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Abstract

Let {{XH(I),t € RN}, H € (0, I)N} be a family of (N, d)-anisotropic Gaussian random fields with

generalized Hurst indices H = (Hy, ..., Hy) € (0, DN Under certain general conditions, we prove
that the local time of {X H° (1),t € RN } is jointly continuous whenever Zévzl 1/ Hé) > d. Moreover we
show that, when H approaches H 0. the law of the local times of X% (¢) converges weakly [in the space

of continuous functions] to that of the local time of X H 0. The latter theorem generalizes the result of [M.
Jolis, N. Viles, Continuity in law with respect to the Hurst parameter of the local time of the fractional
Brownian motion, J. Theoret. Probab. 20 (2007) 133-152] for one-parameter fractional Brownian motions
with values in R to a wide class of (N, d)-Gaussian random fields. The main argument of this paper relies
on the recently developed sectorial local nondeterminism for anisotropic Gaussian random fields.

© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Gaussian random fields have been extensively studied in probability theory and applied
in many scientific areas including physics, engineering, hydrology, biology, economics, just
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to mention a few. Since many data sets from various areas such as image processing,
hydrology, geostatistics and spatial statistics have anisotropic nature in the sense that they have
different geometric and probabilistic characteristics along different directions, many authors
have proposed applying anisotropic Gaussian random fields as more realistic models. See, for
example, [1-4].

Several classes of anisotropic Gaussian random fields have been introduced and studied for
theoretical and application purposes. For example, Kamont [5] introduced fractional Brownian
sheets and studied some of their regularity properties. Benassi et al. [6] and Bonami and Estrade
[3] considered some anisotropic Gaussian random fields with stationary increments. Anisotropic
Gaussian random fields also arise naturally in stochastic partial differential equations (see,
e.g., [7-10]), in studying the most visited sites of symmetric Markov processes [11], and as
spatial or spatiotemporal models in statistics (e.g., [2,12,13]).

Many of these anisotropic Gaussian random fields are governed by their generalized Hurst
indices H € (0, 1)" (see Section 2 for the definition of a generalized Hurst index). People often
have to use a statistical estimate of the index H in practice since the exact value of the index
is unknown in general. Therefore, a justification of the use of a model is needed in application
with an unknown H. Motivated by this purpose, Jolis and Viles [14] investigated the continuity
in law with respect to the Hurst parameter of the local time of real-valued fractional Brownian
motions. They proved that the law of the local times of the fractional Brownian motions with
Hurst index o converges weakly to that of the local time of fractional Brownian motion with
Hurst index o, when « tends to «g. However, the method they developed there depends heavily
on the one-parameter setting and the explicit covariance structure of fractional Brownian motion.
It seems hard to apply the method of Jolis and Viles [14] to Gaussian random fields, where “time”
parameters are vectors and their covariance structures are more complicated in general.

The main objective of this paper is to provide a general method for studying the continuity
of the laws of the local times of Gaussian random fields. More precisely, we prove that, under
some mild conditions, the law (in the space of continuous functions) of the local times of (N, d)-
anisotropic Gaussian random fields with generalized Hurst indices H converges weakly to that
of the local time of an (N, d)-anisotropic Gaussian field with index H®, when H approaches
HY. Our result generalizes the result of Jolis and Viles [14] for real-valued fractional Brownian
motion to a wide class of (N, d)-anisotropic Gaussian random fields, including fractional
Brownian sheets, anisotropic Gaussian fields with stationary increments and the spatiotemporal
models in [12,13]. The main ingredient we use in our proof is the recently developed properties
of sectorial local nondeterminism for anisotropic Gaussian random fields, see [15—-17].

The rest of this paper is organized as follows. Section 2 states the general condition
(i.e., Condition A) on Gaussian random fields under investigation. We show that these conditions
are satisfied by several classes of Gaussian random fields which are of importance in theory
and/or in applications. In Section 3, we recall the definition of local times of vector fields and
prove the existence and joint continuity of the local times of Gaussian random fields satisfying
Condition A. The key estimate for this paper is stated as Lemma 3.2. In Section 4, we prove
the tightness of the laws of local time {L¥} as H belongs to a neighborhood of a fixed index
H® € (0, ). In Section 5, we study the convergence in law of local times of the family of
Gaussian random fields satisfying Condition A. Finally, we give the proof of our key lemma,
Lemma 3.2, in Section 6.

Throughout this paper, we use (-, -) and | - | to denote the ordinary scalar product and the
Euclidean norm in R™ respectively, no matter what the value of the integer m is. In Section i,
unspecified positive and finite constants i will be numbered as ¢; 1, ¢; 2, . . ..
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2. General assumptions and examples

For a fixed vector H = (H,, ..., Hy) € (0, DV, let X! = {x[ (1), € R"} be a real-
valued, centered Gaussian random field with X 6’ (0) = 0 a.s. Denote
2

o2(s, t: H) =E[Xg’(s)—x(§’(t)] 5.t € RV Q.1

Let I C RY be a closed interval in RY. We say a family of Gaussian random fields
{X(I)L] , H e (0, l)N } satisfies Condition A on [ if the following three conditions hold:

Condition Al. Forall s, t € I, 02(s, t; H) is continuous in H € (0, l)N.

Condition A2. There exist positive continuous functions (in H) c1,1(H), ..., c1,4(H) such that
foralls,t el
ci1(H) <020, H) < c12(H), 22)
and
N N
c13(H) Y " Ise — o™ < 0%, t; H) < cra(H) Y Ise — to*H. (2.3)
(=1 (=1

Condition A3. There exists a positive continuous function (in H) c¢; 5(H) such that for all
integers n > Lallu,tl,...,i" e,

N
\V (X” XHt],...,XHt”>> H ' — K PH 2.4
ar ( X )| X2 (Y Hamy) = e15( >;O?kn§1n|uz K (2.4)

wheret?:Oforallﬂ: 1,..., N.

As in [16], an anisotropic Gaussian random field is said to have the property of sectorial local
nondeterminism on / if Condition A3 is fulfilled.

Throughout this paper, we will call the vector H € (0, 1)V the (generalized) Hurst index of
Xé{ . Without loss of generality, we may assume that

O<H <---<Hy<1. (2.5

Let X1 = {X Hiy,t e RN } be an (N, d)-anisotropic Gaussian random field with Hurst index
H defined by

XH () = (X{’(r), o Xf(r)), t RV, 2.6)

where X fi yeen X f are d independent copies of Xé‘l . We still say a family of Gaussian random
fields {X H He© DV } satisfies Condition A on [ if the corresponding real-valued family
{X(I)q, H e (0, 1)N} satisfies Condition A on /.

Under Condition A2, the Gaussian random field X has a version whose sample paths are
a.s. continuous on /. Hence, throughout this paper, we will tacitly assume that the sample paths
XH (1) are a.s. continuous on 7. For simplicity of notation, later on we will further assume that
I =g, e+ 1]N, where ¢ € (0, 1) is a fixed constant.
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For a fixed index H € (0, 1)V, Xiao [16] studied sample path properties of an anisotropic
Gaussian random field X satisfying Conditions A2 and A3’ (see Eq. (2.15) for a definition
of Condition A3’), where he established results on the modulus of continuity, small ball
probabilities, fractal dimensions, hitting probabilities and local times for X /. The emphasis of
the present paper is different and we focus on continuity of the laws of the functionals of X as
H € (0, 1)V varies.

In the following we provide some important examples of families of Gaussian random fields
which satisfy Condition A. They cover both isotropic and anisotropic Gaussian random fields, as
well as the stationary spatial and spatiotemporal Gaussian models constructed in [12,13].

2.1. Fractional Brownian sheets

For a given vector H = (Hy, ..., Hy) € (0,1)", a real-valued fractional Brownian sheet
BOH = {BOH (1),t € Rﬁ} with index H is a centered Gaussian random field with covariance
function given by

N
1
E [Bg’(s)B(?(z)] -11 5 <sf”@ 42 g, — m”’f) . Vs.teRY. 2.7
(=1
An (N, d)-fractional Brownian sheet B = {BH (1) : t e Rﬁ_’} is defined by

BH (1) = (B{I(z), ...,Bf(z)), vi e RY, (2.8)

where BIH ,..., B f are d independent copies of B(I)L’ . Due to (2.7), Bf can be seen as
generalizations of one-parameter fractional Brownian motion and the Brownian sheet.

Fractional Brownian sheets have become a typical representative of anisotropic Gaussian
random fields since they were first introduced by Kamont [5]. In particular, we believe the
methods developed for fractional Brownian sheets can be adapted for studying many spatial
and spatiotemporal models with separable covariance structures (see, e.g., [2]).

Many authors have studied the probabilistic, statistical and sample path properties of fractional
Brownian sheets. Related to the problems considered in this paper, we mention that Xiao and
Zhang [18] and Ayache, Wu and Xiao [19] studied the existence and joint continuity of the local
times of fractional Brownian sheet B .

Proposition 2.1. The family of (N, d)-fractional Brownian sheets {BH ,H e 0, DY } satisfies
Condition A.

Proof. Eq. (2.7) implies that for all 5,1 € I, o2(s, t, H) is continuous in H € (0, 1)V. Hence
Condition Al is satisfied. On the other hand, Conditions A2 and A3 follows respectively from
the proofs of Lemma 8 in [20] and Theorem 1 in [17]. We omit the details. O

2.2. Gaussian random fields with stationary increments

Let n = {n(t),t € RV} be a real-valued centered Gaussian random field with 1(0) = 0.
We assume that n has stationary increments and continuous covariance function R(s,?) =
E [n(s)n(¢)]. According to [21], R(s, t) can be represented as

R(s, 1) = /ﬂéN (e““) — 1) (e*iw> _ 1) AR + (s, Tt), (2.9)
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where Y is an N x N nonnegative definite matrix and A(dX) is a nonnegative symmetric measure
on RV \ {0} satisfying

A2
/ 1A A(dA) < oo. (2.10)
RN 1+ |A[2
The measure A and its density (if it exists) f(A) are called the spectral measure and spectral
density of n, respectively.
It follows from (2.9) that 5 has stochastic integral representation:

[n(t), ‘e RN] < {/RN (eim — 1) W(dE) + (Y. 1), 1 € RN}, @2.11)

where < denotes equality in all finite-dimensional distributions. In the right-hand side of (2.11),
Y is a Gaussian random variable with mean 0 and W (dA) is a centered complex valued Gaussian
random measure which is independent of Y and satisfies

E [W(A)W(B)] —AANB) and W(—A)=W(A)

for all Borel sets A, B € RY. From now on, we will assume Y = 0, which is equivalent to
assuming ' = 0 in (2.9). Therefore, we have

o2(h) = E [(n(l +h)— n(r))z] = 2/ (1 = cos(h, 1)) Ad). (2.12)
RN

Eq. (2.11) provides a useful way for constructing Gaussian random fields with stationary
increments by choosing the spectral measure A. In particular, for ¢ € (0, 1), if A has a density
function f given by

1
fal) = TR v € RV \ {0}, (2.13)

then n = {n(t),t € RN} is a real-valued fractional Brownian motion of index «, which is
an isotropic Gaussian random field and will be denoted by n*. Another interesting example of
isotropic Gaussian random fields is the fractional Riesz—Bessel motion with indices 8 and y
introduced by Anh et al. [22], whose spectral density is given by

1

N
PEITESTEE va e RV \ {0}, (2.14)

/ V.8 ) =
where y and B are constants satisfying 8 + y > % and0 <y < 1+ % Anh et al. [22]
showed that these Gaussian random fields can be used for modeling simultaneously long range
dependence and intermittency; and Xiao [15] studied their sample path properties.

The following example covers a wide class of Gaussian random fields that satisfy Condition
A. In fact we will prove a stronger result that these Gaussian random fields satisfy Conditions A1
and A2 and the following.

Condition A3'. There exists a positive function ¢ 6(H) which is continuous in H € (0, DN
such that for all integers n > 1, all u, b e,

Please cite this article in press as: D. Wu, Y. Xiao, Continuity in the Hurst index of the local times of anisotropic
Gaussian random fields, Stochastic Processes and their Applications (2008), doi:10.1016/j.spa.2008.09.001




6 D. Wu, Y. Xiao / Stochastic Processes and their Applications 1 (1111) III-111

N
Var(XH XHqYy, . xH z")> H) min — tk2He 2.15
) xt " Hamy) = c16( )og@;'“f Al (2.15)

where 19 = 0.

Following [16], an anisotropic Gaussian random field satisfying Condition A3’ is said to
have the property of strong local nondeterminism in the metric p(s,t) = Z;V:l lsj — thH/.
Clearly, Condition A3’ implies Condition A3, but the converse does not hold. Consequently, if a
family of anisotropic Gaussian random fields satisfies Conditions A1, A2 and A3, then it satisfies
Condition A.

Proposition 2.2. Let {n" = {n"(1),1 e RN}, H = (Hy, ..., Hy) € (0, DN} be a family of
real-valued centered Gaussian random fields with stationary increments and spectral densities
{f(A; H), H € (0, 1)N}. Suppose f(x; H) is continuous in H € (0, )N and

1

N 2+0°
j=1

where Q = Zévzl H; ', and where two functions q(t; H) < r(t; H) for t € T means
that there are positive continuous functions c17(H) and ¢ g(H) in H such that c¢17(H) <
qt; H)/r(t; H) < c18(H) for all t € T. Then the family of Gaussian random fields
{nH, H € (0, 1)N} satisfies Conditions A1, A2 and A3'.

f H) =< va e RV \ (o1, (2.16)

Proof. By (2.12), we can write
anz,, (s,t; H) = aj,,(s —t;H) = 2/ (1 —cos(s — 1, 1)) f(r; H)dx. (2.17)
]RN

By the continuity of f(A; H) in H, (2.16) and the Dominated Convergence Theorem, one can
verify that Condition A1 is satisfied.

In order to verify Conditions A2 and A3’, we first derive an appropriate upper bound for
05,, (h; H) (h € RY) which implies the upper bounds in (2.2) and (2.3), and then prove Condition

A3’, which also provides the desired lower bounds in (2.2) and (2.3).
Due to (2.16) we may, without of loss of generality, assume 7y > O forall£ = 1,..., N. By
H!

(2.16) and (2.17) and a change of variables v, = (Z;v:l h;{’) le (L =1,...,N), we obtain,

— cos{h, A)

1
N 240
j=1

N
l1—cos| ) (

o2 (h) < 2c1.50) [ @
RN

= 26‘1,8(H)/
RN
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i
Since N”—HJ < lforall¢ =1,..., N and the function x + cosx is decreasing in (0, %),

) =11
we derive that

<

N
I—cos| > vl
=1 2
/ ! d S S—. 1) (2.19)
lv|<m/2

v+f

N . e lzm/2 [ N - +0
> vl > vl

Jj=1 Jj=1

It can be verified that the last two integrals are convergent (see, e.g., Lemmas 6.3 and 6.4 in

.. . . N L H\? N ,2H;
[16]). Combining (2.18), (2.19) and the elementary inequality (Zj=1 hj ’) <N ijl hj ’,
we obtain

N
2H;
o7y () < c1,9(H) Zlh i (2.20)
j:
where

c1,9(H)

N
I —cos| > [vjl
j=1 2
=2Nc13(H) / dv + ——— dv
v|<m/2 N . 240 [v|>m/2 N . 2+0
2 vl 2 vl
j=l1 j=l1

which is a positive continuous function of H € (0, 1)V. Therefore, the upper bounds in
Condition A2 follow from (2.20).

Next, we prove that the family {#n”, H € (0, 1)V} satisfies Condition A3’. The key technique
in our derivation is based on the Fourier analytic argument in [23, Chapter 18]; see [15-17] for
further information. By following the proof of Theorem 3.2 in [16] line by line, one can verify
that for all integers n > 1, all u, o e,

N
\V (H Holy o Ht">> H) mi _ k2He 221
ar (0 @)Yy, ... 0" (™)) = c110( )0232”;|uz H 2.21)

where 19 = 0 and c1,10(H) can be chosen as

N 240
c H: < 2
H) = AT S(A)|” dA.
o) = | (;| jl ) 3]
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In the above, 3 is the Fourier transform of a C>®(RN) function 8 such that §(0) = 1 and §(r) = 0
for all t € RN with p(0, ) = Z;-V:l |t;|"/ > 1. Hence 3(-) € C®(RN) as well and 8(1) decays
rapidly as |[A| — oo. This implies that c; 10(H) is a positive continuous function in H € (0, DV,
Consequently, we prove Condition A3'.

Finally, we can use the lower bound in Condition A3’ with n = 1 by choosingu = ¢, ' =0
and u = ¢, t! = s, respectively, to serve as the lower bounds in Condition A2. This finishes the
proof of Proposition 2.2. O

Remark 2.3. It follows from (2.13) and (2.14) that the spectral density functions of fractional
Brownian motion and fractional Riesz—Bessel motion (with 0 < y + 8 — % < 1) satisfy
the spectral conditions in Proposition 2.2. Therefore, both families of fractional Brownian
motions and fractional Riesz—Bessel motions satisfy Condition A. When the index o € (0, 1)
is fixed, Pitt [24] proved that fractional Brownian motion with Hurst index « is strongly local
nondeterministic, i.e., for all integers n > 1, all u, b e,

Var (1 @@, . n*@") = e min fu— 42, (2.22)
0<k=<n

where 1% = 0 and ¢; 11 () is a positive constant depending on . A similar result was proved
by Xiao [15] for fractional Riesz—Bessel motion. However their results do not provide any
information on whether the constants in the lower bounds are continuous in the indices «, S
and y. In this sense, Proposition 2.2 strengthens the results of Pitt [24] and Xiao [15].

Remark 2.4. Anisotropic Gaussian random fields with the above type of spectral density
functions arise naturally in probability theory and its applications. See [25] for their relevance
to the solution of the stochastic heat equation; [3,4,26] for their applications in modeling bone
and aquifer structures; [12,13] for stationary nonseparable spatial and spatiotemporal Gaussian
models.

3. Local times and their joint continuity

In this section, we briefly recall some aspects of the theory of local times in general at first
and then study the existence and joint continuity of the local times of Gaussian random fields
satisfying Condition A. For excellent surveys on local times of random and/or deterministic
vector fields, we refer to [27,28].

Let Y (r) be a Borel vector field on RY with values in R?. For any Borel set T C RY, the
occupation measure of ¥ on 7 is defined as the following measure on R?:

(@) =An{t €T :Y(t) € o},

where Ay denotes the Lebesgue measure in RV .

If 1, is absolutely continuous with respect to the Lebesgue measure A4, we say that Y (¢) has
local times on T, and define its local times, L(e, T'), as the Radon-Nikodym derivative of p,
with respect to Ay, i.e.,

d/’LT d
, V. R“.
By (x) X €

In the above, x is the so-called space variable, and T is the time variable. Note that if ¥ has local
times on 7 then for every Borel set S € 7', L(x, S) also exists.

L(.X, T) =

Please cite this article in press as: D. Wu, Y. Xiao, Continuity in the Hurst index of the local times of anisotropic
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By standard martingale and monotone class arguments, one can deduce that the local times
have a measurable modification that satisfies the following occupation density formula (see [27,
Theorem 6.4]): For every Borel set 7 C RY, and for every measurable function f : R — R,

/f(Y(t))dt=/ S)L(x, T)dx. 3.1
T R4

Suppose we fix a rectangle 7 = ]_[fvzl[ai, a; +hi] € RN, wherea e RN and h € Rﬁ_’. If we
can choose a version of the local time, still denoted by L (x, H1N=1 [a;, a; + t;]), such that it is a
continuous function of (x, #1, ..., fy) € R? x ]_[lN=1 [0, h;], Y is said to have a jointly continuous
local time on T. When a local time is jointly continuous, L(x, -) can be extended to be a finite
Borel measure supported on the level set

Yl x)={teT :Y() =xk (3.2)

see [29] for details. This makes local times, besides being interesting on their own right, a useful
tool for studying fractal properties of Y.

It follows from (25.5) and (25.7) in [27] that for all x, y € R4, T € R a closed interval and
all integers n > 1,

nl _ —nd o - J
E[L(x, T)"] = @) fnfﬂw eXp( 1Z<u/,x>>

Jj=1

x Eexp (i Z(uj, Y(z-/'))) du d7 (3.3)

j=1

and for all even integers n > 2,

E|(L(x, T)—L(y, T)"| =2 —nd/ / - —i(ul ,x) _ . —i(ul,y)
[(L(x, T) = L(y, T)"] = 2n) 5 Rnd]l:[l[e . ]

n
x Eexp (iZ(u/, Y(z/'))) du dz, (3.4)
=
wherew = (u',...,u"), 7= (', ..., t"),andeachu/ € R?, t/ € T.1In the coordinate notation

we then write u/ = (uf, ..., u}).

Let (X, H € (0, )N} = {{X"(t),t € RN}, H € (0, 1)} be a family of (N, d)-Gaussian
random fields. For a fixed index H? € (0, 1)V such that Z/Iz\/:l # > d, Xiao [16] proved the
following results on the existence and joint continuity of the local times of Gaussian random
field X1’

(i) If X1’ satisfies Condition A2 (for H®), then X*° has a local time L’ (x, T) € L2(P x Ay).
(i) If x# * satisfies Conditions A2 and A3’ (for HY), then X * has a jointly continuous local

timeon 7.

The main result of this section is the following Theorem 3.1. It shows that, under
Conditions A2 and A3 (instead of A3’), the above conclusions still hold for all H € (0, 1)V
which are close to H?. Moreover, we can bound the moments of the local times of X in terms

Please cite this article in press as: D. Wu, Y. Xiao, Continuity in the Hurst index of the local times of anisotropic
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of H. Hence, Theorem 3.1 strengthens and extends the results of Ayache, Wu and Xiao [19] for
fractional Brownian sheets and Theorem 8.2 in [16].

We set up some notation. Let H% € (0, 1)V be an index satisfying

i 1 (3
H . .
With the convention Zg=1 ﬁ := 0, we can see that there exists an integer 7, € {1,..., N} such
4

that

i 1 N

> 0= Z 70" (3.6)

= Hy - H
Define

Ty HO
0
B, = ; 7 +N -7, — H d. 3.7

Then it can be easily verified that 'Bfo € (N —1t,, N —1,+ 1], where ,8r =N —r1,+ lif and
-1
only if Y, -5 = d; and, if 7, = N, then B, = (Zz | Ho —d) > 0.
14

. L. . 7,—1
Distinguishing two cases »_, , F < d and Zz ] HO = d, we see that we can choose a
{4 4

positive number 8o < min{H/? 11— HeO : 1 < ¢ < N}, which depends ond and H 0 only, with the
following property: For all indices H € ]_[évzl[H ? — do, Hlp + 80] € (0, DV, there is an integer
T € {t, — 1, 7,} such that

7—1 1 T 1
Z —<d<Y —. (3.8)
He = He

&~

Moreover, if we denote

T
H
o= Y g N e, (39)

then B; € (N — t,, N — 7, + 2]. It is useful to note that, even though 7 varies with H, its value

depends only on H® and, B; is always bounded from below and above by positive constants
depending only on H°. In what follows, 8 and 7, will always be the constants defined above.

Theorem 3.1. Let {X¥ H e (0,)N} = ({XH@),r € RN}, H € (0, )N} be a family
of (N, d)-Gaussian random fields with Hurst indices H satisfying Conditions A2 and A3
onl = [e,1 + &lV. Let H' € (0, DY be a Hurst index satisfying (3.5). Then for every
H e ]_[g/:l[H? — b9, HZO + 801, X has a local time L¥ (x, 1) € L*(P x Ag), which admits
the following L?-representation

LA, 1) = (2n)*d/ e*i<y»X>/ei<>”X”<S>> dsdy, Vx e R?. (3.10)
R4 1
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Furthermore, the Gaussian random field X = {XH (¢),t € RN} has almost surely a jointly
continuous local time on 1.

For simplicity of notation, we have assumed that I = [e, 1 + ]". This does not lead to
any loss of generality. We will further denote L (x, 1) :== L (x, [e, ¢ + t]). By Theorem 3.1,
L (x, t) is a continuous function on R¢ x [0, 1]V. Hence we will view L (x, r) as an element
in C(R? x [0, 11V, R) and L¥ (x, -) as a finite Borel measure. Here and in what follows, for any
integers p, g and Borel set S C R?, C(S, R?) denotes the space of continuous functions from S
to R?, endowed with the topology of uniform convergence on compact subsets of S.

The proof of Theorem 3.1 is based on the following lemma which extends the inequalities
in Lemmas 8.4 and 8.8 of [16]. It will also play an essential rdle in Section 4 for proving the
tightness of the laws of the local times of {X?, H € (0, 1)V}.

Lemma 3.2. Suppose the assumptions of Theorem 3.1 hold. Then, for all H € H/IZV=1[H1? -
80, Hlp + 80l there exist positive and finite constants c3,1 and c3 2 depending on N, d, HO and 1
only, such that for all hypercubes T = [a,a + (r)] € I with side length r € (0, 1) the following
estimates hold:

(1) Forall x € R and all integers n > 1,
E [L”(x, T)”] <y ()N P e (3.11)

where B; is defined in (3.9).
(2) Forall x,y € R¢ with |x — y| < 1, all even integersn > 1 and all y € (0, 1) small enough,

n
E [(LH(X, T) _ LH(y, T)) :I < C’31!2 (n!)N_ﬂr+(1+Hr)V |x _ y|nV rﬂ(,Br—HrV). (312)

The moment estimates (3.11) and (3.12) are a lot more precise than what we actually need
in this paper. We expect that they may be useful for some other purposes. For example, one
can apply them to show that, for every fixed x € R, there is an event of positive probability
(which only depends on H 0 N, d and x) such that the Hausdorff dimension of the level set

dimg ((X7)~'({x}) N I) of X# tends to dimy <(XH0)_1({x}) N 1) as H — HPY. Note that this

result cannot be derived directly from the Hausdorff dimension result for the level set of X in
[16, Theorem 7.1], where H € (0, 1)¥ is fixed.

The proof of Lemma 3.2 makes use of Fourier analytic arguments and the property of sectorial
local nondeterminism. We will defer the lengthy proof of Lemma 3.2 to Section 6.

Proof of Theorem 3.1. Since (3.8) holds for all H € [])_,[H — 80, HY + 8], the proof of the
first part of Theorem 3.1 (i.e., the existence and (3.10)) is the same as that of Theorem 8.1 in [16]
and is omitted.

On the other hand, the proof of the joint continuity of the local time of X is similar to that of
Theorem 8.2 in [16] (see also the proof of Theorem 3.1 in [19]). Due to its usefulness for proving
the tightness in the next section, we include it here. Observe that for all x, y € RY, st € [0, 11
and all even integers n > 1, we have

E [(LH(x, 5y — LY (y, t))"] < ol {IE [(LH(x, s) — L (x, z))"]

+E [(LH(x, H—LH(y, t))"]} . (3.13)
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Since L (x, -) is a finite Borel measure, the difference L7 (x,s) — LH (x, 1) = LA (x, [e, & +
s)) — Lo (x, [e, &€ + t]) can be written as a sum of finite number (only depends on N) of terms
of the form L (x, T;), where each T; is a closed subinterval of I with at least one edge length
< |s — t|. By further splitting these intervals into cubes of sides < |s — ¢|, we can use (3.11)
to bound the first term in (3.13). On the other hand, the second term in (3.13) can be dealt with
using (3.12) as above. Consequently, there exist some constants y € (0, 1) and ng such that for
allx,y € RY st € [0, 17V and all even integers n > no,

E [(LH(x, s)— LH(y, t))"] <y (b —yl+ls— )" . (3.14)

Therefore the joint continuity of the local times L (x, ) follows from the multiparameter
version of Kolmogorov’s continuity theorem (cf. [30]). This finishes the proof. O

4. Tightness

In this section, for any index H? € (0, 1)" satisfying (3.5), we prove the tightness of the laws
of {LH(x, 1), H e [T, [H — 89, H® + 50]} in C (=D, DI x [0, 11V, R) for all D > 0.

For this purpose, we will make use of the following tightness criterion which is a consequence
of Corollary 16.9 in [31].

Lemma 4.1. Let {ZP), p > 1} with ZP) = {ZP) (1), 1 € RM} be a sequence of continuous
random fields with values in RY. Assume that K € RM is a compact interval and u € K is a
fixed point. If there exist some positive constants c4,1, b1, by and b such that

by
E[ﬂzu’)(u)\ ] <y Vp=1 4.1)
and
b
E [‘Z(P)(s) — Z<P>(t)( 2} <catls— 1M Vs teKandVp > 1. 42)

Then {ZP), p > 1} is tight in C (K, R?).

Proposition 4.2. Let {XH,H e (0, I)N} be a family of (N, d)-Gaussian random fields
satisfying Condition A. Let H° e (0,1)N be a Hurst index satisfying (3.5)
and §¢ > 0 be the corresponding constant defined before. Then the laws of
{LH(x,t), H e [T [HY — 8, H/?+80]} in C([=D, DI x [0, 11V, R) are tight for all
D > 0.

Proof. Note that, for all H € ]‘[Q’zl[HlP — 40, Htf’ + 8], LY (0, 0) = 0 almost surely. Hence, by
Lemma 4.1, it is sufficient to prove that there exist positive constants c4 2 and y € (0, 1) such
that for all even integers n large and all H € ]_[2]:1 [H? — b0, H? + 8ol,

E [(LH(x, $)— Ly, z))"] <, (x—yl+ls— ). (4.3)

This is similar to (3.14) and the only difference is that the constants c4 2 and y are independent
of H € ]_[évzl[HL? — 80, H,? + d8o]. By (3.13) we only need to verify that the upper bounds
appearing in the moment estimates (3.11) and (3.12) can be taken to be independent of the index
H provided H € []j_,[H? — 80, HY + o).
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Recall that, by our choice of the constant 8, 8; is bounded from below and above by positive
constants depending only on H°. That is, there exist positive constants 0 < g < B” such that
B: € [B/,B"] forall H € 1—12\/:1[1'1? — 80, H,? + 8p]. Hence by Lemma 3.2, we can choose
y € (0, 1) small enough such that

E [LH (x, T)"] < N (4.4)
and
E [(LH(x, T)— L%y, T))"] <5, (nz)N—ﬂ’+(1+H1%+80)V Ix — y|” (B —(Hy+80)7)
4.5)

for all intervals T = [a,a + (r)] C I and all H € ]_[évzl[Hé) — &0, Hlp + 8¢]. This finishes the
proof of Proposition 4.2. O

5. Convergence in law

In this section, we establish the continuity of the laws of the local times of X H in the Hurst
index H € (0, l)N . For this purpose, we will make use of the following result, which is an
extension of Proposition 4.2 in [14].

Proposition 5.1. Let {{Y,,(t),t € RN}, n > 1} be a family of (N, d)-random fields satisfying the

following conditions:

(1) {Yy} convergesinlaw to Y in C (I, Rd) asn — oo.

(2) Both families {Y,} and Y have local times L, and L, which are jointly continuous in x and
t.

(3) The family of local times L, converges in law to a random field Z in C([—D, D¢ x
[0, 11V, R) as n — oo.

Then, for all points (x', 1), ..., (x™, ™) € [-D, D] x [0, 11V, we have
(Z(xl,tl), L ZaM, tm)) £ (L(xl, Y, L™, r'")). .1)

Proof. When N = 1 and d = 1, this is proved by Jolis and Viles [14]. The key ingredient in
their proof is the occupation density formula (3.1). Extending their proof to the multiparameter
case is straightforward and is omitted. O

Theorem 5.2. Let {X H He© DV } be a family of (N, d)-Gaussian random fields satisfying
Condition A and let H® € (0, 1)N be a Hurst index satisfying (3.5). Then the family of
local times {LH, H € (0, I)N} of {XH} converges in law to the local time LA’ of XH in
C (RY x [0, 11N, R) as H — H".

Proof. It follows from Proposition 16.6 in [31] that it is sufficient to prove that, for all constants
D > 0, the family of local times {L¥, H € (0, 1)} converge in law to the local time L *in
C ([-D, DI x [0, 11N, R) as H — H°.

By Proposition 4.2, we see that the laws of {LH(x, t),H € ]_[fzvzl[Hé) — do, HE +80]}

are tight in C ([—D, D¢ x [0, 1]V, R) for all D > 0. Hence it only remains to prove the
convergence of finite-dimensional distributions. This can be done by applying Proposition 5.1.
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Take an arbitrary sequence {H"} C ]_[fgvzl[H,? — do, Hé) + 80] converging to H” as n — oo.
First we verify that, as n — oo, the sequence {X H" ,n > 1} of Gaussian random fields converges
in law to X’ in C (I, R%). In fact, Condition A2 implies that for any fixed point u € I and all
integers m > 2,

Hn 2m
sup (‘X (w) ) < 5.2)
n>1 ’
and
2 N "

n n m

E(’XH w) — xH (v)‘ > <, (Z'”f - vg|2Hf) Vu, v, el (5.3)
=1

Hence Lemma 4.1 implies that the family of laws of {XH, H e ]_[fzvzl[Hgo — 80, H/? + 80]} is
tight in C (1, Rd). On the other hand, Condition A1l implies that

lim E [Xj’(u)x,f(v)] =E [Xj.’o(u)x,fo(u)] . Yjik=1,....d Vuvel (54
H—H X
which implies the convergence of the finite-dimensional distributions of {X#, H e (0, )V} as
H — HPY. This verifies Condition (1) in Proposition 5.1. Condition (2) in Proposition 5.1 follows
from Theorem 3.1.
If for any sequence {H"} C ]—[2\'=1 [Hf — do, H,? + 80] converging to H as n — oo such that

L. 005 Z(x.1) inC ([—D, DI % [0, l]N,R> as n — oo, (5.5)

for some random field Z. Then, by Proposition 5.1, we have that for all fixed points
(‘x17 tl)’ AR ('xm7 tm)?

(Z(xl, N,z tm)) £ (LHO(xl, N LA t’”)), (5.6)

which gives us that £(Z) = £(L#’) in C ([-D, D} x [0, 1]V, R). This finishes the proof of
Theorem 5.2. 0O

6. Proof of Lemma 3.2

The proof of Lemma 3.2 follows the same spirit of the proofs of Lemmas 3.7 and 3.10 of
[19], where only fractional Brownian sheets were considered. In order to extend their argument
to Gaussian random fields satisfying Condition A and to prove that the constants c3 | and c3 2 are
independent of H, we need to make several modifications and rely completely on the sectorial
local nondeterminism A3.

We will make use of the following lemmas. Among them, Lemma 6.1 is essentially due to [32]
(see also [33]) and Lemma 6.2 is from [19]. Lemma 6.3 is a direct consequence of Condition A3
and tells us that the Gaussian random field Xg’ has the one-sided strong local nondeterminism
along every direction.

Lemma 6.1. Let Z1, ..., Z, be mean zero Gaussian variables which are linearly independent,
then for any nonnegative Borel function g : R — R,
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1 n
/R g(vy)exp |:—§Var (Z v; Z.,'>:| dvy - - - dv,
n j:]

(zn)(nfl)/Z /oo v —v2/2d
= —_— (] v,
detCov(Zy. ...z 2 | 8\ 5

where 012 = Var(Z1|2Z>, ..., Zy) is the conditional variance of Z\ given Z», ..., Zy.

Lemma 6.2. For any q € [0, Zévzl H[l), let T € {1, ..., N} be the integer such that

T—1 1 LA
Do Sa<) o ©.1)
=1 He =1 He
with the convention that Z(Z:l Hi := 0. Then there exists a positive constant §; < 1 depending
on (Hy, ..., Hy) only such that for every 6 € (0,38;), we can find t real numbers py > 1
(1 <€ < 1) satisfying the following properties:
1 H
Y — =1, 29y we=1,....1 (6.2)
=1 pe Pe
and
‘L H ‘L H
-0 " <Hgt+c-> 7" 6.3)
=1 Pt =

Furthermore, if we denote a; ==Y ;_, H% — g > 0, then for any positive number p € (0, g—;)
there exists an Lo € {1, ..., T} such that

H
ol 4 o, p < 1. (6.4)
Py

Lemma 6.3. Let Xé{ be an (N, 1)-Gaussian random field satisfying Condition A3, and let
¢ e{l,..., N} befixed. Forany integern > 2,t', ..., t" € I such that
gsgsoesg
we have
Var (xg’(z")|x(7(zk) l<k<n-— 1) > c1,5(H) |t —1p~ e (6.5)
where c1 5(H) is the positive continuous function defined in Condition A3.
Lemma 6.4 is a refinement of Lemma 3.6 in [19]. It is important to note that the constant cg

in (6.6) is independent of {b;, 1 < j < n}.

Lemma 6.4. Leta > 0 and 0 < b < b < 1 be given constants. There exists a positive constant
ce,1 such that for all integers n > 1, real numbers 0 < r < 1, b; € [b, b] and an arbitrary
so € [0, a/2],

n LS bi-1 =308
/ [16Gi=si-0™dsidsy <cg )y = r = (6.6)
a

=S| < Ssp=a+r j=1
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In particular, if bj = o € [b, blforall j =1, ..., n, then

n
1
/ | |(sj —sj—1) %dsp - dsy, < cg (n)o~ 1 == 6.7)
a<s|<--<sp<a+r j=1 ’

Proof. Clearly, we only need to prove (6.6). By integrating the integral in (6.6) in the order of
dsy,, ds,—1, ..., dsy, by using a change of variable in each step to construct Beta functions, and
by applying the relationship between Beta and Gamma functions, we derive

n

/ (sj — Sj_l)ibj dsp--- ds,
ass|<--<sp=<a+tr j=1

n—1

F(Z_b”)j];lzr(l_bf) atr -3 b;
= : (@+r—s) = (s1—s0) " dsy
1_bn n a
I'{n-— Z bj
j=2
n
r'ad—-os; n
jl;ll ( J) a~ —bi a+r n—l—g b;
< —) (a+r—s1) =2 dsy
a

S
r (l’l - Z bj)
j=2

HIF(I —bj) b n—ibj
_ = a4\ =
= . (2) = (6.8)
rfi14+n-— ij
Jj=2

Since the Gamma function I"(x) is continuous on [1 — b, 1— b], there is a finite constant ¢ > 0
such that I'(1 — b;) < cforall 1 < j < n. Inequality (6.6) follows from (6.8) and Stirling’s
formula. O

Now we are ready to prove Lemma 3.2.

Proof of Lemma 3.2. For any Gaussian random field X 61 satisfying Condition A3, there exists
a positive constant

C62 = min 61’5(1‘1),
N
He [ [H} =80, H}+380]
(=1

which depends on HO and & only, such that for all integers n > 1, all u, oo e,
N
V: (XH XHtl,...,XHt">> i — tkPHe 6.9
ar (X4 )| X¢ @h G _c6,2goggn|ue /| (6.9)

where t° = 0. Meanwhile, by Lemma 6.3, we have that for H € 1‘[5}’:1[H£9 — 80, Hg + 8ol,
£ e{l,..., N} fixed, and for any integer n > 2, t', ..., t" e I such that

1 2 n
6, <tp <<
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we have
Var (X(g”(z"nng(t") l<k<n-— 1) > g [t — VA (6.10)

Now we proceed to proving (3.11). We will start with an arbitrary closed interval T =
1) lac, ac + rel S 1. 1t follows from (3.3) and the fact that X7, ..., X! are independent
copies of X, 61 that for all integers n > 1,

d 1 n ) ) B
E[L(x,T)"] = @m)™ /T]B {/ exp |:—§Var (;u,ﬁ Xgl(tf)):| dUk} dz, (6.11)

1

where U, = (u,i, e, I/IZ) € R". Fixk =1, ..., d and denote the inner integral in (6.11) by Jy.
Since (3.8) holds, we apply Lemma 6.2 with § = n~! and ¢ = d to obtain 7 positive numbers
p1, ..., pr = 1 satisfying (6.2) and (6.3). Then for all points t!, ..., " € T such that tg e, t?
are all distinct for every 1 < ¢ < N [the set of such points has full (rnN)-dimensional Lebesgue
measure] we have

Bl =

Ok = s [detCov (Xg’(tl), o ng(t"))]_

T —
= cis [T [dercov (xi @M. xiam)] (6.12)
=1
where the first equality follows from the fact that for any positive definite ¢ x g matrix I,
det(I")]'/2 1
let( D] 77 exp (—yc’Fx) dx =1 (6.13)

R4 (Zn)u/z

and the second equality follows from (6.2).
Combining (6.11) and (6.12) yields

T _d
E[L(x,T)"] <cl, f I1 [detCov(X{;’ @",.... xt (t"))] e gz, (6.14)
s
To evaluate the integral in (6.14), we will first integrate [dte1 . dtg] for{ =1, ..., t.Tothis end,

we will make use of the following fact about multivariate normal distributions: For any Gaussian
random vector (Z1, ..., Zy,),

n

detCov(Zy, ..., Z,) = Var(Zy) l—[ Var(Z;|Z1, ..., Zj-1). (6.15)
j=2
By the above fact and (6.10), we can derive that for every £ € {1, ..., t} and for all o e

T = 1_[55\121 lag, a¢ + r¢] satisfying

ag < tg‘f(l) < tf‘(z) <...< tg‘(”) <ag+ry (6.16)
for some permutation mry of {1, ..., N}, we have
H 1 H By meG—1)\2He
detCov (X', . x M) z g s T (7 =97 ) 6.17)
j=1
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where tf © = ¢, and where cg 5 is a constant depending on N, H 0 80 and 7 only. We have

chosen ¢ < %min{ag, 1 < £ < N} so that Lemma 6.4 is applicable.
It follows from (6.16) and (6.17) that

_d
/ [detCov(ng h, ..., x¥ (t"))] Pdr) e dig
lag.ac+rel?

n
1
<) " / de} - de?
— ] , e 4
; alf;Z‘“)f...fzgz(n)fa@—&-rg j=1 (th(J) _ t;l(]-l))Hed/pl
, n(1-(1—1)Hed/py
chﬁ(n!)Hgd/pZ rz( n ) (618)

In the above, the last inequality follows from (6.7).
Combining (6.14) and (6.18), and continuing to integrate [dte1 . dtg] for =7t+1,...,N,
we obtain

X Hed/pe T aa-a-YHdpo By
T

E[L(x,T)"] < cf 7 (nhi=! e (6.19)
=1 l=1+1
Now we consider the special case when T = [a, a + (r)],i.e. 7] = --- = ry = r. Egs. (6.19)
and (6.3) with 8§ = n~! and ¢ = d together yield
i Hed/pe n<N—(l—n_]) i sz/pg)
E[L(x,T)'] < cgg (MD=! r t=1
< ¢y ()N Pe e (6.20)

This proves (3.11).
We prove estimate (3.12) next. Let y € (0, I A g‘—;) be a constant, depending on H only. Note
that by the elementary inequalities

le“ — 1] <2'77|u)” forallu e R (6.21)
and |u + v|” < |u|” + |v|”, we see that for all u', ..., u", x, y € RY,
il ) e—i(tﬂ,y}‘ <20V _ gy Z' ﬁ wl 17, (6.22)
jl:[1 ) o
where the summation Z/ is taken over all the sequences (k1, ..., k,) € {1, ..., d}".

It follows from (3.4) and (6.22) that for every even integer n > 2,
E[(L(x, T) — L(y, T))"] < @) 27" x — y|"r

X Z// / 1_[ luf, |” Eexp (—iiwf,XH(ﬂ») da df
v Jpoa 14 2
< cgolx = yI" Z//.n dr
- 1 noo , I/n
X n!:[l {/Rnd Ui "7 exp |:—§Var (Z(MJ’ XH(IJ»)] dﬁ} ’ 6.23)

Jj=1

where the last inequality follows from the generalized Holder inequality.
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Now we fix a vector k = ki, ..., kp) € {1,...,d}" an(ln points tl, ..., " € T such that
tzl, ..., t} are all distinct for every 1 < £ < N.Let M = M(k, 1, v) be defined by

n n 1/n
M= U] {[Rd lug, 1"V exp [—%Var (Z(uj, XH(tj))>] dﬁ} ) (6.24)

j=1
Note that the coordinate fields X f (1 < £ < N) are independent copies of X(’)i. By

Condition A3, the random variables X f’ #H (1 <e<N,1< Jj < n) are linearly independent.
Hence Lemma 6.1 gives

/RM Ui "7 exp |:—%Var (ZW, XH(tj)>>:| du

J=1

(2m) D12 "\ -4
: ()
[detCov (XZ (1), ..., X ()] R\ Om

cg,lo (n")” 1
< dj2 _ny (6.25)
[detCov (XZ (1), ..., X am)]"" o

where 0,121 is the conditional variance of X };In (#™) given XIH (t)) (i #* ky ori = ky, but j # m),
and the last inequality follows from Stirling’s formula.
Combining (6.24) and (6.25) we obtain

ct o (nh)Y
M < ol T ]_[ (6.26)
[detCov (X (e, ..., X ()] m=

Ford = 1/nand g = d, let p, (£ = 1, ..., 7) be the constants as in Lemma 6.2. Observe
that, since y € (O, 2r) there exists an £ € {1 ., 7} such that
Hy,d
Y% 4 2H,y < 1. (6.27)
P
It follows from (6.26) and (6.2) that
! 1 L
M < cg 4, (n)) —. (6.28)
’ lljl [detCov (X2 (1), ..., xH (1) mE[l om

The second product in (6.28) will be treated as a “perturbation” factor and will be shown to
be small when integrated. For this purpose, we use again the independence of the coordinate
processes of X and (6.9) [cf. Condition A3] to derive

on = Var (X[ (™IX[ @), j #£m)

v

N .
Gz yomin {le =/ P j#m). (6.29)
=1

For any n points b e, let 7y, ..., Ty be N permutations of {1, 2, ..., n} such that
forevery 1 <{¢ <N,

tg{(l) < IZK(Z) <...< t;((”). (630)
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Then, by (6.29) and (6.30) we have

nooq n 1
[1-=1I

m=1 Om m=1 C6.14 Z [( m(m) gz(m—l)) A (tétg(m—‘,-l) _ t;l(m)):lHW
< ﬁ 1
= m=1 e (m) gy (m—1) g (m+1) ey () Hegy
o K% ~ )A (’60 Iy )]
- 1
= i £ ’ 6.31
= C6,14 i (Tt ™ Ty (m—1) qg Hegy ( )
- (l‘/é0 Y )
for some (Qéo, -+ qp) €10, 1,2} satisfying I qy, = nand qzlo = 0. That is, we will only

need to consider the contribution of o, in the £y-th direction.
So far we have obtained all the ingredients for bounding the integral in (6.23) and the rest of
the proof is quite similar to the proof of (3.11). It follows from (6.28) and (6.31) that

T
k.7, y)dr 1
Mk, 7, y)df < cg 5 (n)”
T ’ ™ )] [detCov (Xgl(tl), o X(])-I(tn))]d/(sz)
- 1
m=1 7720(1”1) WO (m—1) qZOHloy
(% Lo )
To evaluate the above integral, we will first integrate [dtl} .. .dtg'] forevery £ =1,...,7.Letus

first consider £ = €. By using (6.17), (6.15), (6.6) and, thanks to (6.27) and the nature of qZ‘),
we see that

1
/[“fo’“éo-&-r/zo]” [detCOV(X(I)LI @h, ..., X(I)LI (tn))]d/(zpeo)
n
1
: drg, -« 6.33
l—[ Ty (m) e (m—1)\ 9oy Heg¥ Lo Lo ( )
)
0 0
= Zcé 16 / ”(30(1) ngo(n)
Ty agStyy” =Syt Saggtreg
-1 Hyyd/pey+q) Heyy
o
n|1=(1= ) Hey d/ pey—Heyy
< cg’” (n!)Hzod/P/zO+Heoy rz[ 0 o Heg ] 634)
0
In the above, t;%( ) = ¢ as in the proof of (3.11) and the last inequality follows from (6.6).

Meanwhile, recall that, for every € # £y (£ € {1, ..., t}), we have shown in (6.18) that

_d
/ [detcOv(ng(tl),...,xgl(t"))] e} dr)
[ag,ag+re]"

n(l—(l—%)Hgd/m)

S 62,6 (n!)Hgd/pz "g (635)
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Finally, we proceed to integrating [dtl} ...dtf]for€ = t+1, ..., N.Itfollows from the above
that

_ _ " ; Hed/pe+Hegy+y
Mk, t, y)dr < Ch (n!)t

Tl‘l
n|1=(1= 1) Hy, d/pey—Heyy Toa|1=(=YHHeasp N
xrgo[ 08P o ] X 1_[ rl[ ‘ l] H re. (6.36)
(£l t=r+1
In particular, if r; = --- =ry =r < 1, we combine (6.23) and (6.36) to obtain

E[(L(x,T) = L(y, T))"]

T T

Y Hed/pe+Hegy+y  n|N—=(1=1) 3 Hed/pe—Heyy
S |x — |"V (nh)=1 0 . (=1
6,18 y : r

IA

IA

Cg,z (n!)N*ﬂrJr(lJrHr)V Ix — y|™Y pBe—Hy) (6.37)

The last inequality follows from the fact that Hy, < H; and Lemma 6.2. This finishes the proof
of 3.12). O
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