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Dynamics of a Canonical Electrostatic MEMS/NEMS
System
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The mass-spring model of electrostatically actuated microelectromechanical sys-
tems (MEMS) or nanoelectromechanical systems (NEMS) is pervasive in the
MEMS and NEMS literature. Nonetheless a rigorous analysis of this model does
not exist. Here periodic solutions of the canonical mass-spring model in the vis-
cosity dominated time harmonic regime are studied. Ranges of the dimensionless
average applied voltage and dimensionless frequency of voltage variation are delin-
eated such that periodic solutions exist. Parameter ranges where such solutions fail
to exist are identified; this provides a dynamic analog to the static “pull-in” insta-
bility well known to MEMS/NEMS researchers.
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1. INTRODUCTION

As the characteristic length of engineering systems approaches the micro
or nanometer scale the role of electrostatics grows correspondingly. Often
perceived as a nuisance in the macro-world, such as in the case of the
destruction of sensitive electronic circuits due to electrostatic discharge
(ESD),* electrostatic forces are increasingly being used to provide accurate,
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4ESD is no laughing matter. Before the advent of nonflammable anesthetics an errant
spark from a doctor’s scalpel would sometimes ignite the ether in a patient’s lungs,
rendering the operation a failure.
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controlled, stable locomotion for micro and nanoelectromechancical
systems (MEMS or NEMS). In this approach, voltage differences are
applied between mechanical components of the system. This induces a
Coulomb force between components which is varied in strength by vary-
ing the applied voltage. This technique is already employed in devices such
as accelerometers [4], optical switches [5], microgrippers [7], micro force
gauges [19], transducers [3], micro pumps [16] and nanotweezers [12].

In order to understand the operation of such devices researchers in the
MEMS and NEMS communities have relied upon idealized mathematical
models. The typical approach, first introduced into the literature by Nathan-
son in 1967 [14], is to create a “lumped” mass-spring model. Here, the elastic
behavior of the system is represented by a linear spring while electrostatic
forces are computed using a simple parallel plate capacitor approximation.
This mass-spring model has persisted in the MEMS/NEMS literature and
has been rediscovered and discussed by numerous authors, [6, 8, 10, 12, 13,
15, 17, 18]. Nevertheless, the mathematical analysis of this canonical model
has remained primitive. Typically, authors have restricted their attention to
steady-state solutions [12], relied upon numerical simulation for dynamical
information [6], or have utilized perturbation methods to study approximate
dynamics in some region of parameter space [18].

In this paper, we begin to remedy this situation by providing a rig-
orous analysis of the viscosity dominated time harmonically forced mass-
spring MEMS/NEMS model. While this analysis does not capture the
dynamics of every possible MEMS or NEMS device, it is relevant for the
study of devices, such as micropumps [16], microgrippers [7], or nano-
tweezers [12], which operate in the viscosity dominated regime. In Sec-
tion 2, for the convenience of the reader we provide a brief derivation of
the model. In Section 3, we consider the situation where inertial forces
are completely negligible. In this case, the model is reduced to a nonlin-
ear first order non-autonomous ordinary differential equation. We study
the existence of periodic solutions to this equation. We determine ranges
of the dimensionless applied voltage and dimensionless forcing frequency
for which such solutions exist. We show that outside of these ranges the
model has no solution. This is the dynamic analog of the static instability
well known to MEMS/NEMS researchers as the “pull-in” or “snap-down”
instability. In this instability, when a constant applied voltage is increased
beyond a certain critical voltage there is no longer a steady-state config-
uration of the device where mechanical members remain separate. Here
in the dynamic situation, the device cannot be operated in an oscillatory
mode if the mean applied voltage is too large or the forcing frequency
is too small. In Section 4, we consider a situation where inertial forces
are small, but non-negligible. In this case, the model becomes a nonlinear
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Figure 1. Sketch of the damped mass-spring system.

second order non-autonomous ordinary differential equation. Again we
investigate periodic solutions of this equation and determine criteria neces-
sary for such solutions to exist. Finally, in Section 5, we discuss the impli-
cations of our analysis for MEMS/NEMS device behavior.

2. FORMULATION OF THE CANONICAL MODEL

The system sketched in Fig. 1 represents a “lumped” approximation
of a typical electrostatically actuated MEMS/NEMS device. The governing
equation for this system is

d*x

Here, x is the displacement of the top plate from the top wall and m is
the top plate’s mass. We assume that the bottom plate is held in place. The
forces acting on our system are the spring force, Fs, a damping force rep-
resented by the dashpot in Fig. 1, Fy, and the electrostatic force, Fe, due
to the applied voltage difference between the plates. We assume that the
spring is a linear spring and follows Hooke’s law

Fs=—k(x—1) (2.2)
where [ is the rest length of the spring and k is the spring constant. We
assume that damping is linearly proportional to the velocity, that is

dx
Fdz—aw (23)
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and compute the electrostatic force by treating the plates in Fig. 1 as infi-
nite parallel plates. This yields

1 gAV?
T 2(L—x)2
Here, gy is the permittivity of free space, A is the area of the plates, V is
the average applied voltage, and Q is the frequency at which the applied

voltage is varied. Inserting equations (2.2), (2.3) and (2.4) into equation
(2.1) yields

cos?(Qt'). (2.4)

€

d>x n dx k=] 1 gAV?2

m—s+a— xX—l)=-———

a2~ dr 2 (L —x)?

We recast this equation in dimensionless form by introducing a dimension-
less length scale

cos? (Q1). (2.5)

x—1

= 2.6
Y=75 (2.6)
and dimensionless time scale
k
t=—t. 2.7)
a
Introducing equations (2.6) and (2.7) into equation (2.5) yields
— 4 = = cos“(yt), 2.8
2z T T TS (v (2.8)
where
,_ _Qa _ gAV?
Tk YT YTy

The dimensionless parameter ¢ may be interpreted as a damping coeffi-
cient which measures the relative strength of the viscous damping force
as compared to the spring force. The dimensionless parameter A measures
the relative strength of electrostatic and elastic forces in our system. The
dimensionless parameter vy is the ratio of damping and forcing time scales.

When damping effects dominate over inertial effects, we expect the
parameter « to be large. If inertial effects are completely negligible, we
send o — oo and study the reduced model

A 2

= cos”(yt). 2.9

ar T a oy (vt) 2.9)

This situation is studied in the next section. In Section 4, we return to the

case where « is large, but inertial effects are not completely negligible in
(2.5).
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3. THE VISCOSITY DOMINATED CASE

In this section we study the 27 /y-periodic solutions of equation (2.9).
We restrict our attention to solutions where y <1 as y > 1 implies that the
top plate in Fig. 1 has passed through the bottom plate. It is convenient
to introduce the following scalings:

u(t):=[1—y(t/30), w:=2y/3,

and hence the problem reduces to finding solutions u, 0 <u < 1, of the
periodic boundary value problem

o' (t) = u?3(t) — u(t) — rcos>(1/2), (3.1)
u(0) = ulmw). 3.2)

Since any solution u of (3.1)—(3.2) satisfies u(¢) <1 for t € R (see Lemma
3.1 (1)), it suffices to study the positive solutions of (3.1)-(3.2). We note
that, due to the non-differentiable term u?/3 at u =0, the initial value
problem of (3.1) at r =x with u(wr) =0 loses uniqueness on the side
t > for sufficiently small A >0, and results in the existence of non-
negative solutions of (3.1)-(3.2) which become 0 at t =7 in [0,27].
Although these solutions are not physically meaningful for (2.9), for com-
pleteness we include them in the following main result:

Theorem 3.1. For any o > wq:=2/3, there exist a unique number
r(w) € (6561w2’ YW 2) and a unique number \p(w) € (4/27,8/27) with
limg,—s 00 Ap (w) =8/27 such that

() If \o<A<dp, or A=2Ap, or A>Ap, then (3.1)—(3.2) has exactly
two, one, no positive solutions, respectively, and does not have any
other non-negative solutions.

(i) If 0<A< g, then (3.1)—(3.2) has exactly two nonnegative solu-
tions: one is strictly positive, the other reaches zero only at t=mn
in [0, 2]

Remark 3.1. wy=2/3 is not optimal. Note that 2 <4/27 if 0>
2/3. For each w > wy, Ap(w) is the bifurcation value resultlng from the sad-
dle-node bifurcation of periodic solutions of (3.1). It can be shown that
Ap(w) 1s a smooth function for w € (wgy, 00). For each w > wy, the existence
of Ag(w) 1s due to the fact that the smaller of nonnegative solutions of
(3.1)-(3.2) reaches 0 at t=m if A < 6561 —=>—. It is important to note that this
does not occur if the function u3/? is changed into u® with 2/3 <o < 1.

Indeed, we can prove the following:
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Theorem 3.2. Let 2/3 <0 <1 and w>0, and consider the equation
wou' =u® —u—cos>(t/2). (3.3)

There is a smooth and positive function Ay (w) for we (0, 00) with

limy— 00 o (@) = (1 —0)(1/0)°7° =V such that (3.3) has precisely two, one,
no 2m-periodic and positive solution(s) respectively if 0 <t <Ay (w), or A=
Ao (), or A > Ay (w).

Below we prove Theorem 3.1 by a set of lemmas. In Lemma 3.1 we
prove the nonexistence of nonnegative solutions of (3.1)—(3.2) if 1 > 8/27.
In Lemma 3.3, we show that (3.1)—(3.2) can have at most two nonnegative
solutions. In Lemma 3.4, we establish sufficient conditions on A and o for
the existence and nonexistence of nonnegative solutions that reach zero at
t=m. In Lemmas 3.5 and 3.6, we show the existence of nonnegative solu-
tions for (3.1)—(3.2) within certain ranges of values of A and w. Then using
these lemmas and the properties of the Poincare map of (3.1) we complete
the proof of Theorem 3.1. Roughly speaking, this Poincare map with any
fixed A and w is concave down, and the corresponding graph moves down
as the value of A is increased, resulting in a saddle-node bifurcation at A =
Ap(w). See an example in Chapter one of [11]. After proving Theorem 3.1,
we present Theorems 3.3 and 3.4 that describe the asymptotic behavior of
the solutions of (3.1)-(3.2) as w— 0 and w — oo, respectively.

Lemma 3.1. Let >0 and o> 0.

(i) If u is a nonnegative solution of (3.1)—(3.2), then u(t) <1 for all
t€[0, 2n]; furthermore, if u is not strictly positive on [0, 27], then
u reaches 0 only at t=m in [0, 2]

@iy If (a) A)% and v >0, or (b) A>2i7 and

4 4\3?
<—(r=2) 3.4
“ 3&( 27) @4

then (3.1)—(3.2) does not have any non-negative solution.

Proof. We first show (i). We note that if u is a solution of (3.1) with
u(ty)=1 for some 19 €[0, 2], then wu’(tg) = —* cos?(t9/2). It follows that if
to #m, then u'(ty) <0 and, otherwise, if #g=m, then u’(¢)) =0, and differen-
tiating (3.1) two times yields u”(z9) =0 and wu’(1y) = —A <0, which implies
that u/(t) <0 for |t — o] > O sufficiently small. Therefore, either case yields
that u'(r) <0 for |t —1y| > 0 sufficiently small. Consequently, any solution
of (3.1) can assume the value one at most one time.

Now let u be a solution of (3.1)~(3.2). Since wu'(r) <u?3t)—u(t) <0
whenever u(¢) > 1, it follows either that u(z) <1 for all ¢ or that u(ry) =1



Dynamics of Canonical MEMS/NEMS Model 615

for some 7y € [0, 27). However, the above assertion and the periodicity of
u implies that the latter cannot happen. This shows the first part of (i).

The second part of (i) directly follows from the facts that u is peri-
odic, non-negative, and wu’(r) = —Acos?(t/2) <0 whenever u(r) =0 for
t€[0,2m]\ {m}.

We use contradiction arguments to show (ii). Assume that (3.1)—(3.2)
has a non-negative solution u. It follows from (i) that 0<<u(¢) <1 for reR
and so u3/2(t) — u(t) <4/27 for all 1 € R, where the equality holds only
when u(t) =8/27. Clearly, u(-) #8/27. Hence, if A >8/27 and w >0 as
assumed in (ii) (a), then integrating (3.1) yields

2
0=owl[u@r)—u(0)] =/ [W?/3(1)—u(t)—Arcos>(t/2)]dt <27 (% - %) <0,
0

a contradiction. Here we have used the property of the function F(u):=
u?/3 —u for u 0, 1]; namely, F is increasing on [0, 8/27] and decreasing
on [8/27,1], F(0)=F(1)=0 and 0< F(u) < F(8/27)=4/27 for u<[0, 1].
Assume that (ii) (b) holds. Since wu'(t) <4/27 —rcos*(t/2) and sinz > 1 —
13/6 for 1 >0 and u(0) < 1, it follows that, for >0,

(1) +4t k(r+'t) P t+1)»t3 (3.5)
wu <w 27 2 Sin <w 27 12 . .

Let f(z) be the right-hand side of the last inequality. We find that f
reaches its global minimum on [0, 00) at 7= % A— 24—7 and f(H) =w —
%(x — #)32 <0 by virtue of (3.4). (3.5) then yields wu(f) < f(7) <0,
which contradicts the non-negativeness of u(-). This shows (ii), thereby
completing the proof of Lemma 3.1. |

Lemma 3.2. Let w>0. Let u(t,a, A) denote the solution of (3.1) with
u(0, a, A) =, whose dependence on w is suppressed. Assume that u(t, o, L)
exists and is positive for any (t,a, L) €[0, 2] X Pyy where Py, is a open set
in the ai-plane. Let h(a, \)=u2m,a, A) —a. Then, h is smooth on Py, and,
for (a, A) € Py,

hge (o, 1) <0, hy (o, 1) <0, (3.6)

2
where hyy = % and h; = %.

Proof. We denote the right-hand side of (3.1) by f(¢,u,A) whose
dependence on w is suppressed. Let p(a, A) :=u(2mw, o, 1) denote the Poin-
care map of (3.1) for (a, A) € Pyy. By means of variational equations we
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get, for (a, A) € Py,

Do (0, A) _expfzn 1 w(s,u(s,a, 1), A)ds >0,

paa(as )‘) - pa(av)")'f()n %fuu(s»u(s»aa A‘)vk)'ua(s3av )")ds9 (37)
prler) = [i7 LA uts, a0, 0)  ua(s, 1) ds,

where, for s €[0, 27], Ma(S,a,)»):expfos fu (T u(z, @, A), A)dr, and
Fuls.uts o2, 2) = 3luts, e, 201" —1,

Fuus.u(s, o, 0), 0) = —5[u(s, o, )] 743 <0, (3.8)
fils,u(s, o, 1), 1) = —cos3(s/2).
Then (3.6) follows immediately from (3.7) and (3.8). O

Lemma 3.3. For any >0 and w >0, (3.1)—(3.2) can have at most two
non-negative solutions; and if (3.1)~(3.2) does have two nonnegative solu-
tions, then one of them must be strictly positive.

Proof. We first show the second assertion of the lemma. Assume on
a contrary that u; and u, are two solutions of (3.1)—(3.2) for some A >0
and w >0 such that 0 <us <u; on [0,27]\ {7} and u(7x)=0 and ur(w)=
0. Note that w(u; —uy) =a(t)(u; —uy) where a(t)=(2/3) fol [Ouq(r)+ (1 —
ONur()]713do —1 >0 if 1 € [19,w) and 1o is sufficiently close to 7 so
that 0 <u;(t) <8/27 for t €[y, w). It follows that u; —uy is increasing on
[to, ] and thus O=u () —ur(w) > u;(ty) —uz(fy) >0, a contradiction. This
confirms the second assertion.

We next show the first part of the lemma. Assume on a contrary that
(3.1)~(3.2) has more than two nonnegative solutions for some A >0 and
w>0. Let u; (i=1,2,3) be three of such solutions. From the above asser-
tion, we can assume that uz <uy <u; for all 1 €[0,27]. We proceed the
proof in two cases.

Case 1. Assume that u3(¢r) >0 for ¢t € [0,27]. Then we have 0 <
us <uy <uy; on [0,27] and we can take § > 0 sufficiently small such
that u(t, «, ) exists and is positive on [0, 27] for any « € I, := (u3(0) —
8,u1(0) +68). Thus, h(a):=h(a, ) is defined for @ € I, and, from (3.6),
hao () <0 for a € 1,. This implies that & is concave down on I, and there-
fore cannot have three zeros u;(0) (i=1,2,3) in I,.

Case 2. Assume that wu3(r) = 0. Note that, letting ®; = u%/ 3 +
u1/3 1/3+u2/3 fori=2,3, w(u; —u;) = {() [u}ﬂ—i—u}/s]—l}(ul—ui) and

so, after a little algebra,

d — 1
o (10 Uup—up _ [u1/3 1/3+u1/3 1/3+u1/3 1/3] [u;/3_ué/3:|'
dt Uy —us G035
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Since the right-hand side of the above equation is negative on [0, 27 ], it
implies that In[(u; —u»)/(u1 —u3)] cannot be 2m-periodic, a contradiction.
We note that this proof also works for case 1. This completes the proof of
Lemma 3.3. |

Lemma 3.4. Let 0<A<8/27 and w > 0.

() If A< 6561 —=>— and u is a nonnegative solution of (3.1)—(3.2) with
u <8/27 then u(r)=0.

@) If »> 3 43w2 and u is a nonnegative solution of (3.1)—(3.2), then
u(t)>0 for all teR.

Proof. We first show (i). Assume that u>0 on [0,27]. Then 0 <u <
8/27 and u?/3 — u—u2/3(1 u'/3y > u2/3 /3. 1t then follows from (3.1) and
the inequality cos’7/2 < (t — 7)%/4 that ou’ > 1u?/3 — M on [0, 27].
We note that the equation

1 Mt —m)?
wu’=§u2/3——( 47r)

has a solution & =d(r — )3 for some d > (%)3. Hence, since u(7) >0=
(), by a simple comparison argument we have u(r) >d(t — ) for t >,
which contradicts the boundedness of u. Therefore, we must have u(r)=0,
showing (i).

We now show (ii). From Lemma 3.1 (i) it suffices to show that u () >
0. Assume on the contrary that u(;r) =0. Since u(¢) >0 for t € (7, 27],
it follows that wu’(t) =u?/3(t) — u(r) — rcos?(t/2) <u?3(t) for t € (w,2n].
Integrating over [fo,t] where m <ty <t <27 and then sending #to) — 7+
yields u(t) < (t —7)3/(27w?) and so u?/3(t) < (t —7)*/(9w?). Note that, for
any given sufficiently small § > 0, there exists a t5 € (7;r, 27r) sufficiently close
to 7 such that cos?(t/2) = sinz[(t —7)/21> (1 =8)(t —m)2/4 for t € (7, t5].
It follows from the equation (3.1)

o0 <P - reose/) <o - P e 69)
S 4

Take an integration over [x, t] for t € (7, t5] to get

u(t)<i|: 1 (1=8)x
3w

9w? 4

} (t—n)=a,(t—m). (3.10)

Hence, if w > 2/(3J/(1—08)A), then a; <0 so that u(t) <0 for ¢ €
[, t5) which is a contradiction. Otherwise, if a; > 0, we replace u in
the right-hand side of the first inequality in (3.9) by a;(r — 7)° to get
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a)u/<[a12/3—(1 —8)A/4](t —m)? for t € (m, t5] and then an integration yields,

for t € (m, 15],

1 |: 2/3 (1-=686)Ar
-

u(t)y<—y|a a

]a—nﬁ:@a—m?
3w

Note that ay <ay. If ay <0, then the above inequality implies u(t) <0 for
t € (m, ts5], a contradiction again. Otherwise, we repeat the above argument
to get, as long as a;_1 >0 (k>1) and ¢ € (7, 15],

L if k=0,

3 270"
t t— ) = .
u(t) <ap(t—m) ag {ﬁ[a,§£31—(1—5)?»/4] k=0,

(3.11)
We claim that there is a finite & such that a; <0. Assume that the claim
is false. Then, a; >0 and (3.11) hold for all k=0,1,.... Since ag > aj,
a simple induction shows that a; is (strictly) monotonically decreasing
with zero as their lower bound and thus a; — a for some a [0, ag) such
that a2/ — 3wa — (1 — 8)A/4 =0. However, for any fixed o > 4/(9v/32),
we can choose a § > 0 sufficiently small at the beginning such that w >
4/(94/3(1=3)%) and then it can be easily verified that the equation a?/3 —
3wa — (1 —8)A/4=0 does not have any nonnegative solution. This contra-
diction shows the above claim. Using this claim and (3.11) we get u(¢) <0
for r € (m, t5], again a contradiction. Therefore, we conclude that u(w)=0
does not hold, thereby completing the proof of (ii). |

Remark 3.2. Lemma 3.4 (i) was proved by Professor Stuart P. Has-
tings at the University of Pittsburgh. The authors thank him for providing
this important result.

Lemma 3.5. If 0<X<4/27 and w >0, then (3.1)<(3.2) has two non-
negative solutions uy and u» that satisfy uy <ky <ky <uy <1 on [0,27],
where k| and Ky are the two roots of k>3 —k —i=0 such that 0 <> <
8/27T <k < 1.

Proof. We first note that, since 0 <A <4/27, the algebraic equation
23 —k —1=0 has exactly two roots «; =k; (1) (i=1,2) in [0, o) such that
0<ky<8/27<ky <1 (see Fig. 2). We fix a 1 €(0,4/27) and an w >0 and
let u(¢, @) denote the solution of the equation (3.1) with u(0, o) =«. Note
that if u(r,) =k for some ¢ €[0,27], then wu'(t,a) = A(1 —cos?1/2) =
Asin® t/2 >0 except for =0, 27. It follows that, for any x| <o <1, u(f, )
exists for # €[0, 2] and satisfies k| <u(t,«) <1 for 1 € (0, 2]. This implies
that the Poincare map u(2m, ) is well-defined on [«{, 1] and maps [«1, 1]
into («1, 1). Thus, the intermediate value theorem yields that u(2x,-) has
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Figure 2. The curves of u?l3—y 7Acosz(t/2)=0 with A=0.1, 4/27, 0.25, respectively.

at least one fixed point o € (kq, 1). Letting u(¢) :=u(t, «1) gives a desired
solution.
In order to show the existence of u;, we consider the equation

ou' =u3? —u—xrcos’(t/2) — 1, (3.12)

where 0 < n <4/27 — A. Let u(t,a,n) be the solution of (3.12) with
u(0,a,n)=a. Let i, be the root of k?/* —x — ) —n=0 lying in (0, 8/27).
Then one verifies easily that, for each « € [773/2,/<,7], u(t,a,n) exists for
t € [—2m,0] and satisfies n3/2 <u(t,o,n) <ky for t €[—2m,0). Thus, the
Poincare map u(—2rn,-, ) has a fixed point o, € (n3/2,/c,,) and u(t,n):=
u(t, oy, n) is a 2m-periodic and positive solution of (3.12).

We now apply the Arzela-Ascoli theorem to conclude that there is a
sequence {n,} with n, — 0 as n— oo such that the sequence {u(-, n,)};2,
converge to a 2m-periodic function, which is denoted by u;(-). An easy
exercise shows that up is a solution of (3.1)-(3.2). Since «,, — k> and
2 <u(-,n) <ky, it follows that 0 <up <k2. An slope field analysis yields
that uy(t) <« for ¢t €[0,27]. This completes the proof of Lemma 3.5. [

The next lemma concerns the existence of solutions of (3.1)-(3.2) as
well but allows A in a larger interval, namely, 0 <A <8/27. The result of
this lemma implies that lim,_, o Ay (@) =8/27.
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Lemma 3.6. Assume that 0 <) <8/27. Let y;=vy1(}) and y,=vy,(})
be the solutions of the equation y*/> —y —i/2=0. Define

8—1min 8 8 1
=3 Y2, 77 Y2, Y1 27 Y1

Yij=Yi+(—1)j8, (i=1,2, j=1,2)

-1
27 ( 2 " 1
MAj=—— 5! (v —va—35+),
8 (3v%3 ) Y 2

-1
27 2 23 |
Ap=c(——— -1 v —2h).
2 8”(3(\/22—%8)1/3 ) (sz 22 2)

27 2/3 1
All=— — —=1),
11 - (yll Y11 3

27 2/3 1
A = —— - __)\ ’
12 - (le Y12 3
A=min{A1], A1, Ay, Ap}.

If o >max{167/(278), 1/A}, then (3.1)—(3.2) has exactly two positive solu-
tions uy and uy such that

3
|u,~(t)—yl~|<§5 for t€]0,2n]. (3.13)

Proof. We first fix a A and an w that satisfy the assumptions of the
lemma, and then let e =1/w and then write the equation (3.1) in the form

u =e[u?3 —u—xrcos?(1/2)]. (3.14)

We use u(z, o) to denote the solution of the equation (3.14) with u(0, @) =«.

We first show the existence of uy. For any o €[y,;, yaol=[y>—8, v, +
81, we define 7 =sup{r e (0,27) 0 <u(-,a) <1 on (0,¢)}. Then for ¢ € (0, ),
0<u?3(t,0) —u(t,a) <4/27 so that

t 2
‘/ (u2/3(s,a)—u(s,a)—)Lcosz(s/2))ds’gmax[i—:,k/ cosz(s/Z)ds]
0 0

=ma 87TA <8rr
B YA TR

and

t
8
|u(t,a)—a|<8‘/0(u2/3(s,oz)—u(s,a)—kcoszs)ds‘<%8, (3.15)
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which together with ¢ <278/167 yields

3 8 8 3
0<y2__8<Ol——8<u(t’a)<(x+_n€<y2+_8<

b4
—. d
2 27 27 227 (3.16)

Consequently, =27 and (3.16) holds for ¢ [0, 27].

Therefore, if « =vy,;, using (3.16), the monotonicity of F (u)=u?3—
u for u[0,8/27], the inequality (14 5)*/3 <1+2b/3 with b>0 and the
assumption on @ we obtain

2 8t \*/3 8 5
u(2m, vs1) — Yo <8/ (Yzl +E8) - (Y21 +Ea) —Acos“(s/2) | ds
0

2 167 8
<8/ Y%{?’ + 13T (Vz] + ES) —)»COSZ(S/Z) ds
0 81y
2/3 A 8t (2 ~1/3
:2”8[(\/2{ —V21—5)+E (51/21/ —1> g]

1672 (2 _
=— (§y211/3—1)(—A21+8)<0. (3.17)

Similarly, using the inequality (1 —5)%/3>1—2b/[3(1—b)'/3] for 0<b<1
which is equivalent to (1 —b)13<1—-b/3 for 0<b<1 and & <278/(167),
we obtain

2 2/3
8 8
u(2n,y22)—y22>8/ |:(Y22——27 8) — (Y22——27 8) —Acosz(s/2):| ds
0

/2”[ 23 lbme (1 8me )_1/3 ( 8 )
>e Yoh — - —\ vy —=—¢
o L2 3 1y 2Ty 207

—A cosz(s/2)] ds

A 8me [2 -1/3
:27[8{[\/%3—\’22—5]—7 3 (v —87e/27) /_1“
2/3 A 8me :2 —1/3
>2ﬂ8<[vzé —Yzz—i]—2_7 §(Y22_8/2) / _1“
1672%¢ [2 - i
T [§(VZ2—8/2) 31| (Agy—£)>0. (3.18)

Then, applying the intermediate value theorem to the continuous function
h(a) :=um,a) —a for o €[y,, vy yields that there is a & € (Y51, v22)
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such that h(@) =0 and thus u»(¢) :=u(t, @) is a positive 27 -periodic solu-
tion of (3.14). Finally, using (3.15) and ¢ <278/167 we get, for 1 €[0, 2],

" . 8 3
|M2(l‘)—Y2|<|06—Y2|+|M2(t)—0!|<5+ﬁ8<55, (3.19)

which gives the estimate (3.13) for i =2.

To show the existence of u;, we first note that for any « €[y, v12l,
u(t, ) satisfies (3.15) as long as 0 <u(f,a) < 1. This yields that u(-, «)
exists on [0, 27] and satisfies, for 7 € [0, 2],

8 38 8 8 38
2—7<y1—?ga—%s<u(t,a)<a+2—7;£<yl+?<1. (3.20)

Then applying (3.20) with o =vy,; and a =vyy,, respectively, the monoto-
nicity of F(u) for u€[8/27,1] and the assumption on w we obtain

2 87 \2/3 8 ,
27, — - 2)|d
u(2m, y11) V11>6/0 (Y11+27 ) (Y11+27 ) cos”(s/2) | ds
27‘[ /3 8
>e/ |:V11 —(y11+ 77 )—)»cosz(s/2)} ds
0
2/3 A 8
ZZ”S[(YA _VII_E)_ES}

1671 €

(A1 —&)>0, (3.21)

2/3 8 5
YIZ_ (YI2_ 27 )—)\.COS (S/Z) ds

Il
[ (y” 27 )‘“OS%/Z)} ds
(0 -va-3)+ 5

(—A+e) <0. (3.22)

and

umw, ypp) =y <e

_27T8|:

1671 £

Thus we conclude in the same manner as above that there exists a « €
(Y11, Y12) such that u(¢) :=u(r, @) gives the desired solution u;. The esti-
mate in (3.13) for i =1 follows in the same way as in (3.19). O

Proof of Theorem 3.1. For w > wy=2/3, we define the set

A(@)={r>xrp: (3.1)~(3.2) has two positive solutions}
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which contains the interval (2 Y 2,4/27) from Lemmas 3.4 (ii) and 3.5,
and therefore

Mo(w) :=inf A(w), Ap(w) =sup A(w)

are well-defined and satisfy sz <) <5 4133)2 <4/27 < Mp(w) < 8/27
from Lemma 3.4 (i) and Lemma 3.1 (ii). From now on, we fix an w > wy
and suppress the dependence of w in Ag(w) and Ap(w). We want to show
that A(w)= (Ao, Ap). To this end, we first establish several claims.

Claim A. Assume that there is a A > A such that (a) for A=A, (3.1)—
(3.2) has a unique positive solution denoted by i, and (b) there is an
increasing sequence {A,} with lim,_, o A, =A such that (3.1)=(3.2) has two
positive solutions u; (-, A,) (i =1,2) that satisfy u; (¢, A,) — u(z) as n — o0
uniformly for 7z € [0,27]. Then, there is a § > 0 such that (i) (3.1)-(3.2)
has two positive solutions u;(-,1) (i =1,2) for A € (A — 8, 1) that satisfy
u;(t,\) = iu(t) as A— A~ uniformly for ¢ [0, 27]; (i) (3.1)~(3.2) does not
have any positive solution that lies in a neighborhood of it(-) for » e (A, A+
3). That is, a saddle-node bifurcation of periodic solutions of (3.1)—(3.2)
occurs at A=X and u=i.

Proof of Claim A. First, we take a §y > 0 sufficiently small such that,
for a €I, := (i1(0) — 8y, i1 (0) 4+ 8¢) and r € [, := (A — 8y, A +8¢), u(t, o, 1) is
defined and positive for all ¢ € [0,27]. Applying Lemma 3.2 yields that
h(o, M) :=um,a, M) —a is smooth and satisfies (3.6) on Py, =1, x I,. It
follows that (-, ) is concave down on I, and has a unique zero i(0) € I,
by the assumption (a). Then the assumption (b) yields %(ﬁ(O), 1) =0. By
Taylor’s theorem we have, as (a, A) — (i2(0), 1),

h(a, 2) =[x (@(0), 1) +o(D] [ — A1+ Bhaa(ﬁ(O), /_\)+0(1)] [ — i (0)]%.

Since h;,(i2(0), ») #0 from (3.6), applying the implicit function theorem
yields that there is a §; € (0, 8p) and a smooth function 2 =2(«) defined for
a € (1(0) =81, u(0)+381) such that A(a, A(a)) =0, A(2(0)) =2, and

= hae(@(0), 1) 5
=r— 71 Dlle —
AMa) =1 2hk(b_t(o)’k)[ +o()]ler — it (0)]%,

from which we get there there is a § >0 such that, for A e (A —3§, 2],

[2h;,(i1(0), 1) 5
a+(A)=u(0)x m[1+ o(1)]

which is smooth on (A —8,1). It is clear that uj(-, 1) :=u(-, a4 (), 1)
and ur(-,A) :=u(-,a—_(A), L) are two positive solutions of (3.1)-(3.2) for
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re(r —8,1). From Lemma 3.2, u; and u, are the only positive solutions
of (3.1)-(3.2). The above formula also shows that (3.1)-(3.2) does not
have any solutions near i for A € (A, »+8). This completes the proof of
Claim A.

Claim B. A(w) is an open set in (—o0, 00).

Proof of Claim B. Let %€ A(w) and u; (-, 1) (i=1, 2) be two positive
solutions of (3.1)—(3.2). Then by the continuous dependence of solutions
with initial conditions there is a 89> 0 such that h(o, A) :==u(2m, «, A)—
is defined on Py := (u2(0, ) =80, 1) x (h— 80, A+80) and & (u; (0, A) A)_
Since A(-, ) is concave down from (3.6), it follows that A (u; (0, ), 0 #0.
Then applying the implicit function theorem yields that 4 («, A) =0 has two
solutions «; (1) € (u2(0, )A\) — 89, 1) for Ae(A—38,,+35) for some small § €
(0, 80) with a; (A) =u; (0, 1). Clearly, u;(-, 1) :==u; (-, ai(A), 2) i=1,2) pro-
vide two positive solutions of (3.1)(3.2) for A€ (A — 6, A +8). Since i is
taken arbitrarily in A(w), it follows that A(w) is open.

Claim C. Assume that [a, b] € A(w). Let uy(-, 1) <uq(-, A) be the pos-
itive solutions of (3.1)—(3.2) for A €[a, b]. Then for each ¢ €[0, 27], u> (¢, -)
is increasing and u(z, -) is decreasing with respect to A €[a, b].

Proof of Claim C. Let «; (%) :=u;(0,2) for i =1,2. By the continu-
ity of solutions with initial data there is a § > 0 sufficiently small such
that u(t, o, A) is defined and positive for all 7 € [0, 2] and (o, 1) € Py :=
{(a, V)i €(ap(X)—6,1),A€(a—38,b+8)}. Hence, h(o, ) =u2m, o, A) —«
is well-defined and smooth on P,; and satisfies /(x; (1), L) =0 for L€ (a—
8,b+38). Applying Lemma 3.2 yields that A(-, 1) is concave down so that
hg(a1(A), A) <0< hg(aa(X), 2). Then by the implicit differentiations we get

o) =— DD oy = DD 3

ha(a1(2), A) ho (a2 (), 2)

This implies that the assertions in Claim C hold for ¢+ =0. To complete
the proof, given arbitrary Ihe(a—35,b+38) with & <A, let i;(t) :=
ui(t,2) and 4;(t) =: u;(t, %) for i =1,2. Since ii2(0) = ar(X) < ar(h2) =
1>(0), it follows that i#,(27) < #io(2w) and thus uy(¢) < uo(¢) for suffi-
ciently small + — 2w < 0. Assume that there is a largest ¢y € (0,27) such
that iix(f9) — iia(to) = 0. Using (3.1) we have w(it(t) — i5(1) = —(h —
) cos?(¢/2), which together with ity (tg) — ity (tg) <0 implies that 7p=m and
iy () — iy (w)=0. Then differentiating this equation two times successively
yields that ﬁ/z/(n)—ﬁ/z/(n)zo and i} () —uf) (, A2)=—(—1)/2>0. Con-
sequently, it (t) —ua5(t) >0 and (1) — uz(t) >0 for t — > 0 sufficiently
small. This contradicts the definition of 7y, whence (r) < (t) for all ¢ €
[0,27] as expected. In a similar fashion we show that #(t) > i11(z) for
t €[0, 2r]. This completes the proof of Claim C.
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Claim D. u;(-, 1) exists for all A€ (0, Ap).

Proof of Claim D. From the definition of A; we can apply Claim A
with A:=2x;, to get that uj(-, 1) exists for A € (Ay — 8, Ap) for some & >0
with the property that u(-, 1) is decreasing with respect to A and o (1) <0
from (3.23) where a1 (X)) =u1(0, 1). We define

ro=inf{x e (0, Ap):
ui(-, 1) exists on (i, 1) and is decreasing with respect to A}.

It follows that 0 <o <Ap. Suppose that o> 0. Then by Arzela-Ascoli
theorem we have that u;(-, o) exists and wu(-,A9) = u(-,A) >0 for A e
(ro, Ap) and limkﬁﬁ u(t, A) =u(t, »o) uniformly for r € [0,2x]. Note that
h(e, 1) :=um,a,2) —a is defined for Py :=(a, A)E(a()»o) —80, 1) x (ko —
80, Ao +80) for some sufficiently small 8o > 0. Clearly h(x(ig), Ag) =0. We
must have A (a(Ag), Ag) %0 for otherwise we would apply (3.6) to conclude
that, for each A in a right neighborhood of g, h(a, 1) =0 does not have
any positive solution that is close to ui(-,A9) (i.e., a saddle-node bifur-
cation occurs for h(-, 1)), a contradiction. Consequently, by the implicit
function theorem we can extend «;(A) for A € (Ag — 8, Ao +8) such that
h(ai(h), 2)=0 and «] (1) <0 given in (3.23). This shows that u(-, 1) exists
for all (A9 — &, Ap) and is decreasing with respect to A by the same argu-
ment used in the proof of Claim C. This contradicts the definition of A.
Hence we must have Ag=0, showing Claim D.

We are ready to show that A(w) = (Ao, Ap). First, the openness of
A(w) and Claim A (i) imply that there is a Ao € [X0, Ap) such that the
open interval (Ao, Ap) is contained in A(w) and Ag & A(w). We claim that
Ao =2X9. Suppose that this is false. Since A(w) is open, there exists at least
another open interval (A0, A) C A(w) contained in A(w) with 5\¢A(w) and
% > Ao. This implies by the monotonicities of ui(,A) and us(-, A) from
Clalm C that uy(-,A) and uy(-, 1) for A € (Ao,k) merges mto uy (-, A) at
A=A (whose existence follows from Claim D) so that u (-, %) is the unique
positive solution of (3.1)—(3.2). This is impossible since, by Claim A (ii)
with %:=2, (3.1)~(3.2) does not have any positive solution close to u1(-, 2
for A in a right neighborhood of A, contradicting that u; (-, ) exists for all
A €(0,1p) from Claim D. This contradiction shows that ig= A, whence
A(w) = (Ao, Ap).

We now show that if A > Ap, then (3.1)-(3.2) does not have any
nonnegative solution. Since Ap > iz, it follows from Lemmas 3.4 (ii)
that any nonnegative solution of (3 1)-(3.2) for A > Ap 1is strictly posi-
tive. Therefore, it suffices to show that if A > X,, then (3.1)—(3.2) does not
have any positive solution. Assume that this is false. This implies that
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% :=inf{% > Ap : (3.1)—(3.2) has a unique positive solution} is well defined
with A >p, and there are a sequence of {A,} with A, >x and A, — A
as n— oo and a sequence {u(-,%,)} of positive solutions of (3.1)—(3.2).
Applying the Arzela-Ascoli theorem yields a convergent subsequence
{un, (-, Ln,)} whose limit, denoted by u, gives the unique positive solution
of (3.1)~(3.2) with A=Ax. Note that &(«, A):=um, o, A) —a is well defined
for (o, 1) € (@(0) — 8,(0) +8) x (A — 8,1+ 8) for some sufficiently small
§>0. We must have %y (ii(0), 1) =0, for otherwise the implicit function
theorem yields that h(a, A) =0 has a solution for A in a neighborhood
of % so that (3.1)~(3.2) has a unique positive solution for A — <0 suffi-
ciently small, contradicting the definition of A. But then applying Lemma
3.2 yields that (3.1)—(3.2) cannot have solution lying in a neighborhood of
i for all A — X >0 sufficiently small, again contradicting the definition of
%. This shows the above assertion.

Since Ap > 5 43 >, it follows from Lemma 3.4 (ii) and the definition of
Ap that (3.1)—(3.2) “has a unique positive position and no other nonnega-
tive solution. Finally, Lemma 3.6 implies that lim,_, o Ap(w) =8/27. This
completes the proof of Theorem 3.1 (i). Since Ag(w) <4/27 for w>2/3,
Theorem 3.1 (ii) follows directly from Lemma 3.5 and Lemma 3.3. This
completes the proof of Theorem 3.1.

Theorem 3.3 below gives the leading order approximations for the solu-
tions of (3.1)—(3.2) obtained in Theorem 3.1 as w— 0, while Theorem 3.4
gives the first order approximations for these solutions as w — co.

Theorem 3.3. Assume that 0 <\ < % and w > 0. Let uy and uy be two
nonnegative solutions of (3.1)—(3.2) obtained in Theorem 3.1 with ur <uj.
Let Uy and U, be the 2m-periodic functions defined by the equation U3 —
U —xcos2(1/2) =0 with 0< Us(t) <8/27 <Ui(t) <1 for t € R. Then there
are constants M;:=M;(1) >0 (i =1,2) independent of w such that

lu;(t) —U; ()| < Mijw  for t€[0,2m]. (3.24)
Proof. Let pi(t)=u(¢t) —Uy(t). Then
wp} :u?/3 —uy —Arcos’(t/2) —wUj=ai(t)p) — U],

where
A 2, ! 2 !
Ul(t)— _Esmt[ (t)—l] , al(t):=§/ [Bu;(t)
0

+(1—-U; )] P as 1.

which are continuous for all 7. Note that x| <U (1) <1, k1 <u;(t) <1 from
Lemma 3.5 and «| > 8/27 where « is defined in Lemma 3.5. It follows that
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ar(t) < (2/3)«, 3 1= —v1. Applying the variation of constant formula
yields

1 ! o o
P11y = el a® s, o) /0 eh OBy i,
and then using |p1(0)|=[u1(0)—U;(0)|<1—x1<1 we have, for t > w|Inw|/v{,

t
|:01(f)|<|Pl(0)|€_””/‘“+|U{|O/ e/ gy
0

U/ U/
<w+mw=(l+M)w
V1 V1

where |U{lo = sup,cg |U{(t)| = max;cjo,2.11U; (t)|. Since py is 2m-periodic,
this implies that |p1(#)| < (1+ |U{|0/v1)a) for all t € R. This shows (3.24)
for i =1 with My:=1+|U{lo/v1.

In remains show (3.24) with i =2, In order to apply the above argu-
ment, we first need to verify the differentiability of U, at ¢t =x (since
Ux()=0). For t €[0,m)U (,27], U;(¢) is given by the same formula as
that of Uj(t) except in which Ui(r) is replaced by Ux(z). To obtain the
differentiability of U, at w, we need the following asymptotic formulas as
t—o:

Uz (t) =232 cos(t/2)*[1 4 O (cos(1/2))],
US(t) = =2/ sin ] cos(t /2)[[1 4 O (cos(t/2))].

From these asymptotic formulas and the L’Hospital’s rule, it follows
U,
- 5 () _

Uj(r) = lim Ua(®) — Ua(m) — i

t—m r—7 t—1

0.

This also shows that Ué is continuous at 7 so that Ué is continuous for
all 1. We now let po(¢) :=u»(¢t) — Us(t). In order to complete the proof, we
distinguish two cases based on whether us(w) >0 or uy(w)=0.

Case 1. Assume that uy() > 0. Then uy(¢t) >0 for all r € R. Note
that wp)(t) = ax(t)p2(t) — wU;(¢) for all t € R, where ax(t) is given by
the same formula as that for a;(¢) except in which u(¢) and U;(¢) are
replaced by u;(t) and U,(¢) respectively. Since 0 < us(¢) < k2 and 0 <
Us(t) < ko, it follows that a>(¢) is continuous for 7 € R and, furthermore,
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a(t) = (2/3)/<2_1/3 —1:=vy>0. Then using the variation of constant for-
mula together with |p2(0)| <1 yields, for t < —w|Inw|/vy,

0
|,02(f)|§|p2(0)|e”2’/‘”+|Ué|0/ /o gy
t

U, U,
<w+ﬂw=<1+@)w.
V2 V2

Since p; is 2m-periodic, this implies that |py(2)| < Mw for all r € R where
My :=1+1Uj|o/v2. This shows (3.24) for i =2 in this case.

Case 2. Assume that us(r) =0. Then py(r) = 0. It follows that,
for any fixed w > 0, there is a #y) < but sufficiently close to 7 such
that [p(t)] < for € [fg, m]. We now consider the equation wp) (1) =
ar(t)p2(t) — wU;(t) for t € (—m,1y] where, since us(t) >0, ax(t) is well-
defined and a»(¢) > vp. Again by the variation of constant formula and
[2(t0)| <w we get, for t € (—m, 1)

_ o 1Uslo
p2()] < pa(to)e ™~/ |3 / TN dy <ot —2
t 2

w=Mw,

where M, is the same as in Case 1. By letting r+ — —n", we have
|p2(—m)| < Mhw. Since My > 1, it follows that |py(¢)] < Mhw for all ¢ €
[, ]. This shows (3.24) for i =2 in Case 2, thereby completing the
proof of Theorem 3.3. |

Theorem 3.4. Assume that 0 <A <8/27. Let w be sufficiently large and
u; (i=1,2) be solutions of (3.1)—(3.2) obtained in Theorem 3.1 with uy <uj.
Then there are constants M; = M;(X) >0 independent of w such that

Asint

u,-(t)—(yi— - )’g% for 1€10,27]. (3.25)

Proof. Since the proofs of (3.25) for i =1, 2 are almost the same, we
only show (3.25) for i=1. We let ¢:=1/w as we did in Lemma 3.6 so that
uy satisfies (3.14). Hence, it suffices to show that, as ¢ — 0,

Asint

ur(t)=vy,— e+ 0(&?) uniformly for r €[0,27].  (3.26)

Let a1 :=u1(0). Since |u(t) — 1| < (87 /27)e for t €[0, 2], it follows
that u1(r) =a;1 + O(¢) as ¢ — 0 uniformly for ¢z € [0, 27r]. Then integrating
(3.14) on [0,27] yields, as & — 0, 0=u; (27) —a; =27 (" —a) — 1 /2)e +
0(£?), and so

A
af/3—a1 —520(8). (3.27)
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Now, letting e (t) =u1(t) — oy + %8 yields
A 1
j()=¢ [uf“(t) —ui () — 5] — [mf” —oi—5h)+ 0(8)i| (e = 0)

uniformly for ¢ €[0, 2x]. It follows from (3.27) that e/1 (1)=0(&?) uniformly
for 1 €[0, 2], which together with e;(0)=0 yields e;(r) = O(¢?) uniformly
for t €[0,27] and so

Asint

ui(t) =y — e+ 0(&?) uniformly for ¢ €[0, 2]. (3.28)

To complete the proof, it remains to show that a1=y1+0(82) as
e— 0. First, it follows from (3.28) and [;" sindr =0 that

O=u127) —ay
2 Asin 2t ) 213 Asin 2t 5 5t
=¢ o] — 1 e4+0 (&%) —la— 1 e+0(e“) ) —Acos 3 dt
0

= [(af” —ay - %A) ™+ 0(82)] :

and thus

1
ar’ —a —§A=0(52) (e —0), (3.29)

from which and the fact that o) € (8/27,1) we conclude that o; — y; as
e — 0 (for otherwise, the limit of left-hand side of (3.29) would not be zero
as ¢ —0). Hence, u:=a) —y; =0(1) as ¢ — 0 and so afﬁ:(yl +up)P=
Y1 +2u11/3y}/3+ 0(u%1). Inserting this into (3.29) yields

1 2
0(e?) =v{" -y - EH(W - 1)““ 0
Y1

( 2 1) +0®?)
= 13 ui uiy)-
3y1/

Since 2/3\/}/3 —1<0, we get uj; = 0(g?). Thus, o =y + O(g?). Finally,
substituting this into (3.28) leads to (3.26), thereby completing the proof
of Theorem 3.4.
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4. NON-NEGLIGIBLE INERTIAL EFFECTS

In this section we return to our basic model, equation (2.5), ignore
the damping term and scale the time variable with respect to the forcing
frequency. That is, we introduce the scalings

t L—x
—=Qr, = . 4.1
2 YT @1
This yields
X cos2(1/2
52v”:1—v—L(/), v>0, 4.2)

v2

where A is as before and e:=./m/(4kQ?) is the ratio of the forcing fre-
quency to the natural frequency of the oscillator. Throughout the remain-
der of the paper, we use v, to denote the solution of (4.2) satisfying

v0)=a>0, V(0)=0, 4.3)

whose dependence on A and ¢ is suppressed. It is easy to check that if
v, () =0, then v, is symmetric about r=m and so v, is a 2w-periodic
solution of (4.2). In this section, under the assumption that 0 <A < 1/8
and ¢ is sufficiently small, we prove there exist an order of 1/¢ many such
solutions for (4.2).

Before stating the main result of this section, we define, for 0 <A <
4/27, 2m-periodic functions V_=V_(¢) and V. =V, (¢) by the right-hand
side of (4.2) such that 0<V_(#r) <2/3<Vy(t) <1 for r€[0,7), V_()=0
and V4 (r)=1. It is easy to see that V_ and V, are monotonically decreas-
ing and increasing on [0, 7], respectively, and both are symmetric about
km for any integer k. See their graphs in Fig. 3. Let b be the maximum
value of V of the homoclinic orbit of V=1—V —i/V2. It follows that
b> V. (0)>2/3 and satisfies b —b>/2+1/b=V_(0) — V>(0)/2+1/V_(0),
which together with the equation V2(0)— V3(0)=x yields b=2[1— V_(0)]
and thus 1 <b <2, or b=1, 0or 2/3<b<1if 0<A<1/8, or A=1/8, or
1/8 <A <4/27, respectively.

The main result of this section is as follows.

Theorem 4.1. Let 0 < < 1/8 and ¢ >0 be sufficiently small. Then
there exists an integer N := N(g, 1) > Ko/e with Ky >0 independent of &
such that for each integer n with 2<n <N, there exists a 2m-periodic solu-
tion v, e of (4.2) such that v, . has exactly n+1 critical points 0=:1y <
H<...thpo1<ty,=m in [0,7], where v, has local maxima and minima
alternately.
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Figure 3. The top and bottom curves are the graphs of V_ and V4 on [0, 27] respectively
with 2=0.1.

Remark 4.1. (i) Theorem 4.1 assures that the number of the 2w -peri-
odic solutions of (4.2) goes to infinity as ¢ — 0. We note that the assump-
tion 0 <A < 1/8 is a technical assumption and is used only in Lemma
4.1 (ii) to guarantee that all critical points of v, with « > 1 are non-
degenerate. (ii) The following asymptotic formulas for v, . as ¢ — 0 can be
obtained:

i —>m, 1<i<n,
Un,e(o)_>b,

Upe(ti) > if i>1 1s odd,
Up,e(ti) =2 if i >2 is even,

Up e ()=V_ (1)+0(e%) uniformly for # on any compact subsets of (0, 77),

which assert that, as ¢ - 0, v, . exhibits one spike near r=(2k+ )7 and
the rest spikes near t=2km, and v, () approaches V_(¢) uniformly for ¢
on any compact subsets of (kw, (k+ 1)) (k=0,=%1,42,...). The proof of
these formulas are similar to those in [1, 2] and is omitted.

The proof of Theorem 4.1 is based on several lemmas and shooting
arguments that have been used in [1, 2, 9]. Lemma 4.1 shows that there
is an o € (V4+(0), b) such that, for sufficiently small & >0, v, has order of
1/e many critical points in (0,7); Lemma 4.2 shows that for any o« > 1+
142X, vy does not have any critical point in (0, 7]; Lemma 4.3 shows
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that no critical points of v, in [0, 7] are degenerate with « > 1. By virtue
of these lemmas and the implicit function theorem we will be able to prove
Theorem 4.1. Since the equation (4.2) is singular when v=0, we note that,
before applying the implicit function theorem in the proof of Theorem 4.1,
we have to prove a technical claim ensuring that the interested solutions
are positive on [0, 7].

Lemma 4.1. Let 0 <X <4/27 and oy € (V4(0),b). Then there exist
Ko >0 and gy > 0 such that if 0 <e <ey, then vy, has at least N =
N(e, h,a0) = Ko/e critical points in [0, ), which are local maximum and
minimum points of vy, alternately.

Since the proof of Lemma 4.1 is long and tedious, we leave it in the
Appendix. See Fig. 4 for two solution curves of (4.2)-(4.3).

Lemma 4.2.  Assume that 0 <A <4/27 and ¢ >0. Then for any a > 1+
V1420, v, <0 as long as vy, >0 in [0, 7].

Proof. We fix an ¢ >1++/1+2A and let v=v,. Since a > 1 > V,(0),
it follows that v'(¢) <0 for sufficiently small > 0. Assume that there is a
to € (0, ] such that v(z) >0 for r €[0, tp], v'(¢) <0 for 1 €[0, p) and v'(ty) =
0. Then, v”(tp) >0 which yields V_(tp) <v(t9) < Vi (tp) < 1. Multiply v' on
both sides of (4.2) and integrate over [0, 79] to obtain

1, 1, Acos?(ty/2) A/’O sint
o=t me) =S+ = T S ) v

1
> (1) — 5v2<ro> > v(to)[1 — Vg (t9) /2] > 0. (4.4)

But our assumption for « implies that o —a?/2 + A/a < —(a — 1)2/2 +
1/2+ X1 <0. This yields a contradiction and thus the assertion of Lemma
4.3 holds. O

Lemma 4.3.  Assume that 0 <X <4/27 and ¢ > 0.

() If the (0, ) is a minimum (resp. maximum) point of vy and t; and
ty are critical points of vy in [0, ] that are preceding and succeed-
ing to ty respectively, then vy (t1) < vy (f).

(it) Assume further that 0 <A <1/8 and «a € (1,b). If v, (1) =0 and
1€[0, 7], then v)(f) #0. Consequently, any critical point of vy in
[0, 7] is either a local maximum or minimum point.

Proof. We first show (i). Assume that 7y is a minimum point of v.
Then, by the definition of #; and 5, v, <0 on (¢, #) and v, >0 on (ty, 12)
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Figure 4. Two solution curves (4.2)-(4.3) with ¢ = 0.05, A = 0.1, « = 1.1 and 1.1552,
respectively.

so that v=u,(¢) has an inverse on each of these two intervals, which are
denoted by r_ =t_(v) and t, =1, (v), respectively. Multiplying (4.2) by v’
and integrating over [f_(v), 1+ (v)] for vy (fo) <v<min{v, (t1), vy (12)} We get

Vo (14 (v)) t

%82(’)&)2(%(1))) - %82(1),;)20_(1))) = —A/ >

)
,t-(m)\ dn
—CoOS" ——— || —.
2 n?

Since cos?(r/2) is decreasing on [0, 7], it follows that the integral in the
above formula is negative, which implies that v} (f—(v)) vanishes before
v, (14 (v)) and thus vy (f1) <vg(f2). The other case can be proved similarly.
This shows (i).

We now show (ii). First we note that since 0 <A <1/8, we have b > 1
and thus the interval (1, b) is not empty. Assume by a contradiction that
1€[0,m] is the first degenerate critical point of vy, i.e., v (f) =0. Since
v (0) = —1Ja? <0, we see that 7 > 0. Then, differentiating (4.2) yields
v () =asini/2v2 () >0 if F #£7 and v (7)=0 and v (f) = cosi/2v2 () =
—1/2v2(f) <0 if f=mn. Either case implies v/, >0 on (t9, ) where 7y € (0, 7)
is the preceding critical point of v, whose existence follows from the fact
that v/, <0 for sufficiently small 7 > 0. Since we assume that 7 is the first
degenerate critical point of vy, it follows that 7y is a local minimum point
of vy, which together with Lemma 4.3 (i) yields vy (f) > vo(0) =a > 1>
V4 () and thus v)(f) <0. This contradicts the assumption that v//(7) =0,
whence proving (i1). O

Proof of Theorem 4.1. Since 0 <X < 1/8, it follows that b > 1. Take an
ap € (V4(0),b) with g >1 and a:=1++/1+21>b (recall b <2). Fix an
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e €(0,ep) and an integer 2<n < N(e, A, ap), where g9 >0 and N (e, A, )
are given in Lemma 4.1 associated with «g chosen above. Define & =
Qn.e:=sup A, . where

Ap e ={o€lap, @]:vy has at least n+ 1 distinct critical points in [0, 7)}.

Lemma 4.1 implies oy € Ay, and thus A, # . Hence, & is well-
defined and there is a sequence ()2, with ax € Ay and ax — & as k—
oo. Let O0=:t 0 <ty <tra<---<trn<m be the first n+1 critical points
of vy, in (0, ), which are all non-degenerate from Lemma 4.3 (ii) (since
ar > ag > 1). By the Bolzano-Weierstrass theorem we can assume, without
loss of generality, that there exist 0=:7) <t; <fr <--- <1, <m such that
tri—t as k—oo for i=0,1,...,n. Next, we claim:

Claim A. v; >0 on [0, 7].

We shall prove Claim A at the end of this proof. From Claim A,
we know that v, (7) is continuously differentiable for 1 €[0, 7] and « in a
neighborhood of &. It follows that v‘; (t;) =0 and, by virtue of Lemma 4.3
(i) and &> 1, v7(;) #0. We assert that #; #¢; for 0<i < j <n. Assume on
a contrary that #; =t;;1 for some 0<<i<n—1, then #; —f and t; ;11— ¢
as k — oo. However, since v (1) =0 and v} (#) #0, the implicit function
implies that there is a neighborhood of # such that v, has a unique zero
in this neighborhood for all sufficiently large k. This yields a contradic-
tion. Therefore, 0=ty <t} <---<t, <.

We note that A, . is an open set in R, which again follows from the
non-degeneracy of critical points of v, with @ € A, . and the implicit func-
tion theorem. We thus concludes & ¢ A, . and 1, = 7. Letting v, , = vy
yields the desired solution as stated in Theorem 4.1. Therefore, to com-
plete the proof of Theorem 4.1, it remains to prove Claim A.

Proof of Claim A. We start with some preliminary work. First, since
0<XA<4/27 and 0 <V_ <2/3 on (0,7), the implicit function theorem
applies to the equation V2(r) — V3(t) — A cos(t /2)=0 for t € (0, r) yielding
that V_(¢) is differentiable for ¢ € (0, 7) and

Asint
<0
2V_(®)[3V_(t) —2]
and thus V_ is monotonically decreasing on [0, 7]. Furthermore, it is easy
to derive that

V_(t)=ﬁcos% (1 +0 (cos %)) ast—>m . (4.5)

V' (t)=

Second, we assert that if o > 1 and v, has its first minimum at 7 € (0, 7],
then v, (¢) is defined for ¢ € [0, 7] with v, () > V_(¢) for t €[0,7) and
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ve (1) > V_(¢) for all t €[z, 7]. To see this, since 7 is a minimum point and
vl (t) #0, it follows that v/(f) >0 and so V_(f) < v (f) < V4 (7). Since the
consecutive minimum values of v, occurring in [0, ] are increasing from
Lemma 4.3 (i) and V_ is decreasing, the above assertion follows.

Now we are ready to prove Claim A. Below we use v:=v; and vy :=
vy, for simplicity. Assume that Claim A is false. Then, using the above
assertion we conclude that there must exist a 7 e (0, 7] such that v'(z) <0
for 1€ (0,7) and v(t) > 0 as t — 7. Then, for any n> 0, there is a 1, €
(0,7) such that 0 <v(t) <n/2 for t €[t,, ). Hence, for sufficiently large k,
vi(t;) <n and v, <0 on (0,7,]. Recall that 7 ; is the first minimum of vy
in (0,). It follows that 1, <# 1 and vi(#,1) <vi(ty) <n. Since n>2 (note
that this is only place where we need n >2), we see that #; 2 € (1, ) exists
and vg(fx2) > vk (0) = > 1 by Lemma 4.3 (i). Let . ; € (#.1, f%,2) such
that v (f;,1) =1. Then, v () >0 for ¢ € (t,1, &x,1]. This together with v (¢) >
V_(t) for t €[ty 1, ] (from the above assertion), (4.2) and (4.5) yields that,
for t € (tr,1, t 1],

A cos?(t/2 A cos?(z/2
8|%’(;)|<1+¥(/)<1 M::L,
V@) rel0m)y V()
and
, r /Mmoo, Lx
v ()< - vy O|dt < — =:K,
ey, P
and
1 —n<wv(te1) —vi(te ) < K1 — 1) (4.6)

Note that K does not depends on k and 7.

Next we let 7, € (0,7) be defined by V_(T;) =n. Clearly, T, > =
as n— 0", Let’s fix an € (0, 1/2) sufficiently small such that 7 — T, <
1/(2K). Then for sufficiently large k, since V_(fx 1) <vi(tx,1) <vk(t;) <n=
V_(Ty) and V_ is decreasing on [0, 7], it follows that T, <# 1 and hence,
by (4.6), | —=n< K1 —tx1) <K(m—T,)<1/2so that 1 <1/2+n<1, a
contradiction. This proves Claim A.

5. DISCUSSION

We began by presenting the canonical model of electrostatically actu-
ated MEMS/NEMS devices. We studied the model in two limits. First, in
Section 3, we considered the case where inertial terms were negligible rel-
ative to damping terms in this system. This led to the study of a non-
autonomous nonlinear first-order differential equation. For this system, in
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the unforced case, it is well known that there are no steady-state solutions
to the problem if A >4/27. That is, if the applied voltage is too large,
the “pull-in” phenomena occurs. The principle result of Section 3 is the
dynamic analog to the static pull-in phenomena. That is, we have shown
that in the forced case, if the forcing frequency satisfies w > 2/3, then
there are exactly one, two, and zero periodic solutions for 0 < A< Ao(w),
rp(w) < A < Ap(w), and A > Ap(w) where 656? > < Ap(w) < 243@)2 <4/27 <
Ap(w) < 8/27. Furthermore, limg, o0 Ap(w) =8/27, and there 1s a saddle-
node bifurcation at A=A, (w). Physically, we have shown that if the system
is forced with the correct frequency solutions can exist beyond the static
pull-in voltage. Next, in Section 4, we considered the case where inertial
terms were small but non-negligible and damping terms could be ignored.
This led to the study of a non-autonomous nonlinear second order dif-
ferential equation. A small parameter, ¢, appeared in front of the iner-
tial terms. The surprising result of this section was that as ¢ — 0 the
number of periodic solutions tended to infinity. This indicated that in the
presence of inertial terms, the canonical MEMS/NEMS model has much
richer dynamics than in the viscosity dominated case.

6. APPENDIX

In this Appendix, we shall give the proof of Lemma 4.1 with some
preliminary work prior to it.

We consider a family of autonomous equations with a parameter €
0.1]

Joloy oM here 7=V 6.1)
=1-V—-——, w =—. .
V2 dr?

In the phase plane (V, V), the equivalent first order system of (6.1) for
each fixed u has a unique homoclinic orbit that lies in the right half plane
and connects the equilibrium point (V_(2arccos,/it),0) of (6.1) at 7 =
+o00, whose interior is filled with closed orbits around the other equilib-
rium point (V4 (2arccos /i), 0) of (6.1) (see Fig. 5). Each of these closed
orbits satisfies the equation

V2=2(V—a)— (V> —a?) +2au (1—1),
V «
for some o € (V4 (2arccos /i), V_(2arccos V). which is the maximum
of V and is symmetric about the V-axis with V having a unique mini-
mum (resp. maximum) value at V =V, (2arccos /i) in the lower (resp.
upper) half (V, V)- plane. We use (V. (1), Va#(r)) to denote a solution
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Figure 5. The phase plane diagrams of (6.1) with A=0.1, u=1 and x=0.9, respectively.

of (6.1) lying on such a orbit with V(0)=a and V(0)=0. Thus, Vo, and
Va, » are periodic functions of t, whose least positive period is denoted by
2T, ,; For any integer k, the graph of V, , in the (r, V) plane is symmet-
ric about v =kT, ,, and reaches its minimum value at (2k +1)7, , and
its maximum value o at 2kT, ,; Va,u is negative (resp. positive) having
a unique minimum (resp. maximum) value in (2kTy ., 2k + )Ty ;) (resp.

(Ck+ DTy 0, Ck+2)To, ).

Proof of Lemma 4.1. Let t:=1/¢, v =dv/dt and ¥ =d*v/dt?. Then
v, satisfies

Acos2(e1/2
ﬁ:l—v—M, >0, 6.2)
v
vea, $=0 at 1=0. 6.3)

We shall compare vy, with V, , of (6.1). To this end, we shall prove two
claims.

Claim 1. Let (Vy, Vo) =V, 1 Vao,l) and Ty:=T,,,1. There exist o >0
and 81 > 0 sufficiently small and g€ (0, 1) sufficiently close to 1 such that
for welpnp, 1] and « € [og — 89, a9 + 8p], the following (i) (i1) and (iii) hold:

) Vo, (T € [Vo(To) — 81, Vo(To) +811;
(i) |1 —v—Aru/v?| >« for some k>0 as long as v € [ag — 380, 2o +
380] or v e [Vo(Tp) — 381, Vo(To) +3511;
(iii) There is an n >0 sufficiently small such that

[ Vo, u (D)1 2K, if 7€[0, n]U[To, =1, T, +nl,
Va”u('[)e[()lo—250, ap+28p], if 7€[0, n]U [2Ta,p, -, 2Ta,u]s
quu(r)E[VO(To)—Zﬁl, Vo(To)+2811, if t€[To,u—n, T, u + 11,
|Va,u(7)|>/”1s if teln, Ty, —nl.
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Proof of Claim 1. (i) follows from the continuity of V, , with respect
to (a, ) at (ap, 1) uniformly for t in compact intervals and the conti-
nuity of Ty, with respect to (a, u). (i) follows from the fact that 1 —
Vo — /\/VO2 #0 at t=0 and v =Tp and the continuity of the function
1 —v—2x/v? at v#0. Thus, (i) and (ii) are proved and &, 8; and po are
determined. To show (iii)) we let §o; =min{8y, §;} and

T =min{Ty, ;. : (e, ) € [eg — 0, g + 801 X [0, 1] },

T =max{Ty,, : (o, n) € [ag — 8o, o + o] x [0, 11 },
Mo =max{|Vy . (7)|: (a, u) € [ag — 8o, g + o] % [0, 1], T €0, Ty 11},

and pick an 7 >0 such that n < min{7T/2, 891/Mo}. Let (o, p) € [ag —
80, @p + 8o x [1o, 1]. Then using the mean value theorem we have, for
T€[0,n], [Vou(®) —a|=|Vyu(t) = [Va,, (0)] < Mon < 5o and so ag — 28 <
o — 89 < Vo,u(t) <o+ 8g < ap + 28p. Therefore, it follows from (ii) that
Vo () =1 = Vo (1) = At/ V2, (1) < —« for 7 €[0, 7], and thus Vi, (n) =
Jo Ve (s)ds < —kn. Similarly, for v € [Tau — 0, Top + 1l [Vau(t) —
Vo, u (To )| < Mon < 81 and so

Vo(To) _251 < Va,M(Tot,u) -4 < Va,u(T) < Va,p,(Ta,u) + 81 < Vo(Th) +281'

Then, from (ii) we obtain Vayu(l’) >« for v €Ty, —1, To,u] and so

Ta,ufr]

Veou (Ta, o — 1) = Vg, j (T 1) + / Vo u(s)ds < —k.
Ta,,L

Since |Va,u| >« for T €0, nlor v €Ty —n, To,u+nl, we conclude that the
upique minimum _Value of Va,u in [0, T,,] must occur in (n, T, —n) and
[Va,u ()] = min{|Va,/A(77)|a [ Ve, (Tor, o — n)|}> kn for T e n, To, . — 1l This
together with the symmetry of V, , and V, , shows (iii).

Claim 2. Let uo and 8o be given in Claim 1. There exist M; >0 and
g0 >0 such that if 0 <& <gp and there is a o, >0 such that vy,(c,) =0,
and

[ :=C08% (€03 /2) > o, Vary (00) € (9 — S0, 20 +80) (6.4)

then there exist two successive critical points 7,41 and o,41 of vy, after o,
with 0, < 1,41 <0,4+1 such that

2T—’7<0n+1 —0n<2T+ﬂ, [Varg (Tn41) — Vg (0n) | < M 6. (6.5)
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Proof of Claim 2. To show this claim, we need to compare v, (7) with
the solution V, (1) :=V,, 4, (t —oy) of
. AL .
V=1-V—=22 Viow) =va(ow) =ian, V(on)=0.
By virtue of (6.4) we see that V, has the properties (i)—(iii) listed in
Claim 1 with a translation in t. In order to show the existence of 7,
and o0,41, we first show

gy (T) = Vi (D) + [0y (1) — Vo (1) | < Mag, T €[0n, 00+ 2T, + 1], (6.6)

where T, :=Ty, 4, n is given in Claim 1, and M> >0 is a constant depend-
ing only on &y, 81, no and n given in Claim 1. To this end, we let w, =
Voo — Vi Then w,, satisfies w,(0,) =w,(0,) =0 and

Wy, =—
" (Wy + V)2 V2 (Wn + V)2
=:a,(T)wy +by (7).

. [ | A QVatwn) cos2(e7/2) } 3 [cos2(e1,/2) — cos?(e7/2)]

Define T, = sup{t € (on, 0y + 2T, + 1l : |wu| + [y < o1 0n [0, T]}. Since

| cos?(0,1/2) — cos*(e7/2)| < ge(v — ay) and Vo(Tp) — 81 < Vi (v) < g + o,
it follows that, for t € (0,, 7,1,

A2(ao +80) + 8011

LD <1+ ’
la, (T)] [Vo(To) — 2811 [Vo(To) — 8112

b <{—
OIS =207

Letting M3 be the sum of the right-hand sides of the above inequalities
yields |a,(t)| < M3 and |b,(v)| < M3 for t[o,, T,]. Using the equivalent
integral equations for w, and w, we get, for t € (0,, 7)1,

Iwn(t)|+|wn(r)|</ (Ian(S)I+1)(|wn(S)I+|wn(S)|)dS+/ |bn(s)] ds
<(M3+1)/ (lwa ()] + [n ()] ds + M3 T,

and then the Gronwall’s inequality and the estimate t — o, <27 47 yields
lwo (7)) + o (7)| < M3 TeMHDCT+0 g —. Moo < Mgy, (6.7)

Hence if gy < 8y1/M>, then |wg|+ |wg| < 891 which yields by definition of
T, that T, =0, + 2T, +n which in turn says that (6.7) holds on [0y, 0, +
2T, +n]. This yields (6.6) exactly.

We next use (6.6) to show the existence of t,,; and o,4. It fol-
lows from (6.6) and Claim 1 (iii) that, for v € (04, 0, + 1), |V, (T) —ap| <
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Mpe + |V (t) — | <80 + 280 =389 and thus, from Claim 1 (ii), Ug,(7) <
—k and thus v4,(7) <0. For t € (0, + 1,0, + T, —n), we have Uy, (1) <
Vo (T) + Mae < —kn + Mgy < —kn/2 provided gy <«xn/2M,. For 1 € (o, +
Ty —n, 00+ Ty +n), we have |vy,(t) — Vo(To)| < Ve (T) — Vu (D) + | Va(T) —
Vo(To)| < Mae + 281 < 381 and S0 U, (7) >« from Claim 1 (ii). Hence,
[V (00 + T, £0)| = kp— Mae > kn/2. Therefore, there exists a unique 7,4 €
(0n + T — 0,0, + T, + 1) such that ¥4, (7,41) =0. Similarly, we have for
te(on+ Ty +n, 0, +2T, —n), |V (T)| =K1 — Mpe > kn/2; for T €[o, + 2T, —
10,0 + 2T, + 1), (Ve (T) — 0| < | Vi (T) — ol + Mae <280 + Mpe <389, and so
Uiy (1) < =K. Since oy (0n + 2T, + 1) < Vo () + Mae < —kn + Mae < —k1/2,
and vy, (0n + 2T, — 1) > —Vu() — Mag > kn — Mae >kn/2, it follows that
there is a unique 0,41 € (0, + 2T, — 1, 0, + 2T, +n) such that vy, (0,41) =0.

We now show (6.5). On one hand, we have |vy,(0,4+1) — Voo (0n)| =
|U0t() (On+1) — Valow)| = |Uot0 (0n+1) = Va(on +2T,)| < |va0(0n+1) — Va(on+ )| +
[Vi(0nt1) — Va(on + 2Ty)| < Mae + Moloyy1 — (00 + 2T,)|. On the other
hand, we have

0 =10y (0n41) — Vi (00 +2T30) = [Vag (On1) — Vi (0n11)]
H[ Vi (0n11) — Vi (o +2T30)]

and so Mae > |Vi(04q1) — Va(ow + 2Ty)| = klows1 — (00 + 2T,)| and so
loy+1 — (0 + 2T,)| < Mae/k. Therefore, we have |ve,(0,+1) — Voo (00)] <
M>(1 + My/k)e =: Mie and 2T — n < 2T;, — Mago/k < 0yl — on < 2T +
Mseg/k < 2T +n provided that Mreg/k <n. This shows (6.5) as well as
Claim 2.

Now we start proving Lemma 4.1. Given an arbitrary ¢ € (0, &g) where
gy > 0 is determined in Claim 2. Since o =0 and vy, (0p) = ap, it fol-
lows that (6.4) is satisfied with n=0. Then Claim 2 and the mathematical
induction yields that there exist 0=:0p <7 <0 <) <---<Ty <oy with

N=N(A,¢&):=sup {n >1: cosz(san/2) > 10, Vg (o) € (g — do, a0+80)} .

such that, for n=0,1,..., N, vy, has local maxima and minima at o, and
7, respectively and (6.5) holds. Note that from (6.5) and the definition
of N we have 0, —0, >2T —n and o, <§/¢ for 0<n <N where §:=
2arccos /jug. It follows that N <oo. Therefore, we have (6.4) for n=N.
Then Claim 2 implies that Ty, and oy, exist and satisfy (6.5). On the
other hand, by the definition of N, we must have either 0052(8O'N+1/2) <
1o OF |Ugy(on41) — | = 80. If the former occurs, then, from (6.5),

<oygp1=(0Np1 —oN) +-- -+ (01 —09) < (N + 12T +1n);

™ | O

while if the latter occurs, then, by 6.5) and the triangle inequality,
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80 < [Vag (ON+1) = Veg (ON) [ -+ + [V (01) — 0| < (N + D Me.

Thus, N > Ko:=min{8y/(Mi¢),8/[(2T 4+ n)e]} — 1. Finally, letting o =<0,
and ni41 =¢€t, for nonnegative integer k with 2k +2 < N completes the
proof of Lemma 4.1.

REFERENCES

1.

10.

12.
13.

14.

15.

16.

17.

18.

19.

Ai, S. (2003). Multi-bump solutions to Carrier’s problem. J. Math. Anal. Appl. 277,
405-422.

. Ai, S., and Hastings, S. P. (2002). A shooting approach to layers and chaos in a forced

Duffing equation. J. Diff. Egns. 185, 389-436.

. Anderson, M. J,, Hill, J. A., Fortunko, C. M., Dogan, N. S., and Moore, R. D. (1995).

BroadBand electrostatic transducers: modeling and experiments. J. Acoust. Soc. Am. 97,
262-272.

. Bao. M., and Wang, W. (1996). Future of microelectromechanical systems (MEMS).

Sensor Actuator A 56, 135-141.

. Camon, H., Larnaudie, F., Rivoirard, F., and B. Jammes, B. (1999). Analytical simu-

lation of a 1D single crystal electrostatic micromirror. Proc. Model. Simul. Microsyst.,
pp. 628-631.

. Chan, E. K., Kan, E. C., Dutton, R. W,, and Pinsky, M. P. (1997). Nonlinear dynamic

modeling of micromachined microwave switches. I[EEE MTT-S Digest 3, 1511-1514.

. Chu, P. B., and Pister, K. S. J. (1994). Analysis of closed-loop Control of parallel-plate

electrostatic microgrippers. Proc. IEEE Int. Conf. Robotics and Automation, pp. 820-825.

. R. Gao, R., Wang, Z. L., Bai, Z., de Heer, W. A., Dai, L., and Gao, M. (2000). Nanome-

chanics of individual carbon nanotubes from pyrolytically grown arrays. Phys. Rev. Lett.
85, 622-625.

. Hastings, S. P, and McLeod, J. B. (1991). On the periodic solutions of a forced second-

order equation. J. Nonlin. Sci. 1, 225-245.

Horenstein, M, Bifano, T., Pappas, S., Perreault, J., and Krishnamoorthy-Mali, R.
(1999). Real time optical correction using electrostatically actuated MEMS device.
J. Electrostatics 46, 91-101.

. Hirsch, M. W,, Smale, S., and Devaney, R. L. (2004). Diffenential equations, dynamical

systems, and an introduction to chaos, 2nd edn. Elsevier/Academic Press, Amsterdam.
Kim, P, and Lieber, C. M. (1999). Nanotube nanotweezers. Science 286, 2148-2150.
Muldavin, J. B., and Rebeiz, G. M. (1999). 30 GHz Tuned MEMS Switches. IEEE MTT-S
Digest, pp. 1511-1518.

Nathanson, H. C., Newell, W. E., Wickstrom, R. A., and Davis, J. R. (1967). The
resonant gate transistor. JEEE Tran. on Elec. Dev. 14, 117-133.

Poncharal, P, Wang, Z. L., Ugarte, D., and de Heer, W. A. (1999). Electrostatic deflec-
tions and electromechanical resonances of carbon nanotubes. Science 283, 1513-1516.
Saif, M. T. A., Alaca, B. E., and Sehitoglu, H. (1999). Analytical modeling of electrostatic
membrane actuator micro pumps. /EEE J. Microelectromech. Syst. 8, 335-344.

Seeger, J. 1., and Boser, B. E. (1999). Dynamics and Control of Parallel-Plate Actuators
Beyond the Electrostatic Instability, Transducers 99, pp. 474-477.

Shi, F, Ramesh, P, and Murkherjee, S. (1995). Simulation methods for micro-
electro-mechanical structures (MEMS) with application to a microtweezer. Comput.
Struct. 56, 769-783.

Tilmans, H. A. C., Elwenspoek, M., and Fluitman, J. H. J. (1992). Micro resonant force
gauges. Sensor Actuator A 30, 35-53.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


