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The upper bound of small ball probabilities is much more
challenging than the lower bound. This can be seen easily from the
precise links with the metric entropy. The upper bound of small
ball probabilities gives the lower estimate of the metric entropy and
vice versa. The lower estimates for metric entropy are frequently
obtained by a volume comparison, i.e. for suitable finite
dimensional projections, the total volume of the covering balls is
less than the volume of the set being covered. As a result, when
the volumes of finite dimensional projections of K}, do not compare
well with the volumes of the same finite dimensional projection of
the unit ball of E, sharp lower estimates for metric entropy (upper
bounds for small ball probabilities) are much harder to obtain.



Independent and Increments

Let S, (t) be the a-stable process with S,(0) =0, 0 < o < 2.
Then forany 0=ty <ty <--- < t, <1,
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Independent and Increments

Let S, (t) be the a-stable process with S,(0) =0, 0 < o < 2.
Then forany 0=ty <ty <--- < t, <1,

P(sup |5a(t)]§€> < P(max \Sa(t,-)]§5>

0<t<1 1<i<n

IN

P ( max |Sa(ti) — Sa(ti_1)| < 25)

1<i<n
= JIP(Sa(t:) = Sa(ti-1)| < 2¢)
i=1

and

P(1Sa(ti) = Sa(ti-1)l < 2¢) = P([Sa(ti — ti-1)] < 2¢)
= P (\Sa(l)\ < 2(t; — t,-_l)—l/a) .

If we take t; = i/n and en?/® = 1 so that each term in the product
is P (]Sa(1)] < 2), then P (supg<;<s [Sa(t)] <€) < exp(—ce™®).



Remarks

eHere we intentionally use arbitrary partition points t; and pick
what we need later. There are problems that we do need to take
uneven partition points.

eScaling or self-similarity plays important role here.

e\What about integrated or m-th integrated Stable process In,(t)
defined by

I (£) = /Ot hn1(s)ds,  lo(t) = Su(t), ,m>17

eFor m-th integrated BM, we can use L, bound via KL expansion.



Integrated Stable Process

The first step is to “differentiate” the process by using higher order
differences. We have

P(sup | t5( )du\<s>

0<t<1

< <max|/5 du]<z-:)
1<i<n



Integrated Stable Process
The first step is to “differentiate” the process by using higher order
differences. We have

P(sup | t5( )du\<s>

0<t<1

<max|/5 du]<z-:)
1<i<n
tit1 ti—1
< ]P’(rg So(u)du —2 / Sal du+/ Sa(u)dul §45>

tl+1 i
max So(u)du — / So(u)du| < 4e
tii

< P
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If we take t; =i/n and enttl/® = 1 then the last line above equals

IN

IN

P ( |/01<sa(f+u)—sa<f—1+u))du|| <4)

1<i<n

by using scaling property of stable process.



Independents

In order to create independent terms inside the maximum, we keep
only the odd terms (i=2j+1) to obtain the upper bound

(2 +1 S5a(2j dull <4
P (o moe, ol [ (Su(2i 10— Su(2j + o)l < 4)

[(n=1)/2]
= 1l IP’<|/0 (Sa(21+1+u)—5a(2j+u))du|§4>

=0
_ r[(n+1)/2] < exp(_cga/(l-i-a))

where c =P (| fo o(1+ u) — So(u)) dul| < 4) < 1. Note that
we do need to use the fact that the processes

Xi(u)=Sa(2j+1+u)—Sa(2j+u), 0<u<1,

are independent for j > 0. This can be checked by using the joint
characteristic function.



Remarks

eFor general integer m, we can use (m + 1)-th difference scheme.
eLower bound for /,, under sup norm can be obtained by using the
norm comparison inequality of Chen and Li.



Generic L, upper bound for sup-norm

We have for any index set T,

P(sup [X(t)] <c) < P(sup|D_ biX(t)] <e)

teT teT o4

< i i) <
< P(lrgggnlng%(t,)\_&)
J:

n m

P> wid ] biX(t))? <€
j=1

i=1

IN

for any myn>1,

m n
D bl<l Y wi<l
j=1 i=1

with b; € R and w; > 0.



L> upper bound
We start with the following basic fact.

Lemma For any centered Gaussian sequence {{;} and for any
0<x <Y<, E&, we have

(X icn EE —x)?
P(;f? < X) < exp ( - 421;“9@&@)2).




L> upper bound
We start with the following basic fact.

Lemma For any centered Gaussian sequence {{;} and for any
0<x <Y<, E&, we have

(CicnEE —x)?
P<;€i2 = X) = e ( - 421;’%;91@ fifj)2>.

Pf: It is easy to see that there exists a sequence of independent
mean zero normal random variables n; such that

> &=
i=1 i=1
Then forany 0 < x < Y7 E&?
P(Z§2<x Zn, <x) < e>‘X1_‘[IEe_>‘nf2

i<n

exp ()\x - % > log(1 + 2)E n,?)).

i<n
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Let )
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2Zi§n(E 77/2)2
Then the exponent

1
M= >3 log(1+22En?) < —(3EE —x)A+ A Y (En)?

i<n i<n i<n
_ (Zign Ef? - X)2
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Note further that
Z(E n7) fVar Zn, fVar(Z £2) Z 5,51))
i<n ij

for EE2E? = (EE)(EED) + 2(E&i€))*. The lemma follows from
the above inequalities.



An L, type upper bound for Gaussian Process

We start with the following general result.
Let {X;, t € [0,1]} be a centered Gaussian process. Then
V0<a<l1/2,e>0

4

€
Pl sup [Xi| <e) <exp| —
<0§t21| el < ) =P ( 16223 o< j<1/a(E (fifj))2>

provided that

a Y E& >3

2<i<1/a

where & = X(ia) — X((i — 1)a) or
& = X(ia) + X((i — 2)a) — 2X((i — 1)a).



Consequences

Let {X:,t € [0,1]} be a centered Gaussian process with stationary
increments and Xg = 0. Put

o?(|t —s|) = E|X; — Xs|?, s,t €[0,1]. Assume that there are

1 < ¢ < ¢ < 2such that

cio(h) < o(2h) < cpo(h) for0 < h<1/2.

Then there exists a positive and finite constant C such that

P ( sup Xl <0(2)) < exp(~C/o)

0<t<1

if one of the following conditions is satisfied. (i) o2 is concave on
(0,1); (ii)There is cp > 0 such that (02(x))" < cox 302(x) for
0<x<1/2



Determinant method

The basic idea is finding lower bounds on the determinant for the
covariance matrix.

P(sup [X(1)| <€)
teT

< P(max [X(t))] <¢)

— (2 "(ders) 2 [ exp (—(x, T71x)) dxy - - dx,

maxi<i<n |Xi|<e
< (2m)""?(det £)71/2(2¢)"
< (detx)H/2en

where ¥ = (E X(;)X(tj));<; j<, is the covariance matrix.
elt is important to pick ‘good’ point t;,1 <i<n=n,



Lower bound on determinant

| believe this is the right algebraic approach for the Sheet problem
(d >3)

oGiven jointly Gaussian random variables X1, -, X, we denote by
det Cov(Xy, -, X,) the determinant of their covariance matrix.
Then

(27T)"/2

= E —i Xi | dyy - - dy,.
det Cov(Xq, -+, Xp) /,, exp 'jz_;y“ 1 Y

and

det Cov(Xy, -+, Xp) = Var(Xy) [ Var(X|X1, -, Xj_1)
j=2
>

eLocal-nondeterminism, see Xiao and Wu (2008).



Small ball probability for smooth Gaussian processes
eAurzada, Gao, Kiihn, Li and Shao (2011): Small deviation
probability for a family of smooth Gaussian processes with

22,8+1(ts)a

E Xo,5(t)Xa,5(s) = (t1s)2511

fora>0and g > —1/2.
Thm: For a > > —1/2,

1
—logP </ 1 Xa5(t))2 dt < 52> ~ FKa ) logel?,
0
where the constant is given by ko g = W

Fora>p+1/2>0,

Fio,p|loge* < —logP ( SI[JOPI] | Xa,5(t)] < e) < Ka1/2,|logel*.
te|O0,

eAurzada (2011+): Path regularity and small deviations of smooth
Gaussian processes.



Gaussian Fields via Riesz Product

This is a combination of techniques in probability and analysis for
the upper bound under the sup-norm for various Gaussian fields,
see Gao and Li (2007). The basic ideas are

e Choosing Basis: Use (multi-dim) series expansion

X(t) = Z fa(t)En, where &, are i.i.d. standard normal random
n=1

variables, and f, € C([0,1]9).

e Choosing Partial Sum: By Andersen’s inequality,

P(||X]| <¢e) <P(||Y| < ¢e) where Y(t) is any partial sum

X(t) = ZnEE fn(t)gn-

e Construct Riesz Product:
B(IYI <o) <P([ Y(OR() <)

where the Riesz product R(t) = [],c(1 + enhn) satisfying
R(t) >0, |R|1 = [ R(t)dt = 1.



A Symmetrization Inequality for Two Norms
Let K ¢ RY and L C RY be two origin symmetric convex bodies,
|- |lk and || - ||, be the corresponding gauges on R, that is the
norms for which K and L are the unit balls.
Let C = Ci(|l - Ik, || - llL, d, a, b,) be the optimal constant such
that, for all R9valued i.i.d. random variables X and Y, and
a,b>0,

P(IX + Y| < b) < G- P([X = Yk < a).

eFor d =1, it is not hard to show Cy < [2b/a] + 1.

eSchultze and Weizsacker (2007): Ford =1and a=b, C; =2
which answers an open problem for about 10 years.

eDong, J. Li and Li (2011+):

C.. < N(B.(b), Bk(a/2)),

and the bound are optimal for || - [k = || - ||l = || - ||oc With
C, = [2b/a]?.



A Symmetrization Inequality for Two Norms
Let K ¢ RY and L C RY be two origin symmetric convex bodies,
|- |lk and || - ||, be the corresponding gauges on R, that is the
norms for which K and L are the unit balls.
Let C = Ci(|l - Ik, || - llL, d, a, b,) be the optimal constant such
that, for all R9valued i.i.d. random variables X and Y, and
a,b>0,

P(IX + Y| < b) < G- P([X = Yk < a).

eFor d =1, it is not hard to show Cy < [2b/a] + 1.
eSchultze and Weizsacker (2007): Ford =1and a=b, C; =2
which answers an open problem for about 10 years.
eDong, J. Li and Li (2011+):
Cy < N(BL(b), Bk(a/2)),
and the bound are optimal for || - [k = || - ||l = || - ||oc With
C, = [2b/a]?.
eFor i.i.d r.v X € R?, i > 1, we have as an application

P(| ZX L <b) < Cp-P(]| Z(X Xn+i)llk < a).



An Extension of 123 Theorem
Let C_ = C_(|| - |||l - |, d,a, b,) be the optimal constant such
that, for all R9valued i.i.d. random variables X and Y, and
b>a>0,

P(|X = Y|L < b) < C_-P(||X - Y|k < a).

eAlon and Yuster (1995) and (independently) Kotlov: For d =1,
C_ < 2[b/a] — 1. In particular, for a=1, b =2, we have C_ = 3.
eAlon and Yuster (1995): For || - |k = |- [l = - ll2, C= < M if
there is no set F of M + 1 points in a ball of radius b so that the
center belongs to F and the distance between any two pints of F
exceeds a. In addition, C_ = M in special settings.

eDong, J. Li and Li (2011+):

C. < N(Bu(b) \ Bk(a), Bk(a/2)) + 1,

and the bound is optimal for d = 1.



Our approach for both problems (C; and C_) extends techniques
developed in Schultze and Weizsacker (2007) which starts with the
following fact:
Lemma: The following two statement are equivalent for a given
symmetric matrix A = (ajj)nxn:
(i) For all probability measure p € P :={p: > pi=1,p; > 0},
p"Ap = Z ajpipj > 0;
iy
(i) For all p € P,
m’_axz ajipipj > 0.
J



Our approach for both problems (C; and C_) extends techniques
developed in Schultze and Weizsacker (2007) which starts with the
following fact:

Lemma: The following two statement are equivalent for a given
symmetric matrix A = (ajj)nxn:

(i) For all probability measure p € P :={p: > pi=1,p; > 0},

p"Ap = Z ajpipj > 0;
i
(i) For all p € P,
m’_axz ajipipj > 0.
J
eldea of Pf: Consider Lagrange multiplier
L(p) = p" Ap+ A(1 — pT1) for the minimum in (i). Then

oL
OLP) _yppt — ap* —o.
op
Thus (i) implies A > 0 and }_; a;p; = Ap;/2 > 0 for all .
e The above fact can be reformulated in the infinite dimensional
setting for product measure.



Fact: Let (2, B) be a measurable space and let f : Q x Q — R be
a B® B measurable bounded symmetric function. Let P be the set
of all probability measures on B.

Then the following are equivalent:

(1). Forall peP

/ f(x,y)u(dx)u(dy) > 0.
QAxQ

(2). Forall peP

u ( [ foutay) > 0> >0,



Proof of C. < N(By(b),Bk(a/2)) = N4
We need to show that, for any constant C > N,

P([X + Y[ < b) < C-P(|X = Y]k < a)

for any two i.i.d. R%valued random variables X and Y. The above

inequality can be rewritten as [p4. pa (X, y)u(dx)u(dy) > 0
where the function g(x, y) is defined as

g(x,¥) = C-Ljylu<a) = L{livli<y,  for x,y €RY

and /4 is the probability measure on RY induced by X. By the key
Lemma, we need to show

P (/R (-, y)uldy) > 0) =0 forall peP.

Assume otherwise, then there exists a probability measure p € P
(i.e. random variables X, Y) such that u(D) = 1, where the set D
is defined by

D = {xeR%: /Rdg(xvy)u(dy) <0}

— {x e RY: p(—x+ Bu(b)) > C - pulx + Bi(a))}



Define

a = sup u(x + Bk(a)).
xeD

For 0 < e < (1— N4/C)a, pick xg € D such that
,u(—Xo + BL(b)) >C- ,u(Xo + BK(a)) > C- (Oé — 6) > 0.

Using the fact that the set —xp + B (b) can be covered by N,
balls of size B(a/2), we have

Ny - suﬂsd wu(x + Bk(a/2)) > p(—xo + Br(b)) > C- (e —€) > 0.

Since u(D) =1, we have for any set x + Bk (a/2) with positive
measure under u, there is

x* € (x+ Bk(a/2)) N D.
Thus we have the covering
(x+ Bk(2/2)) C X" + Bx(a)

which implies Ny - sup,cp p(x + Bk(a) > C(a — €) > Nya. This
contradicts the definition of o = sup,cp pu(x + Bk(a).



1-Dimensional Case
Let X and Y be i.i.d. real random variables, then for positive reals
a, b, we have

P(IX + Y| < b) < [2b/a] - P(IX — Y| < a).

Moreover, the constant [2b/a] is sharp.

Proof: It is easy to see that the interval [-x — b, —x + b] can be
covered by [2b/a] intervals in the form [y — a/2,y + a/2], for
x,y € R and thus Ny = [2b/a]. To show the constant [2b/a] is
the best possible, we only need to consider the following example.
Let X, Y be independent and have the same distribution

P(X = x;) = 2 with

~[i(1+€)s, i=1,2,--,n
Tlil+es—r  i=0,-1,---,—n+1,

where § = a/b, € > 0 is sufficiently small and 0 < r < (1 + €)d.
Then, it is clear

P(X — Y| <68 =P(X =Y)=1/2n.



For fixed 6 > 0 and n large enough, we have

1 n
PIX+Y[<1) = o Y P(-1-x<X<1-x)
i=—n+1

1
= %(Z‘FZ—I—Z)P(—I —x <X <1-x)
ich i€h i€l

where h, I, I3 defined below are three disjoint subsets of the
summation index set {i: —n+1 </ < n}.

L = {i:X_n+1§—1—Xi<1—X;§X0}
L = {i:xg<-1-x<1—x <x,}
b = {i:=1—x;<x_py1, 0or —1l—x;<xp<1l—x; orl—x >x,

o\We then need a careful counting of each index set, depending on
various range of § and r (very technical).
eFinally we can see that

Ci(R,a/b,1,]-|,|-) = [2/6] = [2b/a].
and So C.(R,a,b,|-|,|-|) = [2b/a].



