
Joint Program Exam, May 2005Real AnalysisInstru
tions:You may use up to 3.5 hours to 
omplete this exam.Work 7 out of the 8 problems.Justify the steps in your solutions by referring to theorems by name whenappropriate, and by verifying the hypotheses of these theorems. You do notneed to reprove the theorems you used.For ea
h problem you attempt, try to give a 
omplete solution. Com-pleteness is important: a 
orre
t and 
omplete solution to one problem willgain more 
redit than two \half solutions" to two problems.Notations:IR denotes the set of real numbers, IN denotes the set of positive integers,m(A) refers to the Lebesgue measure of the set A � IR, \measurable" refersto Lebesgue measurable, and \a.e." means almost everywhere with respe
tto Lebesgue measure. Instead of dm we sometimes write dx or dt, referringto the variable to be integrated.



1. For f : (0; 1)! IR, prove or disprove the following statements:(a) If f is 
ontinuous a.e., then f is measurable.(b) If the set fx 2 (0; 1) : f(x) = 
g is measurable for every 
 2 IR,then f is measurable.2. Show that if A � [a; b℄ and m(A) > 0, then there are x and y in A su
hthat jx� yj is an irrational number.3. Let f , fn 2 L2([0; 1℄), n 2 IN. Suppose that fn ! f a.e. on [0; 1℄. Showthat fn ! f in L2([0; 1℄) if and only if kfnk2 ! kfk2.4. Find the limit and justify your answer:limn!1 Z 10 sin(nx)1 + x2 dx:5. Let f : [�1; 1℄ ! IR be absolutely 
ontinuous. Show that f(E) ismeasurable if E � [�1; 1℄ is measurable.6. Let � > � > 0 andf(x) = ( x� 
os �x� ; x 2 (0; 1℄;0; x = 0:Show that f is of bounded variation on [0; 1℄.7. Let f 2 L3(IR) and g 2 L3=2(IR). Ifh(x) = Z 1�1 f(x� t)g(t) dtfor x 2 IR, prove that h is 
ontinuous on IR.8. Suppose that f : IR ! [0;1) is measurable, that � : [0;1) ! [0;1)is monotoni
ally in
reasing, absolutely 
ontinuous on [0; T ℄ for everyT <1, that �(0) = 0, and that �(f) 2 L1(IR). Show thatZ 1�1 �(f(x)) dx = Z 10 m(fx 2 IR : f(x) > tg)�0(t) dt:


