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Summary. We study a tissue interaction model on skin pattern formation proposed by
Cruywagen and Murray [J. Nonlin. Sci., 2 (1992), 217-240]. We prove rigorously that
the model has travelling wave solutions for all sufficiently large wave speeds, which were
found numerically by Cruywagen, Maini, and Murray [J. Math. Biol., 33 (1994), 193—
210]. Our results also confirm the asymptotic expansions obtained for those solutions
by formal perturbation analysis in the Cruywagen et al. article cited above.
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1. Introduction

In this paper we study the following boundary value problem:

d*o d0 d*o d? n
2
S A ey ey pu—_— B
pe dz* He dz? Edzz te dz? {1+ v(l — er,ole)} (I.1)
gdzn dn tnl—my—s d d (1 —¢etp0 (1.2)
— ——+n(l—-n)=sa— jn— [ ———— ) ¢, .
dz>  dz dz | dz \ 1+yn
lim (6,n) = (0,0),  lim (8, n) = (0, 1), (1.3)
z—>—00 7—00

where B, i, T, v, p, o, ¥, and € are positive parameters, p; = 1/p and ¢ is small. The
problem (1.1)—(1.3) was derived in [3] in seeking travelling wave solutions for a math-
ematical model proposed by Cruywagen and Murray [2] to account for the tissue in-
teraction that leads to feather germ patterning in chick skin. We note that in [3], the
coefficient Be? of d*6/dz* in (1.1) was misprinted as f&*, and the numerator 1 — e7p,6
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inside of the parentheses in the right-hand side of (1.2) was misprinted as 1 — etp6.
According to [2], [3], [4], the model assumes that tissue interaction between the epithe-
lial and the dermal skin layers is mediated by two signal chemicals that are secreted in
each layer respectively. Those chemicals diffuse across the basal lamina, a thin sheet
separating the dermis and the epidermis, thus transmitting information between the lay-
ers. The model consists of seven coupled nonlinear partial differential equations: four to
describe the production, degradation, and diffusion of the chemicals within and between
layers; two conservation equations for dermal and epidermal cell densities; and a force
balance equation for modelling stress in the epithelium. The full system is too compli-
cated to do any useful mathematical analysis, and subsequently a special case of the
model was considered in [2], [3], [4] based on the biological fact that the changes in cell
strain and cell densities during pattern formation in many embryological situations are
small. This implies that the epithelial dilation is small. Under some further assumptions
the full model is reduced to a system of two partial differential equations, which, after
nondimensionalization, takes the following form in the one-dimensional spatial case:

e PO %0 06— 9 N (14)
ot Morex? T o TP T o |11 -0 [ '
ON N T NG-M=a 82 (12 © (1.5)
— = - =a— — = , .

ax2 ot dx ax \ 1 +yN

where © stands for the epithelial dilation and N stands for the dermal cell density. We
refer the reader to [2], [3], [4] and the references therein for the detailed derivation of
the model and its biological background.

Cruywagen, Maini, and Murray [3] were looking for travelling wave fronts (©(x, 1),
N(x,1) = (0(2),7(2)) with Z = x + ¢ and the wave speed ¢ > O for the system
(1.4)~(1.5), where (8, i) satisfies

ﬂd“é a6 d% b d? { il } 16)
= T MC=—3 — /= =T VT o A (> .
P F dz2 [14v(1 -6)

d’n  dn =) d|.d {1-6 wn
— —¢c—=+nll—n)=a—n— , .
a2 dz dz | dz \1+yn

lim (@, 7) = (0,0), lim (@, 7) = (0, 1). (1.8)
Z—>—00 I—>—x

Based on numerical simulations, the local stability analysis at the equilibria of (1.6)—
(1.7), and the observation that (1.7) decouples from (1.6) when & = 0, which is the
well-studied Fisher equation exhibiting wave front solutions for all wave speeds ¢ > 2,
they conjectured that (1.6)—(1.8) has solutions for sufficiently large c. Using the re-
scalings,

~ 1
P=c 0@ =500, i@ =n@. e=-.
pc c

they reduced (1.6)—(1.8) to (1.1)—(1.3) with ¢ sufficiently small, and then applied regular
series expansions of the form 6 (z) = 6y(z)+€0,(z)+- - - andn(z) = no(z)+en1(z)+- - -
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to obtain an approximation to each wave front solution of (1.1)-(1.3). The O(1) terms
of the above expansions satisfy
1 d 2}10 dn()

20— no(1 = np). (1.9)

b= ——=""0
07 T4 de? dz

By imposing the condition n¢(0) = %, they obtained no(z) = €*/(1 + %), which clearly
satisfies ng > 0, lim,_, _o 19(z) = 0, and lim,_,  n(z) = 1. Since the above argument
was based on purely formal perturbation analysis, it is the purpose of this paper to give
a rigorous discussion of the existence and asymptotic behavior of such solutions. The
main result of the paper is as follows:

Theorem 1.1. Letny(z) = e*/(14-€%) and 6y be definedin (1.9). If ¢ is sufficiently small,
then there exists a solution (0., n.) to (1.1)—(1.3) that satisfies n, > 0 on (—o0, 00) and
the following:

(1) for any nonnegative integers j and 7 € (—00, 00),

d’
d_Zj(Qa (2) — 60(2))

d/
= Cje, 'E(%(Z) —no(2))| < Cje, (1.10)

where C; > 0 is a constant independent of €;
(i) as z > —o0,

95(2) 0 1 1

0.(z) 0 )\24 k(z)s

6, (z) ~ 0 A3z Aoa | s Gt

6" (2) cos | o | € +em ’s " + cos A, s, (1.11)
ne(z) 1 0 0

n;(Z) )\.03 0 0

where co; and Ayj (j = 3,4, 5) are real numbers, co3 > 0, and

)»03’\’1, )\04’\' 3 i, )\05’\’— ase—>0, (112)
ue Be
while, as 7 — o0,
0:(2) dy d>
0,(z) dz)gz dz)»éz
9;’(z) N dz)‘12 ibyiz anz ~ d2)‘l2 ibi1z anz
67 (2) cin dz)x?z e e+ sy dﬁ?z e e
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n.(z) A2 Al2
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d3Ai3
VS
+c et 1.13
53 { gyl (1.13)
1
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A2 —LAjle—Lle . 14)? .
% #0( =23),L= %, A2 = ay +ibyy, cyj

(G =1,2,3),ay, bllj, and )3 are real numbers such that |cq1| + |c12] + |c13] #£ 0, and

| 3
allf\'——S i, bll'\’£3 i, )\.13'\’_1 aSS—)O. (1.14)
2V pe 2V e

where d; =

Remark 1.1. (a) Transforming 6, n,, z back to the variables 9;, fe, Z, (1.10) yields that
for any given nonnegative integer j, if ¢ is sufficiently large, then for Z € (—o0, 00),

dif, I A BT C din, dl | eif C
< - < .
Azl dz |14 etz || T ot

dzi p(14+v)dzit2 | | feiz ||~ /¥’

(b) Biologically, the dermal cell density n satisfies 0 < n, < 1. The second estimate
in (1.10) implies that for any fixed z € (—00, 00), n.(z) < 1 if ¢ is sufficiently small. It
follows from (1.11) that n,/n, — A3 as z — —oo, which resembles the travelling wave
fronts for the Fisher equation (see [5]).

(c) It is also expected biologically the dilation 6, does not approach the zero steady
state in an oscillatory manner as z — Zoo. This is confirmed by (1.11) as z — —oo. If
one shows that n, < 1 near z = oo, then it follows that ¢;3 < 0 in (1.13) and hence 6,
does not oscillate as z — oo.

We note that by formally setting v(z) = ffoo ffoo 6(n) dndé and integrating (1.1)
over (—o0, z) two times we transform (1.1)—(1.3) into the following problem:

d*v v d* on
2
dv _ dv _ dv , 1.15
pe dz* He dz? edzz v 1+v(l —etpv”) (1.15)
d*n  dn d d (1—etpv”
L RS R Ny P (el L | 1.16
Sdz2 dz+n( ") 8adz {ndz< 1+ yn )} (1.16)
1
lim (v,n) = (0,0),  lim (v, n) = <— 1), (1.17)
7> —00 700 14+v

where v” := d?v/dz?. Note that this transformation does not change the left-hand side

of the equation (1.1) while its right-hand side becomes simpler. It is easy to check that
if (v, n) is a solution of (1.15)—(1.17), then (8, n) := (v”, n) gives a solution of (1.1)-
(1.3). Therefore, the existence of (6;, n.) satisfying (i) in Theorem 1.1 follows from the
following theorem:

Theorem 1.2. If ¢ is sufficiently small, then there exists a solution (v,, n.) to (1.15)—
(1.17) that satisfies, for any nonnegative integers j and z € (—00, 00),

i @ d’
o (Ua(Z) _ o Zy)' < Cje, ‘a’_zj<n8(z) — no(Z))

<Cje, (118)

where C; > 0 is a constant independent of e.
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We prove Theorem 1.2 in Section 2 by the contraction mapping theorem and The-
orem 1.1 in Section 3. The asymptotic behavior in (1.11) and (1.13) follows from
an application of the stable manifold theorem to an equivalent first-order system of
(1.1)-(1.2). We show that if ¢ is sufficiently small, then wy := (0,0, 0,0, 0,0) and
w; = (0,0,0,0, 1,0) are the only equilibria of this system, and the unstable mani-
fold at wyq is four-dimensional and the stable manifold at w; is three-dimensional. Ag;
(j = 3,4,5) and the vectors in the right-hand side of (1.11) are the eigenvalues with
the positive real parts at wy and their corresponding eigenvectors. Ay, = aj; — ibyy,
A2 = aj; +ibyy, and A3 in (1.13) are the eigenvalues with negative real parts at wy,
and the vectors in the right-hand side of (1.13) are the eigenvectors associated with A,
and XAy3. (1.12) and (1.14) provide the estimates for those eigenvalues as ¢ — 0. The ex-
istence of those eigenvalues and their asymptotic formulas are presented in two lemmas
in the Appendix. In order to show n, > 0 on (—o00, 00), we use an argument similar to
the phase-plane argument used for wave front solutions of the Fisher equation (see [5],
[8] for discussions on the Fisher equation).

In the rest of the paper, the dependence on ¢ for solutions of (1.1)—(1.2) or (1.15)—
(1.16) is suppressed.

2. Proof of Theorem 1.2

For convenience, we let BC (—00, 00) be the Banach space of all continuous and bounded
functions on (—o0, co) with the norm | f|y = sup{|f(z)| : z € (—00,00)} for f €
BC(—o00, 00). For given positive numbers N, o, and w, we define

Yy ={n e BC(—00,00) : |np < N, lim n(z) =0, lim n(z) =1},
Z—>—00 Z—> 00

Zs ={n; € BC(—00,00) : |n1lop <o, lim n(z) =0},
z—+o0

W, = {v € BC(—00,00): lim v(z) =0, lim v(z) = — } .
z—>—00 z—>00 14+v

Then, it is easy to verify that Yy, Z,, and W,, are closed sets in BC (—00, 00).

We prove Theorem 1.2 by three steps. First, for any given positive number N and
n € Yy, we show that for sufficiently small ¢, the equation (1.15) has a unique solution
v := V(n) € Wy, and V(n) as a mapping from Yy to W, is Lipschitz continuous with
respect to n. We complete this step by Lemmas 5.2, 2.1, and 2.2 and Corollary 2.1.

Secondly, we write the equation (1.16) as an equivalent system (2.28) for (m, n). Since
we expect that n’ is bounded, by formally sending ¢ — 0 in the second equation of (2.28),
we see m —n — (. We also expectn — ng as ¢ — 0. Hence if we set m = ny+m; and
n = m+n;, we expect that both m| and n; which satisfy the equations (2.29) and (2.30)
are small. Note that the equation (2.29) does not depend on ¢, v and its derivatives. We
show in Lemma 2.3 that for sufficiently small o > 0 there is a number o) = O (o) such
that for any function n, € Z, there is a unique m; := M;(n) € Z,, satistying (2.29).
We further show that M, as a mapping from Z, to Z,, is Lipschitz continuous with
respect to n;.
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Finally we show in Lemma 2.4 that there exists asmall o > 0 such that for sufficiently
small ¢, there is a unique n; € Z, that satisfies the equation (2.30) with m, n, v, and
the derivatives of v in the right-hand side of (2.30) replaced by M (1), N'(n}) := no +
Mi(ny)+ny, V(N (n1)) and its derivatives. It follows that (v, n) :== (VN (n1)), N (n1))
is a solution to (1.15)—(1.17).

We start by transforming (1.15) into equivalent integral equations. To do so, we
consider the nonhomogeneous equation

4 3 2
pers — e — S v =), .0
where f € BC(—o00, 00). Write an equivalent system to (2.1) as ¢’ = A¢ + F(z),
where ¢ := (v, v/, v”, v")!, A is the corresponding 4 x 4 constant coefficient matrix,
and F(z) = (0,0,0, f(z)/Be?)". The characteristic equation for A is p(X) = Bert —
uerd — er? 4+ p = 0. It follows from Lemma 5.2 that if ¢ is sufficiently small, then
p(A) = 0 has two complex roots .y = a — ib and A, = a + ib and two real roots

0 < A3 < A4. Note that the eigenvectors of A associated with the eigenvalues A;
(i=1,2,3,4) are (1, A, A2, A3)". We have

a b 0 0
—-b a 0 0
—1 _ P
T AT = A = 0 0 a 0
0 0 0 X
1 0 1 1
h T — a b )\3 )\.4
where L=l g2 o2 2ab 32 22|

a® —3ab®> 3a*bh— b3 )% )LZ

where the first two columns of 7' are the real and the imaginary parts of the complex
eigenvector (1, A2, A3, A3)", respectively. Let ¢ = Tx with x = (xy, x2, x3, x4)". It
follows that

aq (0%
Xy = axi +bxa + — f(2), xy = =bxi +ax; + — f(2), (2.2
Be Be
’ a3 , oy
X3 = A3x3 + — f(2), X, = Mxs + — f(2), 2.3
where (o, 2, 3, as)' is the last column of 77! given by
dat+rs—2a
o (=P +821[0s—a) +07] 0
o (M3—a)hg+a’—b2—aks 0
—a)2 2 —a)2 2
oz2 =T ey = | PlO4—0°+b 1][“3 @ +b where e4 = 0 (2.4)
3 N S
; A3—Aa)[(h3—a)2+b2
o (A3—24)[( 13 a)?+b?] 1

(a—23)[(hg—a)>+b?]
Then an easy exercise shows that the unique bounded solution of (2.2)—(2.3) over
(—o00, 00) is given by

x1(2) = % /z "Iy cosb(z — 5) + az sinb(z — 5)] f(s) ds, 2.5)

—00



Travelling Wave Solutions 455

1 Z
x(2) = ﬁ / "G [—ay sinb(z — 5) + azcosb(z — 5)1f(s)ds, (2.6)
€ J-oo
a5
x3(2) = —— e f(s) ds, 2.7
Be* J;
ag [ (z—s5)
x4(z) = —— e f(s) ds, (2.8)
Be* J;
and furthermore, if f € W,, then
@) — 0, as z — —o0, 2.9)
*z —ﬁsz(’;+v)A_l(a1,()[2,()[3,0[4){, as 7z — OQ. ’
From (5.5) and (2.4) it follows that, as ¢ — 0,
1 )\3 —da
a ~ 9 a ~ ’
D k(s — a2 + 07 2 il — a)? + b7
! : (2.10)
o3 ~ , oy~ —, .
P palOs —a)? + b2 MY

and hence there is a constant C > 0 independent of ¢ such that if ¢ is sufficiently small,
then

5
loey| + leea] + |es| < Ce3, lag| < Cé3,

which together with (2.5)—(2.8) yields

lx1lo + [x2]0 + |x3l0 < C| flo, Ixslo < Ce*| flo, (2.11)

where the constant C might be changed but is still independent of €. Substituting back
to the original variable v, we have the following result:

Lemma 2.1. If ¢ is sufficiently small, then for any f € BC(—o00, 00), the equation
(2.1) has a unique bounded solution v(z) defined for z € (—o0, 00) by

v(z) = x1(2) + x3(2) + x4(2), (2.12)
V'(z) = ax1(z) + bxa(2) + A3x3(2) + Aaxs(2), (2.13)
V'(z) = (@* — b*)x1(2) + 2abxa(z) + 13ix3(2) + A3xa(2), (2.14)

V"(2) = (a® —3ab®)x1(2) + Ba’b — b*)x2(2) + A3x3(2) + Ajxa(z), (2.15)
where o; and x;, i = 1,2, 3, 4, are given in (2.4)—(2.8), such that
[vlo + &% 10'lo + &% [0l + &[0 lo < CIflo, (2.16)
where C > 0 is a constant independent of € and f. Furthermore, if f(z) € W), then

as z — —oo,

0,0,0), asz— oo. 2.17)

¢(Z) = (v’ 'U/, v//’ U/H)[(Z) — {O

1
(>
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We note that (2.17) follows from (2.9). To see this, we only need to check the limit
of ¢ (z) as z — o0, which results from noting that, as z — oo,

$(2) = Tx(z) — —ﬁm*%al,az,a@a@’
_ _m(/ﬁn(rle@
= _ﬁSZ(f+ A= _ﬁsz(f+ v) (J%Z’O’ o O)
_ (H%,o,o,o)l. 2.18)

Let X, be the Banach space of continuous and bounded vector-valued functions x =
(x1, X2, X3, x4)" € [C(—00, 00)]* with the norm |x|, := |x1]o + [x2lo + |x3]0 + & [x40.
We define four linear mappings V (x), Vi (x), V>(x), and V3(x) from X, to BC (—00, 00)
by the right-hand sides of (2.12)—(2.15) respectively. It follows from (2.10) and (5.5)
that, for x € X,,

A

[V()lo = |xilo + [x3lo + |x4lo < Ix]e,
IVie)lo < Cle 3 Ixilo + &3 xalo + £ 3 xslo + &' xalo) < Ce 3 |xle,
IVa)lo < Cle 3 Ixilo + & 3 xalo + &3 xslo + £ 2lxalo) < Ce 3 xle,
Va()lo < Cle'xilo + & ' xalo + & 'xslo + & lxalo) < Ce™'xle,
and so
IV@lo+ &3 1Vi@lo + 5 [Va()lo + el V(0o < Clxe. (2.19)
Similarly we have, for x and x in X,,
V@) = V©lo + &5 Vi) = Vi®lo + &3 Va(x) = Va(®lo
+elVs(x) = Vs(®lo < Clx — &l (2.20)

Moreover, for any x € X,, the same argument used in (2.18) yields that (V;(x), V>(x),
V3(x), V4(x))"(z) has the same limits as z — 00 as those of ¢ (z) given in (2.17), and,
in particular, V,(x)(z) — 0 as z — £o00. Now we are ready to show the next lemma:

Lemma 2.2. For any positive number N, there exist an ¢y = €9(N) > 0 and a constant
C* > 0 such that for any 0 < ¢ < gy and n € Yy there exists a unique x := X(n) €
B.(C*N) :={x € X, : |x|. < C*N, and x satisfies (2.9)} satisfying (2.2)—(2.3), where
fin(2.2) and (2.3) is defined by

~ ~ PSS
(@) = f(n(2), Va(x)(2)), f(s1,8) =

14+v(l —etp1s2)

2.21)

Moreover,
|X ()| < C*|nlo, |X(n) — X ()| < C*|n — nlo, (2.22)

foranynandninYy.



Travelling Wave Solutions 457

Proof. 'We use the contraction mapping theorem to prove the lemma. First we define the
mapping P on B,(C*N) by P(x) = (P1(x), P2(x), P3(x), Ps(x)), where P;(x),i =
1, 2, 3, 4 are defined by the right-hand sides of (2.5), (2.6), (2.7), and (2.8) respectively,
with f inside of each integral in (2.5), (2.6), (2.7), and (2.8) being defined by (2.21).
The constant C* will be chosen shortly. We note that B,(C*N) is a closed set of X,. It
follows from (2.19) and (2.21) that for any x € X,

plnlo
1+ v(1 — Ce?lx|e)
The constant C may have been changed from that in (2.19). Itis easy to see that f(z) — 0
asz — —ooand f(z) = p/(14v)asz — oo, namely, f € W,. Hence, P(x) isin X,
and satisfies (2.9). Moreover, it follows from (2.11) thatif [x|, < f’f—;)’z ande < (21:?"2/12\/)3,
then

flo=_max_[f(n(z), V2)@)| =

pClnlo _ pClnlo _ pCN

P(x < C < .
POl < |f|0_1+v(1_cg%|x|5)_1+v/2_1+v/2

(2.23)

Let C* = %. We see that P(x) € B.(C*N) if x € B.(C*N). This shows that if ¢ is
sufficiently small, then P maps B.(C*N) into itself.
Next we show that P is a contraction mapping on B.(C*N). We note that for x €

B.(C*N), using ﬁ < 2and pp; = 1, we have

<2teN. (2.24)

‘Bf‘ _ ' evtn - svTN
dsalo [T+ v —etp Vo)) Py = [1 4 v(l — Cedlx|.)]?

Hence, by the mean value theorem and (2.20) we have, for any x and x in B,(C*N),
|, Vo)) = F(n, Va@)lo < 26TN|Va(x) = Va(@)lo < CeIN|x — i,
Therefore by (2.11) we obtain

3
Y 1P = Pi®lo = Clf (. Va@) = fn, Va@)lo < C2e3N|x — s,
i=1

Py(x) — Pa(®)lo < C|F(n, Va(x)) — F(n, Va(®))]o < C*Ne3e?|x — X,

¢ is sufficiently small, and so P has a unique fixed point x := X (n) € B.(C*N), which
gives a solution to (2.2)—(2.3). Furthermore, it follows from (2.23) that | X' (n) |, < C*|n|o.
To show the second inequality in (2.22), we note that, forany n € Yy, x € B.(C*N),

of
8S1

andso |[P(x) —Px)|. < C2Nes |x —x|.. Therefore, P is a contraction over B, (C*N) if

o
1+v(1 = Ce3lx|.)

< L .
142

0

_ 1Y
a ’ L+ v(1 —etp Va(x))

0

Then using the mean value theorem, (2.20) and (2.24), we get, for any n and n in Yy,

|f(n, X(n)) — f(1, X(@)]o < 26TN|Va(X (1)) — Va(X (12))]o + In — o

0
1472

< 265TNCIX(n) — X(@)]: + In — iilo,

0
14v/2
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and then by using (2.11) we have

3
X)) — XD = Y 1A () — X @lo + e Xs(m) — Xa@lo

i=1

2C|f(n, X(n)) — f(ir, X))o

IA

4e3TNCHX (n) — X ()]s + ———

IA

S. Ai

which implies the second inequality in (2.22) at once. This completes the proof of

Lemma 2.2.

O

Define V(n) = V(X (n)). Then from Lemma 2.2, (2.19), and (2.20), we have V(n)' =
Vi(X(n)), V() = V(X)) and V(n)” = V3(X(n)), where’ = d/dz, and the follow-

ing:

Corollary 2.1. For given positive number N, there exists an &g = €o(N) > 0 such that

if0 <e <egyandn € Yy, then v := V(n) satisfies (1.15), V(n) € Wy,
Vo + &5 V) lo + €3 V) lo + V)" lo < Clnlo,
and

V() = V@lo+ €3 V) — V@Yo + &5 V)" — V@) lo
+elVn)" — V@) lo < Cln — itlo,

foranyn,n € Yy, where C > 0 is a constant independent of ¢ andn € Yy.

Next we discuss the equation (1.16) for n. Let

1 —etpv” eatpv”
H] (n, UN) = Oé—]/( ,012 )l’l , Hz(l’l, UW) = —Ol P1 .
(1 +yn) 14+ yn
If 1 + H, > 0, then the equation (1.16) is equivalent to
m' =n(l —n) en' = ! (n —m — enHy)
’ 1+ H, '
Letm =ny+m; and n = m + ny, where ng = 1er . We have
my = (1 —2n¢)m; — m% + (1 =2n¢g —2m)n; — n%,
’ ni 87’1H2 ,
en) = em'’,

I+H 1+H
where in the right-hand side of (2.30), m’ should be substituted by

m' = ny+m) = no(1 —ng) + (1 = 2ng)m; —m? + (1 — 2ny — 2m)n; — n?.

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

2.31)
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Lemma 2.3. For each sufficiently small o > O, there exists a positive number o1 with
o < DO’, where Dl > 0is a constant independent of o, such that for eachn, € Z, there
is a unique my == M(ny) € Z,, satisfying (2.29) and M(n1)(0) = 0. Furthermore,
foranyny,n, € Z,

[IMi(ni)lo < Dlnilo, Mi(n) — M@)o < Dlny — iylo, (2.32)

where D is a constant independent of o and n| € Z,.

Proof. Givenasmall 0 > 0 and n; € Z,, let o7 > 0 be a small number which will be
chosen later. We define a mapping Q on Z,, by

Q(m1)(2) = f oo 2 (1 ong —ompny —n2lds. (233
0

We first show that Q maps Z,, into itself. Since lim,, (1 — 2n9(z)) = 1 and
lim,_, (1 — 2n0(z)) = —1, it follows that there is a constant D; > 0 such that

Z 2z
/ o a2 an 4

0

< D,, forze (—00,00).

Hence, using |1 — 2ng|p < 1, we have |Q(m )|y < D1(<712 + (1 +20))0 +0?) =0 if
we take

0'12%{(%—20’)—\/(%—20)2—4(0—%0’2) }NDla, aso — 0.

Therefore, o} is well defined if o is taken sufficiently small, and |Q(m)|y < o if
|milo < oy. It is easy to verify that lim,_, 1o, Q(m)(z) = 0. This shows that Q maps
Z,, into itself.

It follows from (2.33) that, for any m; and m, in Z,,

[Q(m1) — Q@) o < D1 (201 + 20)|my — mylo.

Hence, if we take o small enough so that 2D;(o; + o) < 1, then Q is a contraction
on Z,, and therefore has a unique fixed point m; := M(n;) € Z,,. Clearly, M;(n,)
satisfies (2.29) and M (n1)(0) = 0. This shows the first part of the lemma.

It remains to show (2.32). It follows from (2.33) that, for any n; and n; in Z,,

IMi(n) — Mi(m)lo < Dil201|Mi(n1) — M@)o + |1 = 2n0(s)In1 — nilo
+ [nilolMi(n1) — Mi()lo + [Mi@m)lolny — nilo
+ 20|ny — nylol
< DiQ2oy +0)IM;(n1) — Mi(nn)lo

+ Di(1 + 01 +20)|n; — nylo,

from which the second inequality in (2.32) follows immediately if o is taken sufficiently
small. Setting 7; = 0 in this inequality yields the first inequality in (2.32). This completes
the proof of Lemma 2.3. O
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Lemma 2.4. There is a positive number oy such that for each 0 < o < oy, if €
is sufficiently small, then there is a unique n; € Z, satisfying the equation (2.30),
in which m, m’, n, Hy(n,v"), Hy(n,v") are replaced by M(n;) := ng + Mi(ny),
M(ny), N(ny) := M@my) + ny, Hi(ny) := H(N (1), VN (n1))"), and Hy(ny) :=
Hy(N'(ny), VN (n1))") respectively. Here V is given in Corollary 2.1 with N = 2.
Furthermore, |nilo + €|nlo < Me, where M > 0 is a constant independent of e.

Proof. Given a sufficiently small o > 0, we define a mapping R on Z, by

R () = f ot LA A (Y H (1) (5)Ha (1) (5) + M1 ) (s)] ds,

Z
(2.34)
where H3(ny) := 1/(1 + H;(n;)). We first show that R maps Z, into itself. To do so,
we need to do some preliminary work.
First, from Lemma 2.3 we have —(D + 1)o < N(n1) <1+ (D + 1)o < 2, and so

<l—yMD+1o <1+yN(mn) <1+2y, (2.35)

| =

if o is taken sufficiently small. Recall from (2.25) that g3 VN (11))"]o < CN. It follows
that

—ay (14 CNe)(D + 1o < ay[l —etp VN (1) IN (n1) < 2ay (1 + CNe3),
and hence from (2.35)
—4ay (14 CNe3)(D + Do < Hy(ny) < 8ay(1+ CNe?).

Thus, if we take o and ¢ small,

1 1
Z <1 <14 9ay, = < <2, 2.36
5 = +Hi(m) <149y, so « 1 9y <H;(m) < (2.36)
and so,
eifv‘ Ham) () dn <et@  fors > z. (2.37)

Again, from (2.25) we have ¢|V(N(n1))"|o < C*N and so |Ha(n)|o < 2atpCN.
Clearly from M(n;)" = nj, + M;(n;)" and (2.29) we see that ' (n;)’ is bounded with a
bound independent of n; and . Therefore, there exists a constant M; > 0 independent
of n; and ¢ such that |N (n))Ha(n1)Hz (n1)|o + |M(n1) |0 < M;. Hence from (2.34) we
have

Rl M
IR(n)(2)] = M1f eFEVds = e <o, (2.38)
z K

provided that ¢ is sufficiently small. One can show easily that lim,_, 1o, R(n;)(z) = 0.
This shows that R maps Z, into itself.
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The rest of the proof is to show that R is a contraction on Z,. Given n; € Z, and
ni € Z,, it follows from (2.34) that

R(n1)(z) — R(71)(2) =/ o LW I (N (1) + M) 1 ds

Z

_/ o ST dn gy G G ON Gy + MGy ds

z

_ /” <e§ffH3<n1><n>dn _ e%fjm(m)w)dn)

Z

X [Ha(n)Hz(n)N (n1) + M(ny)'1ds
n /meéfﬁamn(n)dn

X {[Ha(n)Hz(n )N (ny) + M(n1)']
— [Ha(n)H3 ()N (1) + M (1) 1} ds
= 1(2) + L(2).

We first estimate /;. By the mean value theorem,
1 4 1 4 _ 1 z
ot [ _ 1 [T rsdmdn ei’““)—f (Ha(i) () = Ha () (),
8 5
where

K(s.2) =;(s,z>/'H3(n1><n>dn+(1 —¢(5.2) /"Hamlxn)dn,

and 0 < ¢(s, z) < 1. From (2.37) we get et K2 < e:@ 9 for s > z, and from (2.36)
we get

_ [Hi(n1) — Hi()lo _
[H3(n1) — Ha(ni)lo < T G AL HEY) <4H(n1) — Hi(n)lo. (2.39)

From (2.25), (2.26), (2.36), and (2.32), we have for both n = N'(n;) and n = N (71}),

0H, s l—yn 0H, —EQYTPIN
— =ay(l —etpv)——— = 0(1), =—F> =0(),
on (1 + yn)3 v’ (1 + yn)?

N () = N@)lo < Iny — itglo + [Mi(n) — M@)o < (1 + D)y — itlo,
e3VIN ()" — VN @) lo < CIN (n1) — NGnlo.

It again follows from the mean value theorem that there is a constant M, > 0independent
of n; € Z, and ¢ such that

[Hi(n) —Hi(a)lo < MofIN(ny) — N@)lo + elVN (1)) — VN (711))" |0}

IA

- 1 1
M>(1 4 Ce3)IN(ny) = N(@m)lo < ZM3|711 — nylo,
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where }TM3 = 2M,(1 + D) if ¢ is small. Hence, using (2.39), we get

M; _
< T(S —2)|ny —nylo, fors > z.

V(e
" / (Hs(n1) — Hs(n1))dn
One can easily check that |H,(n))Hz(n1)N (n1) + M(ny) |0 < M, for some constant

M, > 0 independent of n; and . It follows that for z € (—o0, 00),

1 [ .
L@ < MMy, —m;/ 50 (s — 2y ds

Z

_ 1 o —&y & _
= M3My|n, _n1|()g e ndn = M3M4ﬁ|n1 —nylo.
0

Next we find an estimate for I, (z). Note that gUHE = % and % =— slerf;,):,;}z/ ) ThuNS,
for both n; and n; it follows from (2.25) that |';f,7~,| < 2atpi€, and |%| < datp,C.

Then, it is easy to show by the mean value theorem and (2.26) that there is a constant
M5 > 0 independent of n; and ¢ such that

[Ha(n)Hz(m)N (n1) — Ha(n)Hz ()N (n1)]o < Mslny — it o.
Similarly, by the right-hand equation of M in (2.29) and Lemma 2.3 we obtain
IM(ny) — M@)o = IMi(n) — Mi(1) |o < Mglny — nilo,

where Mg > 0 is independent of n; and ¢. Hence, using (2.37) and fzoo e F6TD g = &,

K
we get [[>(z)] < %M5M68|n1 — 1o for z € (—0o0, 00). Therefore,

_ 1 1 _
[R(m) —R@Dlo < [1lo + |2]0 < (FM3M4 + ;MSMG) glny — nilo,

which implies that R is a contraction if ¢ is sufficiently small. Thus, R has a unique
fixed pointn; € Z,. Furthermore, from (2.38) we see that |n |y < %Mls. It then follows
from (2.30) that |/ |o < M for some constant M > 0 independent of ¢. This completes
the proof of Lemma 2.4. |

Proof of Theorem 1.2. Let n; be the solution of (2.30) given in Lemma 2.4. It follows
from the above lemmas that (v, n) := (VN (n1)), N (n1)) gives a solution to (1.15)—
(1.17). The rest of the proof is devoted to show (1.18).

It follows from Corollary 2.1 and Lemmas 2.3 and 2.4 that, for sufficiently small ¢,

o+ e lo+ei o +ev”lo <C. In—nolo+eln'lo < Ce.  (2.40)
Now we show that for sufficiently small ¢,
Wlo+e o+ "o +ew®Po<C, 2P <C. (2.41)

Differentiating the equation (1.15) with respect to z, we get

d n
20,4 _ "3 _ NI N o N
Be~(v) pe() e@) +po®) = /i =r {1+v(1 _”plv,,)}- (2.42)
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From (2.40) we see that | f|o < C if ¢ is sufficiently small. Then applying Lemma 2.1 to
(2.42) yields the first inequality in (2.41). The second inequality in (2.41) follows from
(2.42) and the first inequality in (2.41).

We show that [n”|p < C for sufficiently small e. First from (1.16) it follows that
lim,_, +o n”(z) = 0. Therefore, |n”| reaches its maximum at a finite z where n”’ = 0.
Differentiating the equation (1.16) gives

d 42 d [1— 7
en” —n" + —n(l —n) = eo— {n— LTemv . (2.43)
dz dz? dz lL+yn

Setting n”” = 0 and using (2.40) we obtain |n”|y < C.
By continuing to differentiate the equations (2.42) and (2.43), we can show in a similar
manner that, for any positive integer j,

Pl + &5 + 3o+ e o + 2 < 6 InPo < €,
(2.44)
where C; is a positive number independent of ¢ and ;.
We now use (2.44) to show the second inequality in (1.18). Note that

(n—no) — (1 i —noy = en — s [n L (A=) 4
n—n — —n-—n n—n =é&n —&ed——m\n—\|\ —m—mm . .
0 0 0 dz2 | dz 1+ yn

Using (2.44) and the second inequality in (2.40) we obtain |[n" — nglo < Ce. Then we
continue to differentiate (2.45) to get [n) — n$’|y < C;e for any positive integer ;.

Similarly, we note that
,O(U _ UO) — _IBSZU//// +,LL8UW +8U//
p(n —ngy) etv’ng
1+v(l—etpv”) (A +v)A+v(d —etpv”))’

(2.46)

where vy := 11_0\; From (2.44) and the estimate for |[n — ng|o we get that |[v — vy|op < Ce.
Then by differentiating the equation (2.46) and using (2.44) and estimates for [n(/) —néj o

obtained above, we get [v\) — v(()j Mo < C;e for any positive integer ;. This shows (1.18),
thereby completing the proof of Theorem 1.2. O

3. Proof of Theorem 1.1

Proof of Theorem 1.1. Let (v, n.) be asolution of (1.15)—(1.17) given by Theorem 1.2.
Let 6, = v,. Then (6, n) := (6, n,) is a solution to (1.1)—(1.3) which satisfies (1.10).
This shows the existence of (6;, n.) satisfying (i) in Theorem 1.1.

It remains to show n > 0 on (—00, 00) and (ii) of Theorem 1.1. We first observe from
(1.10) that for sufficiently small ¢, 1 + yn > %, 1+G,@,n) > % and G,(0) > 1+ %v
on (—00, 00), where

_ ay(l —etp0)n

G1(0,n) = e G,(@) :=1+v(l —etp0).
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Let01 = 9,92 = 9/,93 = 9”, 94 = 0”/,1’1] =n,npy) = n/,andw = (91, 92, 93, 94, ni, nz).
Define

1 szatpl (O3n1 + 6,n5)
Gw) = ———— 1 ni(l—=n) +ny —
) s<1+G1<91,n1>){ W= 1+ yn
2&%atpiyboning  eay(l — etp161)n3
(14 yn)? (14 yn)?
2eay?(1 —erplel)n]ng}
(14 yny)3 '
_ Gw) evt(26ny +63n 2621272 ,62n
f(w):'o()+ (22231)+ ,01321’
G2(61) G2(61) G»(01)
1 _
H(w) = @{—P91+893+M894+f(w)}'

It follows that (1.1)—(1.3) is equivalent to the first order system for w:

0] = 60,, 0; = 05, 05 = 04, 0, = H(w), ny = na, ny = G(w).

3.1
It is easy to verify that wy = (0, 0,0, 0, 0,0) and w; = (0,0, 0,0, 1, 0) are the only
equilibria of (3.1). In order to study the stability of (3.1) at wy and w;, we need to find
the eigenvalues for its corresponding linearized systems at wy and w; respectively. Note
that the characteristic equations for those systems are of the form:

, G 3G\ (., OH_, OH_, 0oH_ 0H
PRl W | PRy Lkl il Y
30, 365 30, 96,

OH_ ~ 9H\ (G _, oG _, 0oG_ 9G
(= — ) (=¥ -2+ - =), (3.2)
005 965 ) \a6," 86, 86, 96,

where the partial derivatives for G and H are evaluated at wy and w; respectively. We
have, at w = wy,

96 _9G _9G _9G _ 9G _ 1 3G _1
30, 30, 903 96, n, € n, €
0H __p M _ . OH_ 1 3 _
90, Be2’ 00, 90;  Be’ 36,  Be’
oH oH 0
o, omy 4w’

and, at w = wy,

G _9G _ 3G _, G _ _satpl G _ G _L
36, 36, 905 3, 14y’ n, dny, &’
OH P OH dH ¢ OH 1

36, B2’ 96, 96, Pe 06, PBe

OH 0H pL

an,  onn  Be3(1+v)
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where
. (+y)? (=14 o atl
A+y)?+ay’ A+v? d+pyd+v)

We remark that the last term in the definition of { was missing in [3]. Therefore, it follows
from (3.2) that the characteristic equations at w = wy and w = w, are respectively

1 1
(AZ - E’\ + g) (Bt — puerd —ed? 4+ p) =0, (3.3)

and

atL?

R 42
(1+y)(1+v))h O+1). 3.4

<A2 — %A — %) (Bt —puerd —cert4p) =
It follows from Lemma 5.2 that for sufficiently small ¢, (3.3) has four positive so-
lutions: o3 = 5-(1 — V/T—4e) ~ 1, Aoy ~ IVplue, hos ~ /e, and ros =
%(1 +4/1 —4¢e) ~ 1/e. An easy calculation shows that the corresponding eigenvectors
are: (0,0,0,0, 1, 103)", (1, Aoj, kgj, )‘3.1" 0,0) (j =4,5),and (0,0,0,0, 1, Age)". Simi-
larly, it follows from Lemma 5.1 with k = (erz/(1+y)(1+v) that (3.4) has two complex
conjugate solutions A1; and A1 with ajg := R(Aj) = R(App) ~ —% Y plwe and by :=
J(A12) = I(Ap2) ~ 4 3/ plue and one negative solution A3 ~ —1.Itis easily calculated
that the corresponding eigenvectors for A1 ; (j = 2, 3) are (d;, djA1;, djk%j, dj)ﬁj, L)
with d; defined in Theorem 1.1. It is easy to show that d; # 0 (j = 2, 3). Then, (1.13)
follows directly from the stable manifold theorem (see [1], [6], [7]). Applying the stable
manifold theorem at w = wo we have, as z — —o0,

9& (Z) 0 1 1
0,(2) 0 /\(2)4 )»(st
0!'(z) 0 | s Aoa | x Aos | a
e ~ 32 + 042 + 052
66 (Z) Co3 0 e Co4 )\(3)4 e C )Lgs e
ne(z) 1 0 0
n,(z) A03 0 0
0
0
+ co6 8 e, (3.5)
1
A06

where co; (j = 3,4, 5, 6) are constants. Since Agps > Aoz, (1.11) follows at once from
(3.5) after we show below that cg3 > 0. This proves (ii) of Theorem 1.1.

We now show that if ¢ is sufficiently small, then cp3 > 0 and n(z) > 0 for all
z € (—00, 00). Since n = ng + O(e) and n’ = ny, + O(e), we see n > 0 on [0, 00). We
only need to show that n > 0 on (—o0, 0). To do so, we define

Z=inf{z € (—00,0): 0 <n' <2n on(z,0)}.
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Since n(0) = % and n'(0) = % + O(¢g), we see that 7 is well defined. We claim that
7 = —oo. Assume that this is false. Then by the definition of Zz, either n'(z) = 0 or
0 < n/(z) = 2n(z). (Note that the equation n” = G (w) implies that n(z) = n’(z) # 0,
or else it would yield n = n’ = 0.) If n/(z) = 0, then n”(z) > 0and 0 < n(z) < 1/2.
However, if ¢ is sufficiently small, then at z = Z,
2 "

W= Gy = — [—(1 —n)— ﬂ]n
e(1+ Gy(0,n)) I+yn
1

_ 1 2
= —8(1 TG, n))[ (1—n)+ 0(E)]n < 0.

(Note that 1 + G (8, n) > 1/2.) This contradiction excludes that n'(z) = 0. If n/(2) =
2n(z), then n”(z) < 2n'(zZ). However, if ¢ is sufficiently small, then, at z = 7, we have
0<G(8,n) <ay and so

" n' l—n n ,
n =Gw)= — +14+0@E)| > ——— >2n'.
e(1+G(0,n)) 2 2¢(1 +ay)
This again gives a contradiction. Hence, we have 7 = —o0, and therefore, 0 < n’ < 2n

on (—oo, 0), which implies that co3 > 0 (for if cp3 < 0, then by (3.5) we have n < 0 as
z is sufficiently large negative; if co3 = 0, then again from (3.5) we have n’ ~ Aggn ~
(1/e)n > 2n if ¢ is small). The proof of Theorem 1.1 is complete. O

4. Conclusions

We have proved the existence of travelling wave solutions for a tissue interaction model
for skin pattern formation. Our emphasis has been on the case when the travelling
wave speeds ¢ are large, and on obtaining the qualitative results independent of c. We
also obtain for those wave solutions the asymptotic behavior that is consistent with
the approximation obtained by perturbation analysis in [3]. The global uniqueness and
the stability of travelling wave solutions for each fixed but sufficiently large ¢ will be
considered in future works.

5. Appendix

The following lemmas have been used in the previous sections.

Lemmas.1. Let8 >0, u >0 p>0,¢ L >0, andk # 0 be real numbers.
(i) If i # LB, then for sufficiently small ¢ > 0, the equation

(Be2At — uer® — ced? + p) <A2 — %A — %) = —kX2(A+ 1) (5.1
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has two complex conjugate roots .y = a — ib and A, = a + ib, and four real roots
A <0 < Ag < As < Ag such that as ¢ — 0,

a=—33/ 21+ 0",
b= L1+ 0",
iy =—1400),
=L+ 0™y, 5.2)
e {ﬁ(l +0(e). ifu <L,
E1+0@),  ifu> LB,

_[Eavoe). ifu<Lp.
"Tlgraroe). in>Lp

(ii) Assume that w = LB. If k < 0O, then the assertions in (i) hold except that, as
e — 0,

~

hs =% — /e (1+ 0o,
he =L+ /5 + O(Ve)).

If k > 0, then the assertions in (i) hold except that As and A¢ are complex conjugate
numbers and, as ¢ — 0,

s =L+ 00) —i L1+ 0/,
e =L2(140() + i\/g(l + 0(/¢)).

Proof. Rewrite the equation (5.1) as
p(h) = BeA® —e2(u+ LB)A +e(Lp — Ce — LBe)A*
+e(Le+Lu+r +e(p+Le+k)A>—Lpr—Lp=0. (53)

We first show (i). By the assumption we have u # L. In order to show the existence
of A5 and Ag, we note that, for sufficiently small ¢ and A € [min{u/(28¢), L/(2¢)}, 00),

p() = er*[Be®A* —e(u+ LB)r + Lin + O(e)],

where the constant in O(¢) is independent of A in this interval. It follows from the
intermediate value theorem that for sufficiently small ¢, p(1) = 0 has exactly two real
roots in [min{u/(28¢), L/(2¢)}, 00), and, as ¢ — 0,

1
b= g leUH LA EVEG+ LB —4BILi+ 0@

1
= 2—{(/L +LB) = |n— LBl + O(e)}.
Be
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Namely, if © < LB, then A5(k) = %(1 + O(¢)) and rg(k) = %(1 + O(¢)); and, if

W > LB, then As5(k) = %(1 + 0(¢)), and Ag(k) = %(1 + 0(g)).
To show the existence of A4, we note that for sufficiently small ¢ and all A €

(LYol , 2 plpel,
p(A) = A[Lper’ — Lp 4+ 0], (5.4)

where the constant in O (¢!/3) is independent of A in this interval. It follows that p(1) = 0
has exactly one solution A4 in this interval, and, as ¢ — 0,

VLp(1+ 0(e'h)) \

173
Ve (1 + 0(™)).

Ay =

To show the existence of A3, we note that for sufficiently small ¢ and all A € [-2, 0],
p(A) = —Lpi — Lp + O(¢). Hence, p(A) = 0 has a unique solution A3 = —1 + O(¢)
ase — 0.

To show the existence of A,, we consider p(}) in the region on the complex plane:

1 1
O R AN R R
2V ue 2V ue 5V ue
In this region, (5.4) still holds. Then a simple application of Rouche’s theorem yields that

for sufficiently small €, p(A) = 0 has a unique solution in this region which is denoted
by A, and has the asymptotic formula as ¢ — 0 (following from (5.4)),

Ay = 3 ﬁ(l+0(81/3))ei(2n/3+0(s”3>) — 3 r _l_,_ié (1_‘_0(81/3))'
e e 2 2

Finally, we define A; to be the complex conjugate of A, which gives the sixth root of
p(A) = 0. We thereby complete the proof of (i).

We now show (ii). We have u = LS. We note that the above proof for the existence
of A; (j =1, 2,3,4) still holds in this case. We only need to show the existence of As
and A¢ and their asymptotic formulas To do so, we restrict p(A) in the region on the

and we have

complex plane: ‘)» — ; <3 w,

p(A)

ert [ﬁ(ﬂ — L)’ — e +BL) + (LE + L+ k)l

: + 0(82)}

% [ﬂ(e,\ C L2 —e(C+BL)+ (L + Ly +k)%(l +0(We) + 0(82)]
= Bert [(m — L)Y+ ge(l + O(JE))] )

It then follows from Rouche’s theorem that, for sufficiently small ¢, p(A) = O has exactly
two solutions in this neighborhood, and if k < 0, these two roots are both real such that
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A= % + /=X (1 4+ 0(/¢)), and if k > 0, those two roots are complex conjugate such

ne

that
1 ke +i(724+0(/7)
h= L+ ;(1+0(\/E))e ’
L |k
= —(14+0(@)xi [—1+ 0Ke)).
€ ne
This completes the proof of (ii), and thereby the proof of Lemma 5.1. O

Lemma5.2. Let 8 >0, u > 0, p > 0 be constants. If ¢ > 0 is sufficiently small, then
the equation p(L) = Be?A* — uerl3 — eA?> + p = 0 has two complex roots A; = a — ib
and Ay = a + ib, and two real roots 0 < A3 < A4 such that as ¢ — 0,

a=—3E0+0(@E"),
b=L/L(1+ 0",

" (5.5)
ha = 3L+ 0@E"M)),

Ay = %(l + 0(¢)).

Proof. The proof is carried out in a similar manner to that of Lemma 5.1. In (ﬁ, 2%)
and (% 3/ %, 23 %), we have p(L) = eA3(Beh — u + O(e)) and p(A) = —pue[r® —
% (14 0 (e'3))] respectively, which yield the existence of A4 and A3 and their asymptotic
formulas in (5.5). For A in the region |A—(—% 3 %—i—i 4 3 ﬁ)l < % 3/ % on the complex

plane, we have p(A) = —ue[A® — % (14 0(&'?))] for sufficiently small &, which yields
the existence of A, and its asymptotic formulain (5.5), and we note that A, is the conjugate
of A,. This completes the proof of the lemma. O
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