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Statement of the problem

Given: (At)t>0 stochastic process with Ay = 0.
Goal: Find asymptotics of

]P)!supAt§1 ~ 7, as T — oo.

0<t<T

A

: T — o0
A
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Statement of the problem

Given: (At)t>0 stochastic process with Ay = 0.
Goal: Find asymptotics of

]P’[supAt§1]z?, as T — oo.

0<t<T
A
1
: T— o0
A
Here, we expect
P|sup Ai<1| =T asT—
0<t<T

with # > 0, called survival exponent.
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Statement of the problem

The exit problem with a “moving boundary”:

P[vte [0, T] : A < F(t)] = T~0+o(1)

Question:
For which F does one get the same survival exponent as for F = 1? J

Iy,

T — o
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9 Brownian motion
@ constant boundaries
@ moving boundaries
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BM: known results for constant boundaries

Let B be a Brownian motion.

Then,

]P’[sup B,§1]~\F.T1/2, as T — oo,
0<t<T ™

~ easily proved by the reflection principle.
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BM: known results for moving boundaries

Theorem (Uchiyama’80)
If F is continuous and F(0) > 0 and such that

o
/ t=3/2|F(t)] dt < oo
1

then
PMO<t<T:B <F(t)~T "2

The integral test is in some sense necessary.
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BM: known results for moving boundaries

Theorem (Uchiyama’80)
If F is continuous and F(0) > 0 and such that

o
/ t=3/2|F(t)] dt < oo
1

then
PMO<t<T:B <F(t)~T "2

The integral test is in some sense necessary.

@ F(t) = vt does not satisfy the integral test, but
F(t) = Vt(logt)™, v > 1.

@ Proof: comparison lemmas for Brownian non-exit probabilities and
a “time-discretization” technique.
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BM: new approach to the proof

Theorem (Uchiyama’80)
If F is continuous and F(0) > 0 and such that

/ t-3/2|F (1) dt < oo
1

then
PVO<t<T:B <F(t)~T 2

The integral test is in some sense necessary.

@ Novikov (1992) simplified the proof for the increasing boundary
using martingale techniques.

@ The proof for the decreasing boundary was simplified by
Aurzada/K’12+. The integral test above can be understood and
interpreted as a repulsion effect of a Bessel-(3)-process.
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Q General Lévy processes
@ constant boundaries
@ moving boundaries
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LP: constant boundary

For the rest of the talk, we consider a Lévy process X with common
Lévy triplet (b, o,v).
°
P[sup Xt§1], as T — oo
0<t<T

is the subject of study of classical fluctuation theory.
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LP: constant boundary

For the rest of the talk, we consider a Lévy process X with common
Lévy triplet (b, o,v).
°

P[sup Xt§1], as T — oo
0<t<T

is the subject of study of classical fluctuation theory.
@ This problem is closely related to the behaviour of

P[X; > 0], as t — oo.

P[X: > 0] — p, ast— oo

for some p € (0,1) we say X satisfies Spitzer’s condition with
parameter p € (0,1).
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LP: constant boundary

For the rest of the talk, we consider a Lévy process X with common
Lévy triplet (b, o,v).
°

P|sup Xy<1|, asT — 0
0<t<T

is the subject of study of classical fluctuation theory.
@ This problem is closely related to the behaviour of

P[X; > 0], as t — oo.

P[X: > 0] — p, ast— oo

for some p € (0,1) we say X satisfies Spitzer’s condition with
parameter p € (0,1).

@ Similarly (and historically earlier), corresponding results for
random walks.

Tanja Kramm (TU Berlin) Moving boundaries for LP Huntsville, 06.06.2012



LP: constant boundary

Theorem (e.g. Rogozin’ 71)

The following assertions are equivalent for each p € (0,1)
Q X satisfies Spitzer’s condition with p € (0,1).
2]

P [ sup X; < x] ~ c(X)T~P¢T)
0<t<T

with some slowly varying ¢.
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LP: known results for moving boundaries

Theorem (Greenwood/Novikov’'86)

Let X be a Lévy process that satisfies Spitzer’s condition with
p € (0,1). Then

PVO<t<T:X <1]= T rro()

and,
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LP: known results for moving boundaries

Theorem (Greenwood/Novikov’'86)

Let X be a Lévy process that satisfies Spitzer’s condition with
p € (0,1). Then

PVO<t<T:X <1]= T rro()
and, for~ < p,

PVMO<t<T:X<1+4ct]=Trto00)
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LP: new results for moving boundaries

Theorem (Aurzada/K./Savov’12+)
Let X be a Lévy process and v < 1/2. If for some p > 0

PVO<t<T:X <1]=Tr+ol)
and v(—o0,0) > 0 then
PMO<t<T:X<1-—ct!]= T rtol)

and additionally v(0, c0) > 0 then

PVO<t<T:X<1+ct]=Tr0)
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LP: new results for moving boundaries

@ Change of measure (Girsanov transform):

1¢
PIWES T X+ /(1) 1) 2 PWE< Ti X+ 2 < 1) To0e 2k,

where Z is a suitable additive process compensating the function
f(t) = ct?,
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LP: new results for moving boundaries

@ Change of measure (Girsanov transform):
1¢
PIWES T X+ f(0) <) 2P < Ti X+ 2 < 1) ToMe "k,

where Z is a suitable additive process compensating the function
f(t) = ct, i.e. the triplet of Z is (0, 0, f'(8)1x~1 dsdv(x)).
@ Homogenization:

PVt < T:Xt+Zt§1]:]P>[Vtg T:x,+z;mg1],

where Z’ is a Lévy martingale with finite exp. moments (indep. of
f).
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LP: new results for moving boundaries

@ Change of measure (Girsanov transform):
14
PIWES T X+ (1) <) 2P Ti X+ 2 < 1) To0e 2"k,

where Z is a suitable additive process compensating the function
f(t) = ct, i.e. the triplet of Z is (0, 0, f'(8)1x~1 dsdv(x)).
@ Homogenization:

PIE<T: X+ Z <1 =P[vt<T: X+Zpy <1,

where Z’ is a Lévy martingale with finite exp. moments (indep. of
f). This shows

IP’[VtS T:Xt+Z;(t)§1] EP[VI‘S T:Xt+f(t)1/2§1]
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LP: new results for moving boundaries

@ Change of measure (Girsanov transform):
PVES T X+ () <12 PV TiX+2Z < 17206,

where Z is a suitable additive process compensating the function
f(t) = ct?, i.e. the triplet of Z is (0,0, f'(S)1x~1 dsdv(x)).
@ Homogenization:

PVt < T:X,+Zt§1]:IP>[Vt§ T:Xt+Z;(t)§1],

where Z’ is a Lévy martingale with finite exp. moments (indep. of
f). This shows

IP’[VtS T:Xt+Z;(t)§1] EP[VI‘S T3Xt+f(2‘)1/2§1]
:IP’[VIS T:Xt-l-ClW/ZSq
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LP: new results for moving boundaries

@ Change of measure (Girsanov transform):
PVES T X+ () <12 PV TiX+2Z < 17206,

where Z is a suitable additive process compensating the function
f(t) = ct?, i.e. the triplet of Z is (0,0, f'(S)1x~1 dsdv(x)).
@ Homogenization:

PVt < T:X,+Zt§1]:IP>[Vt§ T:Xt+Z;(t)§1],

where Z’ is a Lévy martingale with finite exp. moments (indep. of
f). This shows

P[Vtﬁ T:Xt+Z;(t)§1] EP[VI‘S T:Xt+f(t)1/2§1]
:IP’[VIS T:Xt-l-ClW/ZSq

@ lterating this such that T7/2" ~ 1, one can estimate it by
Plvt<T:X <1]
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LP: new results for moving boundaries

@ Change of measure (Girsanov transform):
PVt <T: X+ (t) <1 2PVt < T: X+ 2 <1] T°(1)ef%|fl|%2a

where Z is a suitable additive process compensating the function
f(t) = ct?, i.e. the triplet of Z is (0,0, f'(S)1x~1 dsdv(x)).
@ Homogenization:

PVt < T:X,+Zt§1]:IP>[Vt§ T:Xt+Z;(t)§1],

where Z’ is a Lévy martingale with finite exp. moments (indep. of
f). This shows

P[Vtﬁ T:Xt+Z;(t)§1] EP[VI‘S T:Xt+f(t)1/2§1]
:IP’[VIS T:Xt+Ct7/2§1}

@ lterating this such that T7/2" ~ 1, one can estimate it by
Plvt<T:X <1]
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e strictly stable Lévy processes
@ moving boundaries
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Conjecture for decreasing boundaries

Q Lets_:=sup{r>0:E[(X;{)] < oo}

Q Let
PVMO<t<T:X <1]= T rtoll)

for some p € (0, 1), that is X satisfies Spitzer’'s condition with
parameter p € (0,1).

We expect that these assumptions imply

yemax{} 1l e PMOStS T X <1 - p] = T,
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Conjecture for incresasing boundaries

Q LetB, :=sup{r>0:E[(X]")] < oo}

Q Let
PVO<t<T:X <1]= T r+oll)

for some p € (0, 1), that is X satisfies Spitzer’'s condition with
parameter p € (0,1).

We expect that these assumptions imply
y<max{} e PMOS < T X <14 0] = T-rto0,

1
Recall that p < -
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new results for moving boundaries

Recall that a strictly stable Lévy process with index a € (0, 2) satisfies
Spitzer’s condition for some parameter p € [0, 1] and thus if p € (0,1)
then

PVO<t<T:X<1]=T".

Theorem (Aurzada/K./Lifshits’12+)

Let X be a strictly stable Lévy process with index « € (0,2) and
Spitzer’s parameter p € (0,1). Then, we have forv < 1/«

P[VO<t<T:X <1+ct)]=T o)

and

PNMO<t<T:X<1—ct]=Trro0)
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new results for moving boundaries

Theorem (Aurzada/K./Lifshits’12+)

Let X be a strictly stable Lévy process with index « € (0,2) and
Spitzer’s parameter p € (0,1). Then, we have forv < 1/«

PVO<t<T:X <1+ct)]=Trro)

and
PNVO<t<T:X<1—ct)]= T+t

Remark:

The Theorem is also proved for Lévy processes belonging to the
domain of attraction of a strictly stable Lévy processes with index
a € (0,2).
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e Conclusion
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Conclusion

The survival exponent stays p € (0, 1) (Spitzer's parameter) if ]

for general Lévy processes:
@ decreasing boundaries: f(t) =1 —-t7, v < %
proved by Aurzada/K./Savov’'12+

@ increasing boundaries: f(t) = 1+ t7, v < max{}, p},
proved by Greenwood/Novikov’'86 and Aurzada/K./Savov’'12+
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Conclusion

The survival exponent stays p € (0, 1) (Spitzer's parameter) if ]

for general Lévy processes:

@ decreasing boundaries: f(t) =1 —-t7, v < %
proved by Aurzada/K./Savov’'12+
@ increasing boundaries: f(t) = 1+ t7, v < max{}, p},
proved by Greenwood/Novikov’'86 and Aurzada/K./Savov’'12+
for strictly stable Lévy processes with index a € (0, 2):

@ decreasing boundaries: () =1-t7,v < 1,
proved by Aurzada/K./Lifshits’12+

@ increasing boundaries: f(t) =1+, < 1,
proved by Aurzada/K./Lifshits’12+

|
Recall p < .
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Thank you for your attention!

Tanja Kramm
Technische Universitadat Berlin
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