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In this paper we study a boundary value problem of a system of two second
order ordinary differential equations arising from the field equations of the
3-component U(1l) gauged sigma model. We get a sufficient condition for
the existence and a sufficient condition for the nonexistence of solutions of the
boundary value problem. © 1999 Academic Press
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1. INTRODUCTION

In this paper we study the following boundary value problem

1 2(1—v)?
u”+u’—<m(zv)+p> sinucosu=0 for r>0, (1.1)
r r

1
V" ——v' +2(1 —v)sin®u=0 for r>0, (1.2)
r

u(0) =0, v(0) =0, (1.3)
u(oo)=n,  v'(c0)=0. (1.4)

Here m is a positive integer and p is a positive constant. Problem
(1.1)-(1.4) was derived in [1, 2] in the study of field equations of the
3-component U(1) gauged model (“the A3M model”) with spontaneously
broken Z(2) symmetry. Note here we use the notation (u, v) instead of
(6, a) used in [1], where u=n—6 and v=a. The solutions of the above
BVP, referred to as topological solitons with the “topological charge” m of
the 2-dimensional A3M model, describe stable bound states of the unit
3-component “easy-axis” Heisenberg field and the Maxwell field. We refer
the readers to [1, 2] and the references therein for more details and the
physical background to the problem.
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Numerical investigation by Bogolubsky and Bogolubskaya [1] shows
that, for small positive p, (1.1)-(1.4) has a unique solution with the

property

! ’

u' >0, v' >0, v<l for all r>0. (L.5)

The purpose of this paper is to give a rigorous discussion of the existence
of such solutions. In fact, we prove the following

THEOREM 1.1. (1) For every m>0, if p>=4m, there is no solution to
Problem (1.1)—(1.5).

(2) For every m>0, there exists p* = p*(m)>0 such that for every
pe(0, p*), there exists at least a solution to Problem (1.1)—(1.5). In addition,
when m>1,

/2 u . u 2/m
J cos? =~ sinu ( tan = du
0 2

2
T 2/m
f sin u <tan u> du
0 2

Remark 1.2. 1. We believe that for every positive m, (1.1)—(1.5) has
no solution when p € (p*(m), ).
2. We do not have uniqueness result, though numerical evidence in
[1] shows this.

p¥(m)=4dm (L.6)

The existence part of the theorem is proved by a 2-dimensional topological
shooting argument, where the shooting parameters ¢ and d are given in the
following lemma.

LEMMA 1.3. Let m >0 and p € R be given. If (u, v) is a solution of (1.1)-
(1.3) near r=0+, then there exists a pair (c, d) such that (u, v) satisfies

u(ry=cam+0(rm*?),  u(r)=dr*+0(r**?)  as r~O0. (17)

On the other hand, for every (¢, d,m, p)e RxRx (0, o0)x R, Problem
(1.1)—(1.3) has a unique solution satisfying (1.7). In addition, the solution
can be extended to re (0, o0) and it depends continuously in (c,d, m, p)e
RxRx (0, 0)xR.

The idea of the proof of the existence part of Theorem 1.1 is to find
appropriate values of ¢ and d such that the corresponding solution given
in Lemma 1.3 satisfies (1.4) and (1.5).

The proof of the nonexistence part of Theorem 1.1 is based on the
following asymptotic behavior, as r — oo, of the solution of (1.1)—(1.5):
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LemMMA 1.4. Assume that m>0, p>0, and that (u, v) is a solution of
Problem (1.1)—(1.3) satisfying

u' >0, v >0, u<m, v<l for re(0, «0). (1.8)

Then for some C>0 and v, €(0, 1), (u, v) has the following expansion, as
r— oo,

u(r)=n— Ce P [r=12 4+ O(r—32)], (1.9)
w(r)=Ce VP —/pr="2 4+ 0(r—3?)], (1.10)
v(r)sz—w e[y 0(r )], (1.11)
2p
u’(r):we—Zﬁr[r—1+0(r—2)]. (1.12)

N

Lemmas 1.3 and 1.4 were first derived in [1], where p in the deno-
minator on the right-hand side of (1.11) was missing. Here for complete-
ness and reader’s convenience, we shall provide their proofs in Section 5.

We shall prove the nonexistence part of Theorem 1.1 in the next section
and the existence part in Sections 3 and 4. The proofs of some technical
lemmas used in the paper are left to Section 5.

Throughout the paper, we shall always assume that m >0 is fixed.

2. NONEXISTENCE OF SOLUTIONS WHEN p >4m

The numerical experiment in [1] only deals with the existence of
solutions to the BVP (1.1)—(1.5) for small p >0. Here in this section we
consider the opposite case; namely prove the nonexistence of solutions of
(1.1)—(1.5) when p >=4m.

THEOREM 2.1. If p =4m, then Problem (1.1)—(1.5) has no solution.

Proof. Suppose that (1.1)—(1.5) has a solution (u, v). We shall show
that p <4m.
Multiplying (1.1) by 2r?u’ and then integrating from 0 to r yields

(') = pr*+m?(v—1)?] sin®> u + H(r), (2.1)

where

H(r)= j 2 sin?u-h(t)dr,  h(r)=m>(1—v) 'Jr—p.

0
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Since v’ >0 and (v'/r)’ = —2(1 —v) sin®u /r <0, it follows that 4 is strictly
decreasing in (0, o). Also it follows from (2.1) and the asymptotic
behavior of (u, v) in (1.9)—(1.12) that lim, _, ., H(r) =0. Therefore 4(0) >0
since otherwise /4(r) <0 in (0, o), which implies that H is decreasing in
(0, o0) and therefore H(r)<H(1)<0 for all r>1, which contradicts to
H(o0)=0. From /(0) >0 we immediately obtain

!

p<m?a, where a:= lir{)l+ . (22)

Also, h decreasing and lim, _, , i(r) = —p implies that / has a unique zero,
say at r* e (0, co). Hence H(r) is increasing in [0, r*] and is decreasing in
[r*, o0). As H(0)= H(o0) =0, we conclude that H(r)>0 in (0, co). There-
fore from (2.1) we obtain

ru' =/ pr*+m?(1 —v)? sin u=m(1 —v) sin u. (2.3)

Now multiplying (1.2) by 1/r and integrating over [0, c0) yields

42 fw (1-v) sin? u G2 JOO (1-v) s,inzu v dr
0 r 0 ru

w 2(1-v) sin® 2 4
| wu'drz—j sin u du="—. (2.4)
o m(l-v)sinu mJo m

Finally combining (2.2) with (2.4) we obtain that

p<mia<m® —=4m.
m

This completes the proof. |

3. EXISTENCE OF SOLUTIONS WHEN m >0

To show the existence of a solution to our BVP, we shall use a 2-dimen-
sional topological shooting argument. Instead of using this argument
directly to the solutions of (1.1), (1.2), and (1.7), we would rather use it to
the solutions of the problem after the following scaling:

r=et, where ce™=2. (3.1)
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Then equations (1.1)—(1.5), and (1.7) become

1 2 1— 2
ij+tu—<m(tzv)+p32> sinucosu=0  for >0, (32)

1
1)’—;1)‘+252(1—v)sin2u=0 for t>0, (3.3)

u(t) = 21" + o(t™) as t—0, (3.4)
1

W)=5 i +o(?) as 1-0  (3=2de), (3.5)

i>0,  wu(oo)=m, >0, v(0)<]1, (3.6)

where - = d/dt. Note that the proof of the existence of a solution to (1.1)-
(1.5) is equivalent to find (4, ¢) such that the unique solution of (3.2)—(3.5)
(whose existence is given by Lemma 1.3) satisfies (3.6). In what follows, we
always refer (u, v) to the solution of (3.2)—(3.5), where the dependence of
(u, v) on p, &, and A is suppressed.

Now we outline the shooting argument. First for any given p >0 and
&£>0, we show in Lemma 3.2 that for sufficiently large positive 1, v reaches
1 before v reaches 0, and in Lemma 3.3 that for sufficiently small A,
v reaches 0 before v reaches 1. As v can not reach 1 at the same time as
v reaches 0, the sets of A with the above properties are open and disjoint.
Hence their compliment C( p, ¢) is a nonempty closed set of (0, co) and has
the property that for 1€ C(p, ¢) the solution to (3.2)—(3.5) satisfies v >0
and 0 <v <1 for all > 0. Then we restrict A to the set C(p, ¢) in Lemmas 3.5
and 3.6 and show that for any fixed p >0 when ¢ is sufficiently large,
u reaches 0 before u reaches 7, and when ¢ >0 is fixed and p >0 is suffi-
ciently small, u reaches 7 before u reaches 0. Finally, by a topological argu-
ment, for any sufficiently small positive p there exists at least one (¢, A) with
A€ C(p, ¢) such that the solution to (3.2)—(3.5) satisfies # >0 and ue (0, 7)
for all >0, which, together with the property for v (since 1€ C(p,¢)),
yields (3.6), thereby establishing the existence of a solution to (3.2)—(3.6).

We begin our existence proof with some properties of u and v.

LemMA 3.1. Let p>0, ¢>0, and 4> 0 be arbitrarily given, and let (u, v)
be the solution of (3.2)—(3.5).

(1) There is a t;>0 such that i>0 in (0, t,] and u(t,) =n/2.

(2) Let [0, T]<[0,t,] be the maximal interval where v>=0 and
ve(0,1]. Then in (0, T],
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m(1 —v) sin u < tii < (m+/pet) sin u, (3.7)
t'"e—<mﬂ/4>’2<tang<zmea v, (3.8)
462 ; 462(1— L2

23 g2t U, AU M) Gk (3.9)

m 21 m—i—e\/;;t 2

Proof. (1) Write (3.2) as
2 _1 2

(ti)-=t m(Ut2)+p82} sinu cos u . (3.10)

We see that in the interval where u e (0, /2), tu is increasing and so u > 0.
Now if ¢, does not exist, then ue(0,7/2) in (0, 00), and #i>u(1) for
all > 1, which, after integration, yields u(#) = u(1)+u(1)ln ¢ for all 1> 1,
contradicting u € (0, z/2). Therefore ¢, exists.

(2) Multiplying (3.10) by ti and integrating over [0, ] we get

(ti)?

t
=J i sin u cos u[ m2(1 —v)? + pe2s?] ds. (3.11)
0

Then (3.7) follows at once from the fact that [{ i sin u cos u ds =3 sin® u,
and

m? (1 —ov(1))> <m?(1 —o(s))* + pe’s* < (m+¢ \/I;I)Z

for all se(0, ¢), te(0, T].
To show (3.8), we need a preliminary estimate on v. Multiplying (3.3) by
1/t and then integrating on [0, ] we get

. t 1 _ . 2
- d-vsinu 0 (3.12)
t 0 s
Consequently,
o(t) < At, v(t) < 3ar? Ve (0, T]. (3.13)

Now we prove (3.8). Dividing (3.7) by ¢ sin u, integrating the resulting
inequalities over [#,,7], 0<ty<<1, and then wusing the fact that
mto) 1/sin x dx = In(tan(u/2)/tan(u(t,)/2)) and v < Af32, we get,
Vie [ZOa T],

tan ulo) (l "’ e~ mm@=id) | ~tan ¥ < tan ulto) [ (L mes\/;(’*‘o) )
2 to 2 2 to
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Sending ¢, 0, we obtain (3.8) with the strict inequality replaced by “<”.
Then substituting the obtained estimate for tan u(¢,)/2 into the above strict
inequality, we get (3.8) with strict inequality.

Finally, we prove (3.9). Substituting (1 —v)sinu in (3.12) by its
dominator su/m we obtain, Vte (0, T],

L. 5
U sin u de* . Ju
ds=)—— sin? —.

m 2

v t
*>A—282j
t 0 m

Similarly, replacing (1—v) and sinu in (3.12) by 1-—1is*> and
su(s)/(m+e \/l;s) respectively, we obtain, Vze (0, T,

; ‘ 4¢>(1 =5
Vs [(Umailisnu o ; U)o
t 0 m+g\/];s m+¢./pt 2

since (1 —34r%)/(m+¢ \/Et) is decreasing. This completes the proof of the
lemma. ||

(1 —3As?)iisinu

We now consider the case when A is large.

LemMA 3.2. For any given p>=0 and ¢ >0, if

2\ , 2¢° )
A=A (p,e)i=max<(2p+— &% —+2e%m;, (3.14)
m m

then there exists T, € (0, ty) such that v(T;) =1 and >0 in (0, T;].

Proof. Let (0, T}) be the maximal interval in (0, ¢; ] such that v >0 and
v<1. Then since u<n/2 in [0, ¢;], from the first inequality in (3.9), we
have, for all ze(0, T1],

v‘(t)></1—282> t v(t) > </1—282> Z—z
m m) 2

Since A > 2¢%/m, we see that 6> 0 in (0, 7;]. Hence, to finish the proof, we
need only show that 7; <¢,. It suffices to show that (1 —2&*/m)(3/2)>1,

ie, 1, =/2/(A—2e%/m)=:% In fact, if T,=t, <7, then by the second
inequality of (3.8) we have,

1 =tan <tMet VP < et VP ] (by (3.14)),

u(ty)
2

which is impossible. This proves the lemma. ||



68 Al AND CHEN
Next, we study the case when A >0 is small.

LemmA 3.3. For any given p =0 and ¢ >0, if
2 2¢?
0 <1< y(p,¢):=min {8} (3.15)
e m+e/ep+ee?
then there exists Ty € (0, t,) such that ¥(T,) =0 and ve (0, 1) in (0, T,].

Proof. Let (0, T,) be the maximal interval in (0, ¢,] where ¢>0 and
v<l.
Since /1 < 2/e, the definition of 7, and the first inequality of (3.8) implies

T,
1>tan u(z )> tMe —(mi/4)t? > e —(m/2e) 1 Vie (O, T2],

so that T2<\/;, and from (3.13), v(T5) < AT3/2 < 1. Hence, to finish the
proof, it suffices to show that 7, <1¢,.
In fact, if 7, =¢,, then, from the second inequality in (3.9),

i(T,) 1- 113

<i— 2¢?
T, m+ey/ph
1-34 ) 1-1a2 . )
<i-— ¢ <smce —2 s decreasmg>
m—i—ef m+te./pt

(by (3.15)),

—/1<1+ e’ >— % <o
(m+¢./pe) m+£\/176\

which contradicts the definition of 7. Thus 7, < ¢, and the assertion of the
lemma follows. |

Now, for every ¢>0 and p >0, we define
A1(p, &)
Ay(p,e)={A>0:3T,>0230(T5)=0&v<1in (0, T)},

C(p, &) =(0, 0)\( 4,(p, &) U A5(p, ¢)).

{A>0:3T7,>03v(T})=1&v>01in (0, )},

LemMa 3.4. Let p=0 and ¢>0 be given and let A,(p, ¢), A,(p,¢e), and
C(p, ¢) be defined as above. Then the following holds:

(a) Al(ps 8) > [ll(pa 8)9 OO), Az(l’s 8) - (Os A’Z(p’ ‘(')]s and C(ps ((') <
(12(p9 8)9 ll(pa 8))
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(b)  Both the set \J,>¢ .0 {(P, &)} X A,(p, &) and the set \J,~0 .>0
{(p,e)} xAy(p,€) are open and disjoint in (p,e A)e[0, 00)x (0, c0)x
(0, o). Consequently, for every p; >0 and &, > 0, the set C(p,, &,) is non-empty
and the set \J,cro, p1 12} X C(p, &1) is a compact set in [0, 0) x (0, c0).

(c) For every p=0,e>0 and AeC(p,e), the solution (u,v) to
(3.2)—(3.5) satisfies

>0, O<v<l forall t>0.

Proof. (a) The first assertion follows immediately from Lemmas 3.2
and 3.3 and the definition of 4,, 4, ad C.

(b) Since v(ty) =1 and ¥(z,) =0 for some 7, >0 implies v =1, it then
follows that A, and A, are disjoint.

As Aed,(p,e) 1implies that ©(7;)#0, the assertion that
Upso.e=0{(p.€)} xA,(p, &) is open then follows from the continuous
dependence of solutions of (3.2)—(3.5) with respect to the parameter
(p, & ).

Similarly, to show that (J,~0 ,~0 {(p, &)} X 45(p, ¢) is open, it suffices to
show that either #(7;)#0 or #(7;)=9(T,)=0 and ¥(7;)#0 when
A€ A,(p, ¢). In fact, if §(7,) =0, then the differential equation for v implies
that u(7T,) =kn for some integer k and that u(7;) #0 (else u =kmn), so that
differentiating the equation for v, we obtain #(7,) =0 and ¥(73) # 0. Thus,
Up=o0.s>0 {(p, &)} x 4,(p, &) is open.

The assertion for the set C is a consequence of (a) and the fact that
(0, 00) can not be written as the union of two non-empty disjoint open sets.

(c) Since initially >0 and ve (0, 1), and a violation of one of these two
properties will imply that 4 is in 4,(p, &) U 4,(p, €), the assertion (c¢) thus
follows. ||

Now we shall restrict our attention to the case when 1€ C(p, ¢). We shall
show that for any fixed p >0, u reaches zero before u reaches n for large
g, whereas for any fixed ¢ with p sufficiently small, u reaches = before u
reaches zero.

LEmMMmA 3.5. For every p >0, there exists an &:=&(p)>0 such that if
£=2¢&, then for any 1€ C(p,¢), the solution of (3.2)—(3.5) satisfies, for some
75> 0,

>0 and u<min (0,Ty), and  u(Ty)=0. (3.16)

Proof. Let p>0 be fixed. We first show that there exists an é:=¢&(p) >0
such that if ¢>¢& and A€ C(p, ¢) then

W (t)) < pe?, (3.17)

where ¢, >0 is as in Lemma 3.1.
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Taking ¢=¢; in (3.11) we have

1
2

t
(t,i1,))? = jol ivsin ucos u [m2(v—1)%+ pe®] dt

pé t1

2

t
<j " i sin u cos u [m?+ pet?] dt
0
t
_m —pe® j £ sin? u dt. (3.18)
2 0

Therefore to show (3.17), it suffices to show that the last term is bigger
than m?/2 when ¢>>1. Let ¢, €(0, ¢,) be the time such that u(¢,)=n/4.
Then (3.8) implies 5'e® VPt > tan /8, so that

t, = In |In(e f )| provided that &>> 1.
& \/

It then follows from the second inequality of (3.7) that

hoo, 4 tXsinu
pe? J t sin? u dt > pe? j
0 123 m+f6[
pets w2 . S .
>——2 f sin u du, | since ————— is increasing
m+/pety I m+/pet

e’ 12
1
\/m-i-\/stz nlne\/

provided that ¢ >> 1. Substituting this estimate into (3.18) we then conclude
that there exists & := &( p) such that (3.17) holds for all ¢ >& and A€ C(p, ¢).

To finish the proof, it suffices to show that (3.17) implies (3.16). For this
purpose, we define an “energy” function

1 1 2(p—1)2
V(t)=§ Liz—i-i cos® u m(vtiz)—i-psz
Then

(1 —v) 6t +(1—v)?
3

V(t)= —m? cos® u <0,
so that V is decreasing for all 1> 0. Hence W(¢) < V(¢t,) =u?(t,)/2 <pe?/2

for all £ > ¢, by (3.17). It then yields that u(¢) <= for all £ > ¢, since u(t) ==
at some ¢ > ¢, would implies that V() > pe?/2 by the definition of V. Now
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if 7, does not exist, then u(z)>0 for all >0, which implies that
1i(00) =1ii(00)=0 and u(co)=mn. But this would imply that V()= p&?/2,
contradicting the fact that V(oo) < V(t,) < pe?/2. This completes the proof
of the lemma. |

In order to complete our shooting argument for the existence, we would
like to show that for any sufficiently small ¢ >0 and A€ C(p, ¢), the solu-
tion of (3.2)—(3.5) satisfies that u reaches 7 before # reaches 0. However,
from our nonexistence theorem this cannot be true for p>4m since
otherwise our shooting argument (to be presented at the end of this
section) would yield a solution. Hence, we have to restrict our attention to
small p > 0.

LemmA 3.6.  For every given ¢, >0, there exists a p= p(e;) >0 such that
for every pe [0, p(e;)] and Ae C(p, &,), the solution to (3.2)—~(3.5) satisfies,
for some T,>0,

wW(T)=n and >0 on (0,T,). (3.19)

Proof. The idea of the proof is to show that (3.19) is true for p =0, and
then use a continuation argument for small p. For the convenience of our
presentation, we use a contradiction argument.

Suppose that the lemma is not true. Then there exists a sequence
{(Pns An)} oy such that p,>0 and 4,€C(p,,¢;) for all n, that
lim, , , p,=0, and that the solution (u,, v,) of (3.2)—(3.5) with (p, &, 1) =
(Pns €1, A,) satisfies

either u,(z,)=0 and u,<zn in (0,¢,) for some ¢,>0, (3.20)

or u,>0, u,<nm in (0, o0). (3.21)

We now show that none of them are possible if 7 is large enough.

Observe that Lemma 3.4 (b) implies {(p,, 4,)} o2, has a subsequence
which converges to some (0, A4,) with A, € C(0, &;). Now let (u, v) be the
solution of (3.2)—(3.5) with (p,e A)=(0,¢&;, 4y). Since 4,€C(0,¢,),
ve(0,1) and ¢>0 for all 7> 0. It then follows by integration by parts for
the right-hand side of (3.11) that

(tit)? =2

2 t
—(u—l)zsin2u+m2j (1—0v)bsin®u ds
2 0

| =

t 2
>mzjl(1—v)bsin2uds::5 forall t>1¢,,
0
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which implies that () > |b|/t for all ¢t > ¢, and therefore u(t) >n/2 + |b| In ¢
for all > t¢,. Hence

u(t, +e¥"?Yy>n+1 and 4>0 in (0,¢,+e¥"],  (322)

which implies, by the continuity of solutions in (p, A) again, that (3.22)
holds for u, with n sufficiently large, contradicting both (3.20) and (3.21).
The assertion of the lemma thus follows. |

Now we are ready to prove the following existence theorem.

THEOREM 3.7. For every given m>0, there exists p*=p*(m)=
sup,, ~o (&), where p(e,) is as in Lemma 3.6, such that for any p € (0, p*),
the solution of (3.2)—(3.5), for some ¢>0 and LeC(p,¢), satisfies (3.6).
Consequently, Problem (1.1)—~(1.5) admits at least a solution.

Proof. We shall show that for any given ¢; >0, Problem (3.2)—(3.6) has
a solution if pe (0, p(e;)). Taking the best ¢, then yields that there exists
p*=sup, ~op(e;) such that Problem (3.2)-(3.6) has a solution if
pe(0, p¥).

Now let & >0 be any fixed number and p € (0, p(¢;)). We want to show
that (3.2)—(3.6) has a solution. To do this, we set

&, :=max{&(p), 2¢,}, Ayi= I?ax] Jq(p, &) < o,
ec[e, &
Jpi= min A,(p,&)>0,
eeleg, &]

where &(p) is defined in Lemma 3.5 and 4, and 1, are defined in Lemmas
3.2 and 3.3.
We define

A= {(Eal) €ler.en] [;_vzjl] : ;LEAl(PsE)}a
S={(e,1)€[e1,62] X [12,41] : A€ A5 (pse) }.

Then Lemma 3.4 implies that 4 = [e, &,] x {41} and % D[y, &,] x {4,}.
Also, both sets are disjoint and open (with respect to [&;, &,] X [ 45, 4, ]).
Therefore by a topological lemma (see [3], for example) there
exists a closed and connected set ¥ c[e,ey] X[y, 411\ (H UF) =
Userep 118} X C(p, ), connecting the lines ¢ =¢; and ¢ =¢,. Observe that,
for any (e, 1)e %, >0 and ve (0, 1) in (0, c0).

Next we define another two sets on -

o ={(e )€€ :3T,>02u(T;) =n,1u>0 on (0, T;)},
B={(e,h)e?:3T3>02u(T3) =0, u<m in (0,73)}.
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Then Lemma 3.5 yields # > ({¢,} x [42, 41)]) "%, and Lemma 3.6 yields
o > ({e1} x[Ays 41])NEG. As 1i=0 and u=r at a same point 7,>0
implies that u== for all t>0, ./ and # are disjoint. Also, since u(7,) #0
if (¢, 1) € o and ii(T3) #0 if (¢, 1) € A, the implicit function theorem implies
that o7 and Z are relatively open in %. Hence, since % is closed and con-
nected, there is a (¢*, 2*¥) e €\(# U #). Now by the definition of .« and %,
the solution of (3.2)—(3.5) with (g, A) = (&*, 1*) satisfies >0 and ue (0, 7)
in (0, c0), which implies u(o0) =7 by equation (3.2). Therefore the solution
satisfies (3.6). This completes the proof of the theorem. ||

Remark 3.8. Since ¢; in the proof can be arbitrarily large, we can take
&* such that lim, 4 &* = .

4. A LOWER BOUND FOR p*(m) WHEN m > 1

Theorem 3 did not provide any explicit estimate for the lower bound of
p*(m) though it states that p*(m) is bounded from below by sup, ., p(&;).
The purpose of this section is to give an explicit lower bound for p*(m)
when m > 1, by estimating lim sup, ., p(¢). In the sequel, m > 1 is fixed and
all m dependence are suppressed.

We need the following lemma.

LeMMA 4.1. Let p =0 be given. Then

A
limsup sup <. (4.1)
en0  AeC(p,e) 82(111 8)2

Also, if 0<e<<1 and Ae C(p,¢), then for all te(0,t,], where t, is as in
Lemma 3.1,

ti=m[1+ O(e)] sin u, tan gz " [140(¢)], ti=1+0(¢), (42)

2

4
o(1)=0(e), =i—""sin? L4 0@ (4.3)
m 2
Furthermore,
p
liminf inf So>1. (4.4)
en0  AeC(p,e) €

We again leave its proof to Section 5.
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Now we estimate p(¢) in Lemma 3.6 for ¢ sufficiently small. We assume
that ¢ > 0 is sufficiently small, and 1€ C(p, ¢).
As >0 and ve(0,1) in (0, c0), for all t>¢,, j;l (1 —v)? 4 sin u cos u ds
(1 —o(t )) [sin® u(¢) — 1]. Using the identity [§ (1 —v)? i sin u cos u ds

>
=1(1—o(t, s (1 —v) 6 sin? u ds, we then obtain

t t
L (1—v)2dsinucos uds > L(1 — v(t,))? sin® u(t) +f0' (1—v) 6 sin? u ds

for all > t,. Consequently, from (3.11),

10202 > Im* (1 —o(ty))? sin? u + o — B(2), (4.5)
where
7 7
o« =m? f (1 —v) vsin® u ds + pe? J 5210 sin u cos u ds
0 0
t
B(t) = —pe? J 524 sin u cos u ds.
4
We define

Ty=sup{t>t,: f<(1—¢e)o,ui>0,u<min (¢, 1)}.

Since a >0, f(¢;) =0 and u(t,) >0, T, € (t,, o] is well-defined. In [#,, T}),
we have, from (4.5),

i = /M sin® u + 2¢o > max{ s sin u, \/2ea}, (4.6)

where 1 =m(1 —v(¢;)). This implies that 7, < co. In addition, at 7}, either
B(T,) = (1 —¢)o or u(T,) =n. Now we show that if p is suitably small, the
first alternative will not happen. To do this we estimate « and f.

First we estimate f(¢). Integrating (4.6) over [¢,,¢] with integrating
factor 1/(¢ sin u) we obtain, for te [, T,], ™ <t} tan u/2. Therefore, from
the definition of f(¢), for all te[t,, T,],

t u 2/m
B(t) <pe? f it sin u |cos u| t? [tan 2} ds

41
T u 2/m
<pe?[140(e)] f sin u |cos u| {tan } du,
/2 2

since by Lemmad4.l, t;,=1+0(¢) and m=m(1—ov(t;))=m[1+ O(¢)].
Here we need the condition m > 1 to insure the convergence of the integral.
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Next we estimate a. Using Lemma 4.1 we can calculate

tl . .
j sin? u(1-v) v dt
0

:J‘tl it sinz.u(l—v)gdl

0 tu t
0 (tan(u/2)[ 14+ O(e) )™ usin®u [ | 46> . L u 3 }

- ~2 in2 d
L msina[1+0(e)] A=y ST+ 0 | di

1 /2 2/m
= JO {)Lm —4¢? sin? ﬂ sin u <tan ;) du+ O(&%)

and

4 . 72 u\2/m
J 121 sin u cos u dt =J sin u cos u <tan 2> du+ O(e).
0 0

It then follows from the definition of « that

/2 u u 2/m
_ CAe2a6in2 2 o bt
oc—jo {lm 4g” sin 2} sin u <tan 2> du

/2 . u 2/m
+é&%p f sin u cos u <tan 2> du+ O(&%).
0

Hence, f(t) <(1 —2¢)a holds in [¢,, T, ] provided that

o u\%/m 2 m LU u\2/m
p L/z sin u |cos u| (tan 2> du < L sin u {82—4 sin 2} <tan 2> du

/2

u 2/m
+p j sin u cos u <tan 2> du— O(e).

0

Since from Lemma 4.1, 2m/e? >4 — o(1), where lim, _,, o(1) =0, we see that
the last inequality is true provide that

/2 u u 2/m
4 j sin u cos? = ( tan — du
o 5 (10 5)

o u 2/m
—J sin u cos u | tan — du
0 2

/2 u u 2/m
: 2
sin ¥ cos” — ( tan — du
j 2 < 2>

2/m

L u
JO sin u <tan 2> du

~

—o(1)

=4m —o(l). (4.7)
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Hence, if p satisfies the above inequality, then u(7;)== and #>0 in
(0, T,]. We then have the following lemma:

Lemma 4.2. Let m>1 be given. Then the function p(e;) in Lemma 3.6
can be taken as the right-hand side of (4.7), so that

7/2 2/m
j sin u cos? g <tan ;) du
lim p(e,) =4m =

T 2/m

e N0 . u

o f sin u <tan > du
0 2

One observes that Theorem 1.1 follows from Theorem 2.1, Theorem 3.7,
and the previous lemma.

5. APPENDIX

Finally, in this section we provide the proofs of Lemmas 1.3, 1.4, and 4.1.

Proof of Lemma 1.3. Let (u, v) be a nontrivial solution of (1.1)—(1.3) in
(0, 0] for some 0 <o << 1. We want to show that (u, v) satisfies (1.7) for
some constants ¢ and d. Integrating (1.2) twice with integrating factors 1/r
and r respectively and using the fact that v(0) =0, we obtain

1,1 | r ,
v=br2+7r2[ ffzdp—ff pfsdp,  fo= —2(1—v)sin®u. (5.1
2 s P 2 0

Similarly, integrating (1.1) twice with the integrating factors r'~™ and
r*" =1 respectively and using the fact that u(0) =0, we get

m g fl 1 —m " m—
e dp =5 T idp(52)

1
=ar"+—r
" 2m s P

where
fi=m?[(1 —v)*sin u cos u—u] — pr?sin u cos u.
We observe that
S1<K(lu| + |v]) |ul for re[0,0], (5.3)

where K is independent of d (0, 1].
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We now show that u=O(r") as r~0. Define w(7)=supy<, <5 |u(r)|.

)
Taking the supremum of both sides of (5.2) from 0 to 7 and using (5.3)
yields

- om L m (T %\ LAl 1
w(F) < |a| F +7 sup {r (f +L>p’"+1dp +2—m2 sup | fi]

o<r<r¥ r o<r<r¥
. AL, ]
<lal "5 swp Uil 4, [ o+ sup 1]
o<r<r¥ o<r<¥

o [ LW 0[]
f m+1

PP

<lal ¥ -}-£ [w(7) + max [v(r)]] W(’N’)WL£

dp.

o<sr<r 2}’}’1 p
Since K is independent of 4, w(0)=0, and v(0)= O we can set 0 small
enough such that (K/m?)[ w(7 F)+maxy<, < |0(r)|] < for all 7e(0,0]. It
then follows that

J [wH+|v|]w dp.

m+1

K _
w(F) <2 |a| 7™ +

7

Dividing both sides by 7, then taking the supremum of both sides from r
to 6 and defining W(r) =sup, c;<s w(¥)/i", we then obtain

W(r)<2|a|+[5m W(r)+ sup f”dp} W(r) for re(0,0].

rsrso (5.4)

Since (u(0), v(0))=(0,0), |f>]<1 for small §, so that, from (5.1),
|[v—br?| <r?In1/r for re[0, 6] if 6 << 1. Therefore

° |o| 1
ﬁ dp<j [|b|p+p1np} dp

1 | 3,1 m? .
2|b|(5 +0 ln5 2|(5)|-i—25 1n5<2K if d<1.
Hence from (5.4), we obtain
2K 2
W(r)<4|a| + 5 0" W2(r) for re(0,0]. (5.5)
Note that W(d) =w(d)/0" =0(1)/0" <1/6™ if 6 << 1. Therefore, we can

define r—mf{re(O 5] W(r)<1/6™ in (7,6]}. We show that 7F=0.
Suppose 7> 0. Then W(r)=1/0". Evaluating (5.5) at 7 and then multiplying
both sides by 6™ yields 1<2 |a| 6™+ (2K/m?)6™, which is impossible
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if 0 is sufficiently small since from (5.2), ad”=u(d)+(1/2m)r=—"
op™ fidp=o0(1) as 6 — 0. Therefore W(r)<1/0™ in (0,5] and hence
u(r)=0(™) as r\O.

Now substituting u=O(r™) and v=O0(r*|Inr|) into (5.1) yields
v=0(r?) as r — 0. Therefore ¥™~1f, and rf, are integrable in (0, J), so that
(5.1) and (5.2) can be written as

__ M 1 m " fl 1 —m " m—1,
u=arm o L e dp = Lp 1, dp, (5.6)
1,1 |
—dr4=r? [ 2 fodp—= d 57
v r+2rjopfzp 2J0Pf2 P> (5.7)

where c=b+3(° fo/p and d=a+ 5, |s° f1/p" . It is also easy to show
from u= O(r™) and v = O(r?) that the terms involving integral in (5.6) and
(5.7) are O(r™*?) and O(r*"+2) respectively and hence (1.7) follows.

To show the existence part of Lemma 1.3, it suffices to show that for any
given ¢ and d, (5.6)—(5.7) has a unique solution in (0, ] for some J > 0.
Let X be the set of the continuous functions (u, v): [0, 6] — R? equipped
with the norm [|(u, v)| = supo <, <s |u(r)|/r™ 4+ supy~,<s [0(r)|/r% Then X is
a Banach space. For any (u, v) in X, define (d@, §) = T(u, v) by the right-
hand side of (5.6) and (5.7) respectively. Then it is an easy exercise to
check that if J is sufficiently positive small, then 7 maps the ball
B(0) :={(u,v) e X: ||(u, v)|| <|c| + |d| + 1} into itself and is a contraction.
Therefore T has a unique fixed point in B(J), which is a solution to (5.6)—
(5.7). In addition, since the non-linear term in the v equation grows linearly
in v, v will not blow-up in finite r. Also, the nonlinear term in the u equa-
tion implies that u will not below-up if v does not blow up. Hence, the solu-
tion will not below-up in finite » and can be extended to the interval
(0, 00). The continuous dependence of (u, v) in (¢, d, m, p) follows easily
from (5.6), (5.7), and the smoothness of f; and f, in (u, v, m, p). This com-
pletes the proof of the lemma. ||

Remark 5.1. Replacing f; and f, in (5.6) and (5.7) by their Taylor
series about (u,v)=(0,0) and substituting u=cr"+O(F™*?) and
v=dr*4+ O(r*+?), we get the next higher order expansion of (u, v) near
(0, 0). Substituting this expansion into (5.6) and (5.7) again, we can get
next higher order expansion of u and v. Continuing this process we can get
arbitrarily higher order expansions of (u, v) near (0, 0).

Proof of Lemma 14. Since u' >0 and u<n, u(oo) exists and either
u(oo)=m, or u(oo)=m/2. The latter is impossible since otherwise, the
equation for u implies (ru')’ >0 in (0, o), which further implies that
u>u(l)+u'(1)Inr—- oo as r - 0. Therefore u(o0) =7.
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Now we prove (1.9) and (1.10). Defining z=\ﬂ(n—u) and using
sin u cos u = —(l/ﬁ) z[ 14 O(z*/r)], we can write (1.1) as

2 1
Z/r_{p+0(i)+0<ﬂ>}z=0 for r>>1. (5.8)

Since z(r) :o(\/;:) and z>0, a standard Liouville-Green approximation
(cf. Chapter 6 of [4]) then gives that, as r —» oo, z(r) = Ce_*/‘;’[l +O(1/r)]
and Z'(r)=— Cfe 1”[1 + O(1/r)] for some positive constant C> 0.
The asymptotics (1.9) and (1.10) then follow by the relation between u and z.

Next we show (1.11) and (1.12). Since v'>0 and v<1 in (0, c0),
integrating the equation (v'/r) =(—2(1 —v)sin®u)/r from r to oo twice
yields

vr(r)zzjwo (1—1;(5)) sin? M(S) ds, (59)

r r N

o(r) =0, —fo (52— 2y Lzt sintu(s) o (5.10)

r N

Since ve (0, 1) and sin u(s) = Ce~VP[1//s + O(1/5¥?)], we see from (5.10)
that v=v_, — O(e_z*/;’). Replacing v in the integrals in (5.9) and (5.10) by
this approximation we then obtain (1.11) and (1.12).

Finally we show v <1. In fact, if v, =1, then (5.10) and the mono-
tonicity of v implies that

l—u(r)zro (52— 1?) (1 —v(s))ssin2 us)
<(1 _U(V)) JOO (52—7'2) Sinzsu(s) ds

(1—uv(r)) if ris large enough.

l\J\P—‘

However, this would imply v =1 for all r large enough, which is impossible.
Thus v, <1, thereby completing the proof of Lemma 1.4. |

Proof of Lemma 4.1. We first prove that if 1€ C(p, ¢), then A <e&*(In ¢)?
for e << 1. We claim that

12
5 for t€[0, t,]

p t (5.11)
E et?ln—  for t>1,.
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In fact, from (3.9) of Lemma 3.1 we have 6(t)/t >/ — (4e*/m) sin® u/2 >
A —2&*/m for te[0, t;]. On the other hand when > 1¢,,

gzij(tl)_zgz ft (1—v) SiHZuds
tl 4 S
2¢? t] 2¢? t
20— [ —ds=i— T2
m y S m 1

The estimate (5.11) then follows by integration.
Now evaluating (5.11) at 1=2/,/2 yields

262 2
2{1—’2} it =<,
0(2//7) > ';2 2 g \? (5.12)
2{1—’94+81n'1] it >,
ma }, 4 ﬂ

Since 7'e®P1 =1, we have 1, = 1/(1 +¢ \/;/m). Thus when ¢ << 1 we must
have / < ¢?(In ¢)? since otherwise U(Z/ﬂ) >1 by (5.12), which contradicts
the definition of C(p, ¢). This proves the first inequality of (4.1).

Once we know /A <e%nZ%e, the estimates (4.2) and (4.3) then follows
directly from (3.7)-(3.9).

Finally, we prove (4.4). Since (d/dt)(v/t)= —2¢*(1 —v)sin>u<0, we
know that 6 < Ar and v <Ar?/2 for all 1>0. As 1 <e?In’¢, we then know
that, as ¢ —» 0, v — 0 uniformly in any compact set of [0, c0). Consequently,
u — 2 arctan ¢ uniformly in any compact set of [0, c0). It then follows that
for any finite ¢ >0,

b A d d.
lim {Z—z}=—lim 2(1 —v)sinu =
en0 (E°F & eN0 Jo S
‘ d. 477
= —f 2 sin?(arctan s™) = = —_——.
0 s m(l+ ")

Since ¢ >0 for all >0, we then obtain

Am 2m
liminf inf —
en0  AcClpe) 427 1+ 1™

for any ¢ > 0. Sending ¢ — oo then yields (4.4). This completes the proof of
Lemma4.1. |
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