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Random Motion in Random Media

» random motion: R¢ valued Markovian process X(t)
- an Ex

» random media: stationary random potential V(-)
-P, E

» X(t) and V(-) are independent.
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Random Motion in Random Media

» random motion: R? valued Markovian process X()
- an Ex

» random media: stationary random potential V(-)
-P, E

» X(t) and V(-) are independent.
» Consider

us (%) ¢ By exp {i /0 V() ds}
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Random Motion in Random Media

» random motion: R? valued Markovian process X()
- an Ex

» random media: stationary random potential V(-)
-P, E

» X(t) and V(-) are independent.
» Consider

us (%) ¢ By exp {i /0 V() ds}

Q: How do u and u_ behave for ¢ large?
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Why exponential moment?
» u(t,x) is the normalizing constant of the random Gibbs
measure f

dpg 1 /’
—_— = + V(X)d
dPx u(t,x) exp{ 0 ( ) ’
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Why exponential moment?

» u(t,x) is the normalizing constant of the random Gibbs
measure i,
dpg 1 /’
— = + | V(X5)d
= me{x | s

» (Feynman-Kac) u(t, x) solves

Ou(t,x) = Lu(t,x) £ V(x)u(t,x), (t,x) € [0,00) x RY,

u(0,x) = 1, X € Rda
L— infinitesimal generator of the Markov operator T;
def
Ti(f) (x) = Eof (X(1)).
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Literature

Brownian motion under stationary potentials have been well

studied:
» Sznitman '93

» Carmona, Molchanov '95

» Gartner, Konig, Molchanov '00
» Gartner, Konig 05

» Chen’11
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Our Focus

X(t) be Ornstein-Uhlenbeck (O-U) process.

Why O-U?
» Extensive applications for stationary dynamics in other
fields:
» physical science: noisy relaxation process
» finance: interest rate derivatives
» biochemistry: model peptide bond angle of water molecules
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Our Focus

X(t) be Ornstein-Uhlenbeck (O-U) process.

Why O-U?
» Extensive applications for stationary dynamics in other
fields:

» physical science: noisy relaxation process
» finance: interest rate derivatives
» biochemistry: model peptide bond angle of water molecules

» require a different strategy other than B.M case.
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O-U process
Let X(¢) be a d-dim O-U process X(¢) starting at x = (x1,...,x4):
dX;(t) = =X;(1)dr +dB;(t) 1<i<k

> Xi(1) £ xie ™ + Jse7'W(e* —1) W is a standard B.M.
» X(t) is Markovian, Gaussian, asymptotically stationary.
» invariant measure: p(dx) ~ N(0,1/2).
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Poisson potential

Define the Poisson potential V(-):

Ve = [ Kle=yul)

where
» deterministic shape function K(x) > 0 is continuous &
compactly supported

» w(-) is a Poisson random measure with intensity measure
Adx:

» w(@) =0
» For any {A;} C R pairwise disjoint,

M(GA,) = iw(Ai) as.

i=1

i=1
» Forany A € B(R?), w(A) ~Poisson(\ |A]).
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Main Result

Theorem (X.)

For a d—dimensional O-U process , with probability one (w.r.t.
P)

1 t
lim — logE, exp {:I:/ V(X(s)) ds} =+,
t—oo 0

where A\, and \_ are random variables taking values in (0, co).
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Main Result

Theorem (X.)

For a d—dimensional O-U process , with probability one (w.r.t.
P)

1 t
lim — logE, exp {:I:/ V(X(s)) ds} =+,
t—oo 0

where A\, and \_ are random variables taking values in (0, co).
Remark

» exponential moments have ¢ growth/decay speed
» however, the rate is highly influenced by the media
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Compare to B.M.

» Positive exponential moment (Carmona, Molchanov '95)

loglogt

log Eg exp {/0[ V(B(s))ds} .

1—oo tlogt

» Negative exponential moment (Sznitman ’93)

log ¢ 2/d
iy J0gn)™?

—00 t

log Eq exp { /O t V(B(s))ds} = —o.
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Variational formula

The following large deviation result holds P-a.s.:
1 t
lim —logE, exp {j:/ V(X(s)) ds}
t—oo t 0

= ot { L, (;\WIQ = v<x>f2<x>) o) dx}
- %ﬂ—d/z ggg {/Rd Vel + (|x[* F 2V (x)) g2dx} + ‘—21

where £ = {f(x)e‘lxz2 f € PRY, I, = 1}

Fei Xing O-U of Poisson potential pg. 10 of 14



Variational formula

The following large deviation result holds P-a.s.:
1 t
lim —logE, exp {j:/ V(X(s)) ds}
t—oo t 0

=~ inc{ [ (3P Ve ) ot a)

1 —d/2 . / 2 2 2 d
= — — 2 —
57 ;rel(fg{ Rd|Vg| + (|x]* F2V(x)) " dx +5

where £ = {f(x)e‘lxz2 f € PRY, I, = 1}

Fact
|x|?>  for large x

2 ~
" F2Vix) = { V(x) for small x
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Variational formula

The following large deviation result holds P-a.s.:
1 t
lim —logE, exp {j:/ V(X(s)) ds}
t—oo t 0

=~ inc{ [ (3P Ve ) ot a)

1 —d/2 . / 2 2 2 d
= — — 2 —
57 ;rel(fg{ Rd|Vg| + (|x]* F2V(x)) " dx +5

where £ = {j0e % g € P, 171 =1}
Fact

|x|?>  for large x

2 ~
" F2Vix) = { V(x) for small x

Local behavior of V determines \x.
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Remarks & Future plan

Remark
» If stationary |V(x)| << |x|?, similar LDP result holds.

Future plan
» V(-) be general stationary potential?

» Annealed case? i.e. large time behavior of

E x E, exp {j: /Ooo V(X(s)) ds}

» Non-stationary potential?

» Tail/small value estimate of A4 .
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Thank You!
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