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Z =(Zy:t>0): defined on (2, F) with a family of
probabilities (P, x > 0),

satisfying

e [0,00)—valued strong Markov process

e right continuous with left limit paths
e branching property: for any A, x,y > 0,

Pyye ot = Pre MR e ot (1.1)

Z with Zy = x > 0 is called a continuous state branching
process starting from .
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Pye Mt = 2wV ¢>0, A>0, x>0, (1.2)

where us(\) satisfies

WX =X owN) e =0, (13)

and
A) = —mA 22 = Az ) II(d 5
P(A) mA+ o +/0 (e 1+ x) (dz), (1.4)

with m > 0, o > 0, and

/OO (z A 2?) TI(dz) < oo. (1.5)
0
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e EZ, =™, e"™Z, is a positive martingale.
state
o D. R. Grey [G74]
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e ™Zi s WP, —as & L' & / (xlog x)II(dx) < oo.
1
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Define

S
0; ;= inf{s > 0: / Zydu > t}
0
Xt = th

then (Xy,t > 0) is a Lévy process with log Ee X1 = ().

When
= —a - g T
P(A) = >\+/O ( DII(dz),

(X¢,t > 0) is called a subordinator.

(1.6)
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(Bingham [B76]) If 1 is not corresponding to a subordina-
tor and [ 1/¢(N)d\ < oo, then

P(W =0)=e"7 with ~v=inf{s>0:¢(s)=0}. (1.7)

Write p = —'(v)/m, then

PO< W <z)~Cax” as x — 0+.
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Assume v is corresponding to a subordinator.
(i) If ¢ has zero drift and finite Lévy measure I1(0,00) =
am, then

Py(W <eg)~e*L(1/e) as e — 0"

for some function L varying slowly as infinity. One can take
L constant if and only if

1
/ 2 I(dz) < oo.
0
(ii) If ) has zero drift and infinity Lévy measure, then
—logPy (W <¢) ~ L*(1/¢) ase— 07,

where L* is a slowly varying function.
(iii) If ¢ has drift a > 0, then

—logPy(W <é&) ~e @M 9L1/e)  ase—0F

for some function L slowly varying at infinity.
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Eye 2t = exp {—xut()\) - / go(us()\))ds} . (2.8)
0
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- where
Continuous

T];;‘.llll‘hinu‘ o A
oW =0+ [ (1= ) n(an), &
0

process
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o0

/ (LA z)n(dz) < co. (2.10)
0

Z is called a continuous state branching process with immi-
gration starting from x > 0, and denoted as C'BI (1), p).
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Assume V is a positive random variable.
(i)(Karamata Tauberian Theorem) For constants C' > 0 and
a > 0 and a function L slowly varying at infinity,

Ee Y ~ CATL(\) X — o0,

if and only if

PV <t) ~ —C

= thL(l/t) t—0".
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(ii)(de Bruijn’s Tauberian Theorem) Assume 0 < o < 1 is
a constant, L is a slowly varying function at infinity, and
L* is the conjugate slowly varying function to L defined in
Bingham and Teugels [BT75]. Then

logEe ™ ~ —A*/LON)1™ X\ = oo, (2.11)
if and only if

logP(V <t) ~ —(1 — Ot)&a/(l_a)t_a/(l_a)L*(t_l/(l—a))
ast— 0. (2.12)

In particular, when o = 0, then

logEe MV ~ —1/L(\) iff logP(V <t)~ —L*(t7}).
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Laplace exponent of a subordinator and [°°1/1(N)d\ < oo,
Continuous the’n,

state
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P.e W = exp{ —zp(N) — / wcﬁ}
0
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for some constant C' > 0 that is independent of A, with
™ =¢(7)/m. )
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(i) If ¢ has zero drift and finite Lévy measure I1(0,00) =
am, then

—logP,(W <e) ~ (2m) 'ba - |logel?

+o (m(B + 1)) =0y - |loge|™*,
(ii) If ¢ has zero drift and infinity Lévy measure, then
—logP, (W <¢e) ~ m7'b-Ri(1/e)

ooy - (zL*(1/e) + m™ - R5(1/e)) .
(iii) If ¢ has drift @ > 0 and the initial value > 0, then
—logP(W <€) ~ (x+b/a)™"™ . /0L (1/e)
(iv) If ¢ has drift @ > 0 and the initial value z = 0, then
—logPoW <€) ~ (b/a)™ =) . c=e/(m=a)[ (1/¢)

+ m~ =) (m, — aB)(aB) iy

g=aB/(m—ap) 1 (E—m/(m—a/s))
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Thank you!
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