BY THE RULE OF MIXTURES WERE COMPARED
TO TEST DATA, IT WAS FOUND THAT THE
ELASTIC MODULUS IN THE DIRECTION OF
LOADING, Ex, COMPARED WELL TO THE TEST

DATA. HOWEVER, POISSON’S RATIO, THE
SHEAR MODULUS, AND THE TRANSVERSE
MoODULUS, Ey, DID NOT COMPARE WELL. THIS
RESULT WAS SOMEWHAT ANTICIPATED, SINCE
OTHER INVESTIGATORS HAVE REPORTED THIS
TREND WHILE STUDYING COMPOSITE LAY-UPS
MADE FROM TRADITIONAL MATERIALS.

A MODIFIED TRANSFORM SECTION APPROACH
WAS DEVELOPED USING THE Ex VALUE
OBTAINED FROM THE RULE OF MIXTURES, AND
THE APPROACH WAS USED TO PREDICT THE
DEFLECTION OF A COMPOSITE BEAM IN PURE
BENDING CONSTRUCTED USING A SINGLE
LAYER OF GRAPHITE REINFORCEMENT. THEN,
A SIMILAR APPROACH WAS USED TO ANALYZE A
MULTIPLE LAYERED BEAM SUBJECTED TO PURE
BENDING. FINALLY, THE APPROACH WAS
EXTENDED TO INCLUDE NONLINEAR MATERIAL
PROPERTIES. ALL OF THE RESULTS OBTAINED
COMPARED WELL TO TEST DATA.

THE NEXT STEP IN THE TEST PROGRAM WAS TO
APPLY LAMINATED COMPOSITE PLATE THEORY
TO HIGHLY COMPLIANT GRAPHITE REINFORCED
LAY-UPS, AND MAKE COMPARISONS WITH TEST
DATA AND FINITE ELEMENT ANALYSES.

A MATHCAD SOLUTION SHEET WAS DEVELOPED
TO MAKE THE REQUIRED CALCULATIONS.
WHEN THE METHOD WAS APPLIED TO A
COMPOSITE PLATE WITH KNOWN MATERIAL
PROPERTIES, THE RESULTS WERE FOUND TO
BE MORE ACCURATE THAT THOSE DERIVED
USING OTHER WELL ESTABLISHED SOLUTION
METHODS. ButT THE MATHCAD RESULTS
AGREED WELL WITH THOSE OBTAINED USING A
VERY RELIABLE MSC/NASTRAN MODEL. THE
METHOD FOR ANALYZING BEAMS WITH VARIOUS
PLY ANGLES AND LAY-UPS IS DESCRIBED
BELOW.

COMPOSITE LAMINATED PLATE THEORY

THE CONSTITUTIVE EQUATIONS FOR GRAPHITE
REINFORCED CEMENTITIOUS LAMINATED
PLATES WERE DERIVED FROM CLASSICAL
LAMINATED PLATE THEORY. THE RESULTING
EQUATIONS REQUIRED THE SIMULTANEOUS
SOLUTION OF THE FOLLOWING 6X6 MATRIX:
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N,, N, , and N, =ForceinXx,y, and xy direction, respectively.
M., M , and M = Momentabout x, y, and Xy axis, respectively.
g, = Midplane Strain in x direction.

&,, = Midplane Strain iny direction.

Yoy = Midplane Shear Strain in xy direction.

= Plate Curvature along the x direction.

= Plate Curvature along the y direction.

= Plate Curvature along the xy direction.

= Extensional Stiffness Matrix.

= Coupling Stiffness Matrix.

O @ » X X X

= Bending Stiffness Matrix.

THE SYSTEM REPRESENTS SIX EQUATIONS
WITH SIX UNKNOWNS. THE A, B AND D MATRIX
ARE DERIVED FROM THE ORIENTATION AND THE
LAY-UP OF THE COMPOSITE BEAM. THE FORCE
AND MOMENT MATRIX IS DEFINED BY LIMIT

LOADS IN ORDER TO SOLVE FOR THE
REMAINING UNKNOWNS. To FIND THE
EFFECTIVE ELASTIC MODULUS IN THE X

DIRECTION, E,, FOR EXAMPLE, IT IS ASSUMED
THAT A UNIT FORCE IS APPLIED IN THAT
DIRECTION. THEN, THE SYSTEM OF EQUATIONS
IS SOLVED FOR THE MID-PLANE STRAINS AND
CURVATURES.

PREVIOUS AUTHORS [2,3] HAVE REDUCED THIS
SYSTEM OF EQUATIONS BY ELIMINATING TERMS
THAT ARE NOT ON THE DIAGONAL OF THE
MATRIX. WE ACHIEVED AN INCREASE IN
ACCURACY BY INCLUDING ALL THE TERMS IN A
RIGOROUS SOLUTION OF THE SYSTEM. OUR
TECHNIQUE IS APPLICABLE TO BOTH
SYMMETRIC AND NON-SYMMETRIC COMPOSITE
LAY-UPS.

AS MENTIONED PREVIOUSLY, A MATHCAD [4]
SOLUTION SHEET WAS TO USED TO PERFORM
THE CALCULATIONS. THE EFFECTIVE ELASTIC
MODULI IN THE X AND Y DIRECTIONS ARE GIVEN
FROM THE CONSTITUTIVE EQUATIONS:

where t = beam thickness.
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SIMILARLY, THE SHEAR MODULUS IS GIVEN BY
THE EQUATION:
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THE NORMAL AND SHEAR STRAINS IN THE
ABOVE EQUATIONS CORRESPOND TO MID-PLANE
VALUES.
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THREE GRAPHITE REINFORCED CEMENTITIOUS
BEAMS WERE PRODUCED TO VERIFY THE
RESULTS OF THE SOLUTION TECHNIQUE. AS
ILLUSTRATED IN THE SCHEMATIC SHOWN
BELOW, THE BEAMS CONSISTED OF TWO
LAYERS OF MESH CONFINED WITHIN THE
CEMENTITIOUS MATRIX.
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THE MESH HAS THE SAME ELASTIC MODULUS
IN THE X AND Y DIRECTIONS. HOWEVER,
BECAUSE OF THE VERY LARGE DIFFERENCE IN
STIFFNESS BETWEEN THE MATRIX AND THE
GRAPHITE (~300), ROTATING THE MESH
CHANGES THE EFFECTIVE MODULUS OF THE
COMPOSITE SIGNIFICANTLY. A PHOTOGRAPH
OF A TYPICAL SPECIMEN IS SHOWN BELOW.




THE ORIENTATION OF THE GRAPHITE
REINFORCEMENT IS [90,90]IN THE FIRST BEAM,
[45,45] IN THE SECOND BEAM AND [45,90] FOR
THE THIRD BEAM. THE DIMENSIONS OF A BEAM
AFTER SANDING ARE 22.86 CM LONG, 2.84 CM
WIDE AND APPROXIMATELY 0.635 CM THICK.
SINCE THE CONSTRUCTION PROCESS WAS NOT
EXACT, SMALL VARIATIONS IN ORIENTATION
AND THICKNESS WERE PRESENT.

As ILLUSTRATED IN THE FOLLOWING
PHOTOGRAPH, EACH BEAM WAS SUBJECTED TO
FOUR-POINT BENDING. THE ENDS OF THE
BEAMS WERE PLACED ON ROLLERS TO
PRODUCE THE DESIRED BOUNDARY
CONDITIONS. BEAM DEFLECTION DATA WAS
MEASURED USING A DIAL GAGE LOCATED AT
THE CENTER OF EACH BEAM.

INCREMENTAL

LOADS WERE
PRODUCE A LOAD VS. DEFLECTION CURVE, AND

APPLIED TO

THE LOAD DATA CORRECTED FOR THE
VARIATION IN THICKNESS AMONG THE TEST
ARTICLES.

AS SHOWN IN THE FOLLOWING PLOT, BEAM 1
[90,90] IS MUCH STIFFER THAN BEAM 2
[45,45]. As EXPECTED, BEAM 3 [45,90] HAS A
STIFFNESS VALUE BETWEEN BEAM 1 AND BEAM
2. THE FACT THAT THE 45° LAYER IS ON THE
TENSION SIDE IN BEAM 3 MAY EXPLAIN WHY
THE BEHAVIOR IS CLOSE TO THAT OF BEAM 2.

Load vs. Deflection
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THE RESULTS OF THE COMPOSITE BEAM TESTS
WERE COMPARED TO ANALYTICAL RESULTS
BASED ON THE EFFECTIVE ELASTIC MODULUS
VALUES CALCULATED FROM THE CONSTITUTIVE
EQUATIONS PRESENTED PREVIOUSLY. To
ACHIEVE THIS, AN ELASTIC BEAM EQUATION
WAS DEVELOPED TO CALCULATE THE BEAM
DEFLECTIONS CORRESPONDING TO LOADING
AND GEOMETRY AT HAND. A MATHCAD
SOLUTION SHEET WAS USED TO DETERMINE
THE INTEGRATION CONSTANTS AND PERFORM
THE CALCULATIONS REQUIRED TO SOLVE THE
ELASTIC BEAM EQUATION. THE FOLLOWING IS
AN EXAMPLE OF A TYPICAL CALCULATION.

1(P ,
y,(x) =—|—ax +C x +C,
El \2

E =344 GPa, P=172N

_bh® _ (0.302) 0.006731)°

=767x10 °m*
12 12
x =0.111 m
kg m’ kg m*
C, = -0.07289———, C, =0.00063——
s s
y, = —1.29 mm

AS SHOWN IN THE FOLLOWING PLOT, THE
PREDICTED DEFLECTIONS FOR BEAM 1 [90,90]
ARE IN GOOD AGREEMENT WITH THE TEST
RESULTS. THE EFFECTIVE ELASTIC MODULUS
USED IN THE PREDICTIONS, E, = 2.84 GPA,
ADEQUATELY PREDICTED THE BEHAVIOR OF
THIS TWO-LAYER COMPOSITE.



Predicted vs. Test Results
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—e— Beam 345/90 —— Predicted

20

18
16 —
14
Z 12 //
5 10 /‘
6 P 4
La™
4
2
0

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75

Deflection (mm)

THE TEST DATA FOR BEAM 2 [45,45] ALSO
COMPARED VERY WELL WITH THE TEST
RESULTS.

Predicted vs. Test Results
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THE EFFECTIVE ELASTIC MODULUS
CALCULATED FOR THIS BEAM, E, = 1.72 GPA,
INDICATES THAT THE SOLUTION METHODS FOR
THE CONSTITUTIVE EQUATIONS REMAIN
ACCURATE REGARDLESS OF THE ORIENTATION
OF THE COMPOSITE LAYERS.

THE TEST DATA FOR BEAM 3 [45,90] ALSO
COMPARED VERY WELL WITH THE TEST
RESULTS. THIS IS SIGNIFICANT, SINCE THE
LAY-UP IS NON-SYMMETRICAL. THE EFFECTIVE
ELASTIC MODULUS CALCULATED FOR THIS
BEAM, E, = 2.29 GPA, WAS COMPUTED USING
THE SAME METHOD APPLIED TO OBTAIN THOSE
CORRESPONDING TO THE SYMMETRIC CASES.

CONCLUSION

HIGHLY COMPLIANT GRAPHITE REINFORCED
COMPOSITES CAN BE PRODUCED BY PLACING A
RELATIVELY FLEXIBLE CONCRETE OVER A STIFF
MESH. THE STRESS CAN BE DRIVEN FROM THE
CEMENTITIOUS MATRIX TO THE
REINFORCEMENT BY ADJUSTING THE GEOMETRY
AND THE SYSTEM DESIGNED TO ABSORB OR
STORE LARGE AMOUNTS OF STRAIN ENERGY.
ALTHOUGH THE STRUCTURAL BEHAVIOR OF
THESE COMPOSITES IS SOMEWHAT DIFFERENT
FROM THAT OF TRADITIONAL COMPOSITES, IT
CAN BE STUDIED BY USING A MODIFIED
TRANSFORM SECTION METHOD OR COMPOSITE
LAMINATED PLATE THEORY.
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