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Small deviations in the weighted quadratic norm

L>-small ball probabilities

Let X(t), 0 <t <1, be a zero mean Gaussian process with
covariance function G(t,s) = EX(t)X(s) and let ¢) be a
nonnegative function on [0, 1]. Denote

Xl = ( [ 1 X(e)u(e) "

The problem is to describe the behavior of P{||X||;, < e} ase — 0.
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Small deviations in the weighted quadratic norm

L>-small ball probabilities

The problem was solved by Sytaya (1974), but in an implicit way.
Later Zolotarev; Dudley, Hoffmann-Jgrgensen and Shepp;
Ibragimov; W. Li; Dunker, Lifshits and Linde; Gao, Hannig, Lee and
Torcaso; Nazarov and Nikitin, etc. improved and simplified the
expression for P{||X||, < €}.
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Small deviations in the weighted quadratic norm

Karhunen-Loeve expansion

Karhunen-Loéve expansion implies

IXIE =D Ak

k=1

where & are i.i.d. N(0,1) r.v.’s,
Ak > 0 are the eigenvalues of the integral equation

1
M(t) = /0 G(t, )/ 0()f(s)ds, te[0,1]
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Small deviations in the weighted quadratic norm

Comparison theorem

W. Li, 1992:

Comparison theorem. Let & be i.i.d. N(0,1) r.v.’s, and let ax > 0
and by > 0 be such that Y2, |1 — ax/bx| < co. Then, as e — 0,

b

F. Gao, J. Hannig, F. Torcaso, 2003:

> eeq |1 — ak/bk| < 0o was replaced by 0 < []72; (ak/bk) < cc.
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Small deviations in the weighted quadratic norm

Exact asymptotics

In typical cases the exact asymptotics has the form

P{IX|ly < e} ~ Ce7exp(—Ke™).

If Ak = (9(k + 6+ O(k™1))) ™7, then
a=a(d), K=K(,9),

Y= 7(d75)a C= C(ﬁa da 5) : Cdist()\ka k € N)
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Small deviations in the weighted quadratic norm

Exact asymptotics

Here

< 9k + )¢\
G - ()

k=1

When the eigenfunctions of the covariance can be expressed in
terms of elementary or special functions, there exist explicit
formulas for the distortion constants (A. Nazarov, 2003,

A. Nazarov, R. Pusev, 2009).
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Small deviations in the weighted quadratic norm

Previous results for Wiener process

A. Nazarov, R. Pusev, 2009:
1 2 1/2 2\1/4 2
P{/ : w (t)2 dtgsz} 4 (1+a%) e exp <_(arcctga) ) ’
0

a’ + t2) 7l/2arcctg a 8a2e2
[ a+1 2
1 2 2 1\1/4.1/2 (nT)
W= (t 1
o (2% —t2)? m/21n 2 32a%¢

P {/01(t+ 2 2WA(t) dt < 52} ~

(a(a+1)"H)P-D/A3 4e ((a+1)7 - a%*
R (R ) I BV N To2= '
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Small deviations in the weighted quadratic norm

Previous results for Wiener process

For
Y(t) = (2 +t)% a>0,
Y(t) = (a% —t2)72, a>1,
P(t)=(t+a)’, a>0,
one has
PIWy < 2} ~ maexp (-fﬁ) ,
where
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Small deviations in the weighted quadratic norm

Question

Are these relations special or typical?
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Small deviations in the weighted quadratic norm

Regular-shaped weights

We show how to evaluate the distortion constant for some Gaussian
processes when the eigenfunctions of the covariance are unknown.
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Small deviations in the weighted quadratic norm

Wiener process with regular-shaped weight

Theorem 1. Let the weight v, defined on [0, 1], be positive and
twice continuously differentiable. Put ¥ = fol VU(t)dt. Then as

e—0

41/3(0 02
PN <} ~ 2o sees (o).

We shall call the weight 1) satisfying the conditions of this Theorem
regular-shaped.
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Small deviations in the weighted quadratic norm

Sketch of proof

The coefficients A, in the KL expansion satisfy A\, = u;l, where
1k are the eigenvalues of the BVP

—y"=wpy on [0,1],
y(0)=y'(1) =0.

We have
2

i = (m(k —1/2)/9 + O(k™))",

and

ot <21~ Cunp {3 o < (7).

k=1
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Small deviations in the weighted quadratic norm

Sketch of proof

Denote by ¢12(t, () the solutions of the equation —y” = (%y
satisfying the initial conditions

901(07 C) = 17 (Pll(ov C) = 0’
502(0> C) = 07 30/2 5 —
We have py = x,f, where x; < xp < ... are the positive roots of the
function
@1(07 <) 902(07 C) /
F(¢) = det = 1,0).
(@ =det |21, ghir,0) = w210
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Small deviations in the weighted quadratic norm

Sketch of proof

Using WKB approximation, we obtain

/ _ (1) cos(v¢) -
Applying Jensen’s theorem to the functions F({) and cos(¥¢), we
get
C(%ist = w1/4(0)
PH4(1)
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Small deviations in the weighted quadratic norm

Brownian bridge with regular-shaped weight

Let B be the Brownian bridge.

Theorem 2. Let v be a regular-shaped weight on [0,1]. Then as
e—0

P{lIBlly < e} ~

2v/291/8(0)y/3(1) 2
o= exp <—85 > .
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Small deviations in the weighted quadratic norm

Ornstein-Uhlenbeck process with regular-shaped weight

Denote by U(,)(t) a usual stationary Ornstein-Uhlenbeck process,
that is, a centered Gaussian process with covariance

Gy (t:5) = €17 /(2a).
Theorem 3. Let v be a regular-shaped weight on [0,1]. Then as

e—0
gal/2ea/2 ) 2,
PUltolle < <t~ Sap g amoyem) <_85 >
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Small deviations in the weighted quadratic norm

Ornstein-Uhlenbeck process with regular-shaped weight

Denote by D(a)(t) the Ornstein-Uhlenbeck process starting at zero,
that is, the centered Gaussian process with the covariance function

Gy, (1:5) = (e~ — e72(9) /20,

Theorem 4. Let v be a regular-shaped weight on [0,1]. Then as
e—0

R 4ea/2w1/8 0 92 3
P{HU(a)Hw <e}~ \ﬁﬂzpl/e((l))ge)(p (-88 2) .
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Small deviations in the weighted quadratic norm

Bogoliubov process with regular-shaped weight

Denote by Y(t) the Bogoliubov process, that is, the centered
Gaussian process with covariance

Gy (t,s) cosh <w|t —s|— %) , w>0.

B 1
~ 2wsinh(w/2)

Theorem 5. Let ¢ be a regular-shaped weight on [0,1]. Then as
e—0

inh(w 1/8 1/8 2
P{HYHTJJ < 6} ~ 8s h( /2)1/} (O)Tﬂ (1)25exp (1988—2) .

Irl/2 (¢1/2(0) + wl/Z(l)) 1/
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Small deviations in the weighted quadratic norm

Non-Gaussian processes

For a non-Gaussian process X(t) the use of random series of
Karhunen-Loéve-type becomes problematic. The problem simplifies
if the process X(t) can be expressed by means of simple Gaussian
processes.
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Small deviations of the Brownian excursion

Brownian excursion

Denote by ¢(t), 0 < t <1, a Brownian excursion.

We may imagine Brownian excursion on [0, 1] as the Brownian
motion starting at zero, conditioned to stay positive and to hit zero
for the first time at time 1.

e(t)
0.6 0.8 1.0 1.2
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Small deviations of the Brownian excursion

Brownian excursion

According to the Lévy-Williams identity,
{e3(1),0 <t <1} 2 {BY(r) + B3(t) + B(t),0 < t <1},

where Bi(t), Ba(t), B3(t), 0 <t <1, are three independent
Brownian bridges. Hence,

2 la 2 2 2
lellZ, = 11BullZ, + 1B2117 + 11Bs]l3.-
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Small deviations of the Brownian excursion

Brownian excursion

Theorem 6. Let v be a regular-shaped weight on [0,1]. Then as
e—0

3/8 3/8
Pl < e} ~ 20 S “)s—zexp(‘ge )

This result is new even for the unit weight ¢ = 1!
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Small deviations of the Brownian excursion

Brownian excursion

Theorem 7. As — 0

1 2 3 2
e“(t) 5 9 o
dt <&}~ T
P{A t(1—1) —E} 5 “p< 822

Let 5> —2. Thenase — 0

' 4t/
P{/ t7e2(t) dt§g2} "
0 3(8—4)/(4(8+2))1'3/2 <ﬂ+g>

< (3420 T e (3 (942072,
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Small deviations of the Brownian excursion

Brownian excursion

Denote by Wat(e) the Watson-type functional of the Brownian
excursion:

Wat(e) — /O 1 <e(t) _ /O 1 e(x)dx>2 dt.

Theorem 8. As — 0

P {Wat(e) < &} ~ \[ exp< 12>
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Small deviations of the Brownian meander

Brownian meander

Denote by m*(t), 0 < t < 1, a Brownian meander taking the value
z > 0 at the point 1.

We may think of m?(t) as the Brownian motion starting at zero,
conditioned to stay positive and to take the value z at time 1.

mz(t)
06 08 10 12
L L

0.4

0.2
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Small deviations of the Brownian meander

Brownian meander

For the Brownian meander taking the value z > 0 at the point 1,
one has (J. Bertoin, J. Pitman, J. Ruiz de Chavez, 1999)

(m?(£))? 2 BY(¢) + B3(£) + (Ba(t) +2t), 0 < £ < 1,
where Bi, Bs, and Bs are three independent Brownian bridges.

Theorem 9. For any z > 0, we have ase — 0

, 2./2(z2 4+3) _ 22 4+3)2 22
P{|lm ||<E}NE/77)E 2 exp<—(8)5 2+2>.
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Small deviations of the Brownian meander

Brownian meander

Denote by m(t), 0 < t <1, a Brownian meander.
The Brownian meander can be thought of as a Brownian motion
conditioned to stay positive up to time 1,

0.6 08

m(o
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Small deviations of the Brownian meander

Brownian meander

J. Pitman, M. Yor, 1996: for the Brownian meander m, one has
2 law 2 2 2
{m=(t),0 <t <1} = {B(t) + Wi (t) + W5(t),0 <t <1},

where the Brownian bridge B and two Brownian motions W; and
W, are independent.

Theorem 10. For a regular-shaped weight function 1) on [0,1], we
have
[2 433(0) 992
P{llm[ly <&} ~ 4 37 91241/8(1) expl -
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Small deviations of the Brownian meander

Brownian meander

Theorem 11. Let 3> —2. Ase — 0

1 2+ 55y
2 ﬂﬁ+m
P {/ tm?(t)dt < 52} rt X
0 32+ ﬂ+2)r < ) ri/2 (ﬂJrg)

<((+ 227 o (55422 7)
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Small deviations of the Brownian local time

Brownian local time

Let L¥(B) be the jointly continuous local time of a Brownian bridge
B at the point x € R up to time t € [0, 1].

M. Csdrgs, Z. Shi, M. Yor, 1999: for any m € N,

/OO (LX(B))™dx 2 om-1 /1(e(t))’"1dt.

—00 0

They also found the logarithmic asymptotics for

o{ [ wierac<<h s el [T wieyosc).
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Small deviations of the Brownian local time

Brownian local time

Theorem 12. Asc — 0

P {/Z(Lf(B)fdx < 5} ~ &\/?slexp <_251> :

> 8 8a3
x 2 3/2_—2 1
P {/ (L3(B))” dx < 5} ~ A e T exp <—27€2> ,

—0o0
where a; ~ 2.3381 is the absolute value of the first zero of the
standard Airy function.
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Small deviations of the Brownian local time

Brownian local time

Let T1 = inf{t: W(t) = 1} be the first hitting time of 1 by the
Brownian motion. For x € [0, 1] consider the local time process in x
up to the moment Ti:

Z(x) =L (W), 0<x<L

Theorem 13. Let ) be a regular-shaped weight on [0,1]. Then as
e—0

P {/01 T (W)Y(x) dx < 82} ~ f/msexp <—192252> .
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Small deviations of the Brownian local time

More details and more results can be found in the paper

Nikitin, Ya. Yu. and Pusev, R. S. (2011). Exact Lp-small deviation
asymptotics for some Brownian functionals. Preprint, 26 pp.

Available at http://arxiv.org/abs/1104.2891
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