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Setting

> P, - all Lebesgue absolutely continuous prob. measures . on
n du _
o0

» N>n
> p1,--., 4N € P
> Xi,..., Xy independent random vectors: X; ~ p;

Absolute convex hull:
Ky = conv {£Xi, ..., £Xn}
Zonotope = Minkowski sum of segments [—Xj, Xi]:

N N
Zy =3 [-Xi, Xi] = {Z NXihe[-1,1], i=1,..., N}.
i=1

i=1



Viewpoint

> Form the n x N random matrix
[X1~~~XN] : RN — R"
» If C c RN is a convex body, then
N
[Xl---XN]C = {ZC,‘X,’ 1C = (C,') € C}
i=1
» Convex hull: take C = B} (unit ball in £} - “cross-polytope")
Ky = [X1- Xn]BY
» Zonotope: take C = BN = [-1,1]V

Zy = [Xl"‘XN]BoI\é



» D, - Euclidean ball of volume one

> Ap, - volume restricted to D,

Theorem (Paouris, P. '12)

Suppose N > n and p1,. .., un € Pp. Let C C RN be a convex
body and p > 0. Then

E®ﬂi VOln ([Xl s XN]C)p Z E®)\Dn VOI,, ([Xl cee XN]C)p .

» C = B} get Ky ([Groemer, '76])
» C = BO’Y) get Zy ([Bourgain, Meyer, Milman, Pajor, '88])



Theorem

Suppose N > n and p1, ..., pun € Pp. Let C C RN be a
1-unconditional convex body. Then for each a > 0,

Py, (vola ([X1 -+ Xn]C) < )
< IP)@/\D,, (VO],, ([Xl . XN]C) < Oé) .

Key ingredients: [Brascamp, Lieb, Luttinger '74], [Groemer, '76].



Proposition
Ifn< N <e", then

1 log(2N/n
Egxp, voln (Kn)r =~ g(n/)
For any N > n,
1 N
]E@)\Dn VOln (ZN)" >~ %

» Lower bounds for Ky: [Gluskin '88], [Giannopoulos,
Tsolomitis '03].

» Upper bounds for max. vol. conv {£X;}: [Carl, Pajor, '87],
[Barany, Furedi, '88], [Gluskin, '88], [Ball, Pajor, '90].

» For Zy: [Bourgain, Meyer, Milman, Meyer '88]



Small deviations

» D, - Euclidean ball of volume one

> Ap, - volume restricted to D,
Main goal: Find the dependence on n, N and ¢ in

Iog(2N/n)>

Poxo, <V01,, (Kn)Y" < e -

and

n €N
Porp, <vol,,(ZN)1/ < \/ﬁ> .



Theorem (Litvak, Pajor, Rudelson, Tomczak-Jaegermann, '05)
Assume

» coordinates of each X; are iid, symmetric sub-Gaussian;

» (1+)n< N<e" where(>1/Inn, and g € (0,1/2);
Then

B log(2N/n)

n

Pg, (Vol,, (Kn)Y" < e(€) ) < exp(—a N PnP).



Theorem (Paouris, P.)

Let pig,...,uny € Pn. Let 6 > 1 ande € (0,1). If n < N < ne,
then

Poy <vol(KN)1/” < % |0g(2n/V/n)> < en(N=n+1-0(1))/4

Moreover, if n < N < e, then

log(2N ~1/62 1/62
Pepu; (VOI(K’V)I/n S % = n /”)> L e



Theorem (Paouris, P. )

Let n< N <e"andpy,...,un € Pn. Lete € (0,1). Then

N
Poy; (Vol,, (ZN)l/” < Cf/ﬁ) < en(N=n+1-0(1))/4

Asymptotically correct as € — 0.



Gaussian case

~n - standard Gaussian measure on R”"
dyn(x) = (27r)_"/2e_|xl2/2dx.
Forn< N < e,
P, (volo (- Xu] V" < ) =
Pory (30l (DX Xu]CY/" < )

Estimate moments:
Evol, (GC)™"

where G = () is an n x N matrix with iid standard Gaussian
entries and p > 0.



Proposition

Let N > n and let C € RN be a convex body. Let G be an nx N
random matrix with iid standard Gaussian entries. Then for all
p>—(N—-n+1),

Evol, (GC)P = Edet (GG*)% / voln (P& C)P dun.n(E).
GN,n

p = 1: Gaussian representation of intrinsic volumes [Tsirelson, '85]
n=1, C = —C: Negative moments of norms -

e [Latala, Oleszkiewicz, '05]
e [Klartag, Vershynin, '07]



Goal: compute moments

/ VOln (PEC)ip dVN’n(E)
GN,n

for p > 0.
Cc =8l Cc =8Bl
o Affine quermassintegrals o Gy~ st
e [Lutwak, '88] e Alexsandrov-Fenchel
e [Grinberg, '91] ® negative moments for norms

e [Bourgain, Milman, '87]



Symmetrization /Rearrangements
For an integrable f : R" — R™, set

f*(x) = inf{t > 0 : vol, (B(0, |x|)) = vol, ({f > t})}.

> f(x) = f*(y) if [x| = |y|.
> £(x) = (y) if x| <yl
» vol ({f > t}) = vol ({F* > t}) for each t.




Theorem (Brascamp, Lieb & Luttinger, '74)
Letfi,....,fp : R =R, uy,...,upy €R". Then

M M
| Tl unex< [ T] 5 (0 u)ox
i=1 i=1

Corollary
Let L= —L C R" be convex, fi,...,f, : R — RT. Then

n

/Lif[lf’(xf)dX< 7 xae

i=1



/L,.rj[lf'(xf)dx </ [[1 £ ().

> When f; = 15j, S5(i) C R, compact: [Pfiefer, '90]

» Extensions for L non-convex: [Draghici, '06]
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