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a b s t r a c t

Plasma sheath theory is applied to understand the plasma behavior in electric field modified flames. This
paper presents a set of 1D plasma sheath equations with approximated analytical solutions to calculate
the sheath thickness for given applied voltages and plasma properties. The results show that the
anode sheath is ten of microns thick, less than 1 V, and largely independent of the applied voltage. The
cathode sheath grows with the applied voltage to centimeters thick. The limited extent of the anode
and cathode sheaths, which limits the reach of the electric field, in part explains the different flame
behaviors reported in the literature. The ionic wind body force is also calculated based on ion energy
losses due to collisions. The sheath analysis provides a possible explanation for reported flame behavior
under a DC field modified such as saturation current and diode-like behavior.

� 2013 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction

The ability of an electric field to modify flame behavior is well
known. It was first reported by Chattock in 1899 [1]. Since then,
a wide range of research has shown electric field induced changes
in both premixed [2–9], and diffusion [10–12] flames. Some of the
experimentally observed flame changes include increased flame
speed [3,5,8,13,14], decreased lean blow-off equivalence ratio
[5–7], decreased emissions and soot formation [10,15–17], and
simulated gravity in diffusion flames [11]. Based on these results,
the development of flame control methods using electric fields is
promising. However, the basic interaction mechanism and physics
is still unclear. In fact, the results tend to disagree on the magni-
tude and type of response.

Take for example, the laminar flame speed, the most widely re-
ported measurement. Blair and Shen [4] and Bowser and Weinberg
[18] showed very small changes <4% in flame speed using a flat
flame with axial field. Comparatively, van den Boom et al. [3]
showed an 8% increase in flame speed with a similar flat flame
geometry, and Jaggers and Von Engel [14] showed a 100% increase
in flame speed in a tube flame with transverse fields. Similar differ-
ences in field influenced flame speed changes have been reported
for conical flames [5–8]. The reason for the differences is unknown,
but may be related to experiment geometry or measurement tech-
nique. It has also been noticed that flame modifications only occur
with a grounded burner such that ions are attracted upstream. The
opposite configuration, a high voltage burner that repels ions,

causes little to no change in the flame behavior. No physical expla-
nation for this behavior has been found by the author.

There are also different theories for the cause of the observed
flame behavior. An often referenced paper by Lawton and
Weinberg [9] attributed the flame response to the ionic wind
effect, a body force on ions due to the electric field. They analyti-
cally determined the maximum velocity, force, and static pressure
a field can exert on the flame based on a maximum ion current
density. Their results have been used by many researchers to
support the ionic wind effect.

With all the research into this field, the exact mechanism and
physics responsible for the flame modification is still unclear. The
current literature discusses two causes for the flame response to
an electric field: an electro-hydrodynamic effect (the ionic wind),
or a change in flame kinetics from ion–electron recombination.
Both of these theories have a commonality in the assumption of
full electric field penetration into the bulk of the flame between
the electrodes. Some early numerical simulations make this
assumption as well by using a constant electric field [19]. This
assumption neglects an important aspect of plasma, namely the
plasma sheath and the non-uniform potential distribution and
electric field. Some recent work has begun to discuss a non-uni-
form electric field. Goodings et al. modeled the floating potential
distribution in a flame and discussed the presence of a sheath
[20,21], Marcum and Ganguly measured the floating potential in
a 15 kV field modified flame with a floating probe [13], van den
Boom et al. briefly discusses the presence of the non-uniform field
[3], and Belhi et al. numerically simulated the potential distribu-
tion in a diffusion flame under a 0.625 kV field [22]. These papers
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showed that the potential distribution is very non-uniform and is
important to understand the electric field effect on the flame.

The goal of the present study is to investigate the impact and
behavior of the plasma in electric field modified flames from a
plasma physics perspective. An analytical model for the growth
of the plasma sheath as a function of the potential is presented
for the case of an ideal stoichiometric 1D premixed methane/air
flat flame at 2210 K. The sheath thickness and the impacts on the
electric field and ionic wind force are discussed. This work is a first
step to examine the fundamental plasma behaviors and the inter-
action mechanisms in electric field modified flames.

2. Flame plasma sheath model

2.1. Flame plasma properties

Two primary properties of interest in plasma physics are plas-
ma density and temperature. This can further be dividing into elec-
tron and ion specific densities and temperatures. For hydrocarbon
flames, the ion number density has been both measured and com-
puted to peak around 1 � 1010 cm�3 [23,24]. This is many orders of
magnitude smaller than the neutral density, which at 1 atm and
2210 K is 3.3 � 1018 cm�3. Nonetheless the flame plasma density
is sufficiently high for noticeable effects under external fields. In
hydrocarbon flames, the dominant positive species are H3O+ and
CHO+. The dominant negative species are electrons, followed far
behind by O�2 and CHO�2 . These charged species are produced
through chemical ionization in the reaction zone [9]. As with most
other works in this field, we will consider H3O+ as the sole positive
charge carrier and electrons as the sole negative charger carrier.
The use of only H3O+ to account for ion species is due to its abun-
dance downstream in the burnt gas as shown by Goodings et al.
[23] and Prager et al. [24]. Most of the other positive ions disappear
quickly outside the reaction region.

The average electron temperature of flame plasma can be taken
equal to the flame temperature, assuming thermal equilibrium. For
a stoichiometric (/ = 1) methane–air flame, the adiabatic flame
temperature is 2210 K, which equates to 0.19 eV [25]. The assump-
tion of thermal equilibrium is valid as long as the collision fre-
quency between electrons and neutrals is high. From kinetic
theory, the collision frequency of a fast electron colliding with slow
neutrals is men ¼ nnren �ve; where nn is the neutral density, ren is the
electron–neutral collision cross-section, ve ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8kTe=pme

p
is the

average electron thermal velocity, k is Boltzmann’s constant, Te is
the electron temperature, and me is the electron mass. For the
/ = 1 flame considered here, taking the electron momentum trans-
fer cross-section for N2 (ren(Te = 0.19) = 7.9 � 10�16 cm2) [26] to
represent the neutral flame species overall, the collision frequency
is ven = 7.8 � 1010 coll/s.

In the absence of an external field, the quasi-neutral assump-
tion holds for flame plasmas, ni � ne. Along with the thermal equi-
librium assumption, this means ions have the same energy as
electrons and neutrals. The plasma density however is not uniform
throughout space. As has been experimentally [27] and computa-
tionally [24] shown, the plasma density is a maximum in the reac-
tion zone where ionization occurs and decreases both upstream
and downstream. This drop in density can be attributed primarily
to neutralization [9]. Charge loss can only occur through ion and
electron collisions with surfaces, or each other. The charge parti-
cles have too low of an energy to cause collisional ionization of
neutrals, and charge-exchange collisions with neutrals do not de-
crease the total charge. Neglecting surface neutralization, ion–elec-
tron recombination must be the dominate charge loss mechanism
[9]. Recombination cross-section and rates for H3O+ have been
measured by many researchers [28–33].

2.2. Plasma sheath

A short description of plasma sheaths and their behavior will be
presented here for background. In short, the plasma sheath is a thin
layer of plasma next to any surface immersed in plasma that tran-
sitions the potential from the plasma potential to the surface po-
tential. The sheath arises due to the different thermal velocity
and flux of ions and electrons. A flame is a weakly ionized plasma
as mentioned. The electrons and ions are created within the reac-
tion zone via chemi-ionization. Without an energizing field, the
charged particles have low energies, 0.19 eV for a 2210 K flame,
assuming thermal equilibrium. To a first order, the current flux
per area of ions and electrons is,

Ji ¼ niev i

Je ¼ neeve
; ð1Þ

where J is the current flux per area, e is the particle charge, n and v
are the number density and thermal velocity, the i and e subscripts
denote ions and electrons, respectively. The ratio of electron to ion
flux, assuming quasi-neutral plasma, is simply the velocity ratio
which is proportional to the square root of the mass ratio.

Je

Ji
¼ ve

v i
¼

ffiffiffiffiffiffi
mi

me

r
: ð2Þ

The ion mass is orders of magnitude larger than the electron
mass, resulting in a disproportionate flux. In the example flame,
the electron flux is 186 times larger than the H3O+ (mi = 3.16
� 10�26 kg) flux. This difference can also been seen from their
thermal velocities. For a temperature of 0.19 eV, H3O+ has a
thermal velocity of 1570 m/s, while an electron has a thermal
velocity of 300,000 m/s. This flux and velocity disparity creates
the plasma sheath at a surface immerged in the plasma. Inside
the plasma sheath, the quasi-neutral assumption is no longer valid
and large electric fields and charge separation occurs.

Consider an unbiased or floating surface. The electron flux to
the surface is much larger Thus at some initial time zero when
the surface is first exposed to the plasma, the surface becomes neg-
atively charged with respect to the plasma. This negative surface
potential in turn repels electrons and attracts ions. The ion collec-
tion causes the surface potential to rises with respect to the initial
negative potential at time zero. The surface potential thus rises and
adjusts to retard the flux of electrons and increase the flux of ions
to the surface until the fluxes balance, resulting in no net current.
This adjustment occurs quickly, and can generally be considered
instantaneous. The surface is now ‘‘floating’’ in the plasma at the
floating potential, Vf which is below the plasma potential, Vp. The
transition from the plasma potential to the floating potential oc-
curs in a thin sheath layer next to the surface. Inside the sheath
the local potential monotonically decreases from Vp to Vf as parti-
cles move toward the surface. The particle distribution inside the
sheath is not uniform, typically resulting in increased ion density
and decreased electron density closer to the surface. Thus the
sheath is not quasi-neutral. This type of sheath is commonly called
an ion sheath, or a negative sheath as the potential change is neg-
ative. Outside the sheath, the plasma is undisturbed and quasi-
neutrality is maintained. Any flux of particle to the sheath edge
is due to purely random thermal motion. The effect and presence
of the surface does not impact the bulk plasma. In reality, there
is not a sharply defined edge to the sheath. The definition is akin
to a fluid boundary layer where the edge may be taken at 95% or
99% of the bulk potential.

Now consider the case of a biased electrode at a potential V. A
positive electrode (anode) will collect a net electron current, and
a negative electrode (cathode) will collect a net ion current. In both
situations, the thermal electron flux is still much higher compared

K.G. Xu / Combustion and Flame 161 (2014) 1678–1686 1679



Author's personal copy

to ions. Thus in most circumstances, the sheath is negative to re-
duce the electron flux to the electrodes. An electron or positive
sheath (above plasma potential) that attracts electrons and repels
ions is rare. This occurs only when a positive electrode draws more
current than the random electron flux can provide. The maximum
current density from random electron flux in a flame is approxi-
mately 960 A/m2, much higher than any experimentally measured
currents to date.

2.3. Sheath model

In plasma with an applied electric field, the effectiveness of the
field is limited to within the electrode sheath. Thus the length or
thickness of the sheath is important to understand the field effects.
The sheath thickness depends on the plasma temperature, density,
and the sheath potential drop, Vs = Vp - Vf for a floating surface, or
Vs = Vp - V for a biased surface. For the case of a sheath potential
much less than the electron temperature (Vs� kTe/e), such as a
floating surface, a Debye sheath develops. The sheath thickness is
on the order of a few Debye lengths, kD ¼ ðeokTe=nee2Þ1=2 where
eo is the permittivity of free space. The Debye sheath is largely
independent of the applied voltage. A Debye sheath typically exists
at anodes as will be shown later.

For the opposite case where the sheath potential is large
(Vs > kTe/e), the flux of charged particles and the sheath thickness
becomes dictated by the potential. This generally occurs at the
cathode as the difference between Vp and cathode potential is
the largest in the system. At the cathode, the sheath potential is
very negative and will fully repel electrons, creating a pure ion
sheath. The solution for an ion sheath, which can be found in many
texts on the subject [34–36], requires that ions enter the sheath
with a minimum velocity. This is known as the Bohm sheath crite-
rion, and it states that in order to have a monotonically decreasing
potential from the bulk plasma to the wall, ions must enter the
sheath edge with at least the Bohm velocity, vB ¼ ðkTe=miÞ1=2

;

where mi is the ion mass. The Bohm criterion creates a quasi-neu-
tral region called the pre-sheath, wherein a small potential drop
occurs between the bulk plasma and the sheath in order to mini-
mally accelerate ions to the Bohm velocity. This Bohm pre-sheath
potential is VB ¼ kTe=2e. For a 2210 K flame, the pre-sheath poten-
tial is very small, less than 100 mV. However, this is sufficient to
accelerate ions to the Bohm velocity of 980 m/s prior to the sheath.
The pre-sheath exists for any ion collecting sheath. For a collisional
pre-sheath, its length is approximately equal to the ion–neutral
mean free path [37,38]. A diagram of the sheath and pre-sheath
are shown in Fig. 1.

The thickness of an ion sheath can be determined by solving the
conservation equations. The solution will differ depending on
whether the sheath is collisionless or collisional. The collisionality

of the plasma can be defined by a collision parameter, a ¼ kD=kMFP

where kMFP ¼ 1=nnrin is the ion–neutral mean free path, and rin is
the ion–neutral momentum transfer cross-section. A collisionless
sheath is then defined as a� 1, and a collisional sheath as a > 1.
Data on H3O+ momentum cross-sections with neutrals are not
readily available, thus the Nþ2 —N2 cross-section will be used,
rinð0:19 eVÞ ¼ 1:39� 10�18 m2.

To find solutions for the sheath thickness, we shall follow the
model as given by Sheridan and Goree [39] for a collisional,
unmagnetized plasma in contact with a biased planar surface.
The solutions will be given here without proof. For more details
please refer to the Appendix or Ref. [39]. Using non-dimensional
variables g = �eVs/kTe, n ¼ x=kD, and u = v/vB, the sheath potential
for a collisional sheath (a > 1) is given by

g ¼ 3
5

3
2

uo

� �2=3

a1=3n5=3: ð3Þ

Taking Eq. (3) at the wall (n = d, g = gw), we obtain an expression
for the collisional sheath thickness.

d ¼ 500
243

g3
w

au2
o

� �1=5

: ð4Þ

Similar expressions can be obtained for the opposite limit of a
collisionless sheath:

g ¼ 34=3

25=3 u2=3
o n4=3; ð5Þ

d ¼ 25=4

3
g3=4

w

u1=2
o

: ð6Þ

Flame plasma is highly collisional, thus the collisionless solu-
tions are generally not very practical, but provides an illustration
of the effect of collisionality. The sheath thickness based on Eqs.
(4) and (6) for a range of collision parameters is shown in Fig. 2.
A collisionless sheath is constant for small collision parameters
and transitions to a collisional sheath around a = 1. Combustion
at atmospheric or higher pressures will generally be in the colli-
sional regime. For example, an atmospheric pressure flame at
2210 K, assuming the plasma density and cross-section mentioned
in Section 2, has a collision parameter of a = 150 (kD ¼ 3:25�
10�5 m; kMFP ¼ 2:18� 10�7 m).

A plot of the sheath thickness for collisional and collisionless
sheaths is shown in Fig. 3. The collisional sheath is thinner than
a collisionless one at the same potential. This can be seen by

Fig. 1. Plasma sheath and pre-sheath potential near a boundary (not to scale). The
sheath and pre-sheath are generally very thin. The sheath here is defined as from
x = 0 to x = D.

Fig. 2. Analytical solution of the sheath thickness for a range of collisional
parameters. The limit approximations break down at the transition region around
a = 1. In the collisional regime, a higher collision parameters decrease the sheath
thickness.
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considering the ion motion and conservation equations. In a colli-
sional sheath, the ion velocity is reduced by the neutral collisions,
thus to maintain continuity the ion density must increase. An in-
crease in density means increased electric field from Poisson’s
equation. For a given total sheath potential, the increased electric
field means a thinner sheath. Lastly, Fig. 4 shows the collisional
sheath thickness at three potentials for a range of plasma densities.
As shown, the plasma density has a significant effect on the sheath
through the collision parameter and Debye length. Physically this
means for a given applied potential, the sheath must expand far-
ther in a low density to accumulate sufficient particles for charge
balance. Now that we have a method to calculate sheath thickness
for collisional plasma, we can determine the effect of an electric
field on flames.

An important detail to note is the sheath expansion area is not
present. This 1D analysis only considers the sheath expansion
away from a surface in a flat, top-hat profile. In reality the sheath
will expand in 3D depending on the surface geometry. This may
cause the total sheath area to increase with sheath thickness, and
thus increase the particle flux and collected current. For example,
a wire has a cylindrical sheath that grows in surface area as the
sheath expands. A flat plate can have a top-hat sheath or a hemi-
spherical sheath depending on the local plasma density and

boundaries. For simplicity, the analysis from here on will assume
a uniform density.

3. Results and discussion

While a flame is only weakly ionized, charge conservation and
quasi-neutrality still apply, and consequently plasma sheaths exist
at the surface of electrodes. An analysis of the plasma sheath thick-
ness and its effects will be performed for an ideal 1D flat flame as
shown in Fig. 5. A stoichiometric premixed methane–air flame at
atmospheric pressure is assumed. The top electrode acts as anode,
and the burner head is the cathode. The cathode is grounded to
provide a common reference potential. The electrodes have a po-
tential difference V, separation distance h, and have a common area
A. The power supply drives the anode positive relative to the cath-
ode. This setup emulates many of the experiments reported in the
literature [2,6,8,40]. The voltage, V, and separation distance re-
ported in the literature has been from 50 to 5000 V and a few mil-
limeters to centimeters, respectively.

In Fig. 5, the cathode sheath will be negative (electron repelling)
since the cathode potential (0 V) is the lowest potential in the sys-
tem. The anode sheath will also be negative, even though the an-
ode is biased highly positive as previously discussed. For the
purposes of this paper a voltage of 1 kV will be assumed.

The sheath potential and thereby thickness of the anode and
cathode sheaths can be determined with a current balance. For a
closed system, the current to the anode must be balance by the
current to the cathode. A flame is not an ideal closed system, but
will be assumed for simplicity. This net current is composed of
the electron and ion flux to the anode sheath, Ja,e and Ja,i, and the
ion flux to the cathode sheath, Jc,i. The electron flux to the cathode
will be assumed negligible as the cathode sheath is very negative,
and thus repels all electrons. This will be shown mathematically la-
ter. The total current balance for the bulk plasma is thus

ðJa;e � Ja;iÞAa ¼ Jc;iAc: ð7Þ

The electron and ion flux to the sheath can be calculated from
Eq. (1). The plasma number density at the sheath edge can be
calculated by substituting the Bohm potential into Boltzmann’s
equation for electrons,

ns ¼ no exp � eV
kTe

� �
¼ no exp � e

kTe

kTe

2e

� �
¼ 0:61no; ð8Þ

where ns is the plasma density at the sheath edge and no is the bulk
plasma density away from the sheath. With quasi-neutrality as-
sumed, the pre-sheath reduces the electron and ion density to
61% of the bulk density. An increased velocity decreases density
from continuity. Both the anode and cathode sheath are electron
repelling, or negative sheaths. The sheath thus accelerates ions to-
ward the electrode, and it can be assumed all ions that enter the

Fig. 3. Non-dimensionalized sheath thickness as a function of sheath potential for
collisional and collisionless sheaths (uo = 1, and a = 10.5). The collisionless sheath is
much thicker due to higher ion velocity, thus lower density, and consequently
lower necessary electric field.

Fig. 4. Sheath thickness as a function of plasma density and potential. The sheath
thickness is not only dependent on the applied potential, but also strongly affected
by plasma density. As the flame plasma density tends to be spatially varying, the
thickness of an actual flame sheath will differ from the 1D model.

Fig. 5. 1D flat flame geometry used for analysis. The electrodes have separation
distance d, area A, and ion and electrons currents densities Je and Ji.
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sheath edge are collected by the electrode. Electrons on the other
hand are partially repelled by the negative sheath. Only electrons
with sufficiently high energies reach the electrode. The electron
density that reaches the anode through the sheath is thus further
reduced according to Boltzmann’s equation

na;e ¼ ne;s exp � eVa;s

kTe

� �
¼ 0:61no exp � eVa;s

kTe

� �
; ð9Þ

where na,e is the electron density at the anode and Va,s is the anode
sheath potential. The ion velocity is taken as the Bohm velocity at
the sheath edge, and electron velocity is the thermal velocity. With
Eq. (9) it is easy to show that the cathode sheath repels all electrons.
The cathode is held at ground, which means the sheath must have a
potential drop roughly equal to the applied bias. For an applied
1000 V with 0.19 eV electrons, the exponential term is effectively
zero. Thus all electrons entering the cathode sheath are repelled.
In fact, a potential drop of just 1 V is sufficient to repel 99.5% of
the 0.19 eV electrons.

Putting Eq. (8) for ions and Eq. (9) for anode electrons into
Eq. (7) gives

ena;e

ffiffiffiffiffiffiffiffiffiffi
8kTe

pme

s
� ens

ffiffiffiffiffiffiffiffi
kTe

mi

s0
@

1
AAa ¼ ens

ffiffiffiffiffiffiffiffi
kTe

mi

s0
@

1
AAc

0:61enoAa exp � eVa;s

kTe

� � ffiffiffiffiffiffiffiffiffiffi
8kTe

pme

s
¼ 0:61eno

ffiffiffiffiffiffiffiffi
kTe

mi

s0
@

1
AðAc þ AaÞ:

ð10Þ

Solving for the anode sheath potential Va,s yields

Va;s ¼
kTe

e
ln

Ac þ Aa

Aa

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8pme

mi

s !
: ð11Þ

Eq. (11) relates the anode sheath potential drop necessary to
maintain charge conservation to the plasma properties and elec-
trode geometry. The equation also shows that the anode sheath
is independent of the applied bias. For a given flame, the anode
sheath potential and length will be approximately the same for
all voltages. The electron temperature is the major driving factor
presence in the anode sheath. Higher temperature electrons re-
quire more energy to repel.

For the case shown in Fig. 5 where Ac = Aa and with H3O+ as the
primary ion, the anode sheath potential is �0.56 V. The negative
indicates a negative sheath, thus the anode must be below plasma
potential. Since the anode potential is physically set by the power
supply, the negative sheath actually pushes the plasma potential
up by 0.56 V above the anode potential. With the anode sheath po-
tential known, the cathode sheath potential can be determined by
simply summing the anode and anode sheath potentials since the
cathode is held at ground. Thus for a 1000 V anode, the cathode
sheath potential drop is �1000.56 V.

Now that the sheath potentials are known, the reach of the
electric field into flame can be calculated from the collisional
sheath thickness given by Eq. (10). For these sheath potential val-
ues, the collisional anode sheath is 0.022 mm, and the cathode
sheath is 1.8 mm. The pre-sheath length is much smaller at
2.2 � 10�4 mm, the ion–neutral mean free path. The additional in-
crease in plasma potential caused by the anode sheath is negligible
for these temperatures, thus the plasma potential and thereby
cathode sheath potential can be taken as the applied voltage.
Figure 6 shows the cathode sheath length as a function of the applied
voltage for a cold (1600 K) and hot (2210 K) methane–air flame.

The results show that increasing the applied voltage on the
electrodes grows the cathode sheath, but will have little to no

effect on the anode sheath. The anode sheath will thus have little
effect on the flame due to its small length. For the configuration
considered here, as the burner or cathode sheath grows with in-
creased voltage, a larger portion of the space between electrodes
will experience an electric field. This means an increased number
of ions will be accelerated and gain kinetic energy which can be
transferred through collisions to the flow. This is especially the
case if the sheath surface area grows, which is the common occur-
rence without physical boundaries.

A note should be made on the particle velocities used in the for-
mulations. In Eq. (16), the ion current flux is taken at the sheath
edge, after some minor pre-sheath ion acceleration. This allows
the use of the Bohm velocity to simplify the solution, and is true
for stationary plasmas. A flame plasma however is a flowing plas-
ma with a mean velocity equal to the burnt gas velocity. The highly
collisional nature of the flame means ions also have the same mean
velocity. This flow velocity carries the ions toward the anode and
away from the burner/cathode. At the downstream electrode, this
means the pre-sheath does not need to provide as much accelera-
tion to reach the Bohm velocity. At the burner, the ion flux is away
from the burner, thus the pre-sheath must first decelerate the ions
and then accelerate them upstream toward the burner to reach the
Bohm velocity. The flowing plasma thus creates a slightly thicker
burner pre-sheath and thinner downstream electrode pre-sheath,
but the effect is small as the gas flow velocity is much smaller than
the Bohm velocity. Likewise, replacing the anode ion flux velocity
with the flow velocity in Eq. (10) causes minimal changes to the
sheath potential. Thus for all practical purposes, the current formu-
lation with the Bohm velocity is sufficiently accurate.

3.1. Ionic wind energy transfer to the flow

The body force known as the ionic wind is the primary suspect
for alterations to a flame under an electric field. Lawton and
Weinberg first proposed a maxima on the possible effects of an ionic
wind based on the maximum ion current possible at air breakdown
[9]. Their results gave a maximum static pressure of 40 N/m2, and
maximum force/volume of 8000 N/m3, irrelevant of flame properties.
Using the sheath analysis presented here, the energy deposited into
the flow can be calculated based on ion–neutral collisions.

Ion and electrons gain kinetic energy from the electrostatic
acceleration. Ions undergo momentum transfer collisions with
neutrals, thereby injecting energy into the flow. Charge exchange
collisions between ions and neutrals also occur, but shall be ne-
glected for the momentum considerations. Electrons also undergo
neutral collisions; however the large mass difference means any
energy transfer likely goes into internal modes. Sheath theory says

Fig. 6. The cathode sheath length increases nearly linearly with the applied voltage.
A colder flame/plasma increases the sheath length. The anode sheath is indepen-
dent of the applied voltage (for ni = 1 � 1010 cm�3).

1682 K.G. Xu / Combustion and Flame 161 (2014) 1678–1686
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large electric fields can only exist inside a sheath within a plasma.
Thus we will assume any significant ion acceleration and
momentum transfer only occurs within the sheath thickness, and
primarily at the cathode for a grounded burner. A calculation of
the energy transferred from the electric field to ions and then to
neutrals can be obtained comparing the electrode impact energy
of collisionless and collisional sheaths. Only the results are given
below, a full derivation can be found in the Appendix.

The difference between the maximum impact energy from the
collisionless case and the collisional case for a given sheath poten-
tial and collision parameter gives the total energy lost to the flow
per ion.

D� ¼ �w;a¼0 � �w;a>0 ¼
1
2

u2
o þ gw �

1
2

5
2

uogw

a8=3

� �2=5

: ð12Þ

Eq. (12) can be converted to a force density and pressure with
the ion density and distance over which the potential acts, i.e.,
the sheath thickness,

F ¼ D�kTeni

D
½N=m3�; ð13Þ

p ¼ D�kTeni ½N=m2�: ð14Þ

Multiple factors affect the energy transfer from the field to the
flow. Figure 7 shows the percent energy transferred to the flow
(D�/�max) and shows that above a = 1, 99% of energy goes into

the flow, for any potential. As flames have collision parameters
much greater than 1, this means that the flow will always collect
all the power from the applied electric field. However, the electric
power is at best a few watts, negligible compared to the thermal
power of the flame. Thus the electric field does not contribute sig-
nificant thermal energy to the flow. While collision parameters
above one do not affect the fraction of energy transferred, it does
greatly influence the force as shown in Fig. 8.

3.2. Discussion

The results of the sheath model can be used to examine re-
ported data from literature. It is often noted that only a grounded
burner causes noticeable flame changes, that a positive burner has
no effect on the flame behavior. With sheath analysis, we can pos-
tulate an explanation for this behavior. When biased positively, the
burner forms a micron-scale anode sheath. The anode sheath as
shown is less than 1 V, and generally independent of the applied
voltage. In most flames, the reaction zone sits �1 mm above the
burner, thus the anode sheath will not extend into the ion produc-
tion region. Depending on electrode spacing, the thicker cathode
sheath from the top electrode may not extend into the reaction
zone either. This means only a fraction of the ions in the burnt
product are accelerated by the electric field. The ion acceleration
occurs downstream of and away from the flame front. Thus the io-
nic wind force caused by ion flow will not affect the actual flame.
However, if the cathode sheath grew sufficiently large to extend
into the flame front, effects such as lengthening of the flame should
be possible.

Another behavior of the flame is a diode-like current response
when the polarity is flipped. With a grounded burner, higher volt-
age produces higher current. A positive burner however produces
nearly constant small current over a large range of voltages
[13,21]. A possible explanation for this behavior can be seen from
the sheath growth and flowing plasma. In the standard case of a
grounded burner, the burner sheath and pre-sheath must over-
come the mean flow velocity. A decrease in velocity results in an
increase in density. Thus as the sheath grows, the amount of
retreating ions collected is increased, which results in higher cur-
rent. So increased ion current with voltage it is not merely an effect
of higher ion acceleration, but an effect of sheath area coverage. In
the opposite case with a positive burner, the sheath growth occurs
from the top electrode down towards the incoming ions. As the
ions are naturally convecting toward the sheath, the ion flux is dic-
tated by the flow speed as previously mentioned. The burnt gas
flow speed is relatively constant, thus an increased sheath thick-
ness without an increase in area does not result in increased ion
flux. Thus the positive burner case will reach current saturation
quickly as seen in experiments [13,21].

The sheath also suggests a physical condition for the saturation
current sometimes seen in flames. Current saturation occurs when
increases in voltage does not result in a corresponding increase in
ion current. This indicates that all ions present are being collected,
or the collection equals the production. Considering the growing
sheath and thus growing coverage of the flame/plasma volume,
two likely conditions for saturation current is when the sheath
fully covers the flame reaction zone, or the cathode and anode
sheath meet. When the sheath, likely a cathode sheath due to its
growth, covers the reaction zone, all ions produced there are
immediately attracted to the burner. It may be possible for some
ions with sufficient energy to escape, and chemi-ionization may
also occur downstream of the reaction zone. At the second
condition when both sheaths meet, the entire volume between
the electrodes is under the influence of the electric field and all
charged particles are collected. Further increases in voltage, prior

Fig. 7. Fraction of ion kinetic energy transferred to the flow for different collisional
parameters and sheath potentials. Above a = 1, 99% of the energy gained from the
electric field is transfer into the flow. Thus for the majority of flames, all of the
applied energy can be considered transferred to the flow.

Fig. 8. The force density as a function of the sheath potential for different collisional
parameters. While a > 1 does not affect the percent energy transferred to the flow, it
greatly affects the total force and thus pressure exerted by the ionic wind.
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to breakdown, will not increase the total number of charged parti-
cles, only the amount of energy they have.

Finally, we can examine possible maximums of the ionic wind
force from the sheath model. Lawton and Weinberg proposed
maxima based on the minimum electric field required for break-
down in air, 30 kV/cm, and a given spacing of 0.5 cm between the
flame and burner. From Eqs. (13) and (14), it is apparent that the
pressure and force density from the sheath model cannot have a
constant maximum for all possible flames. The three dimensional
variables of Te, ni, and D will vary depending on flame geometry
and properties. This makes sense since at initial breakdown, ion-
ization of air molecules is very small. Only the high energy tail of
the ion and electron energy distribution has just enough energy to
cause collisional ionization of neutrals. This will limit the amount
of secondary ions created via breakdown. As the electric field
further increases, more secondary ions will be formed as more
particles gain sufficient energy for ionization. At initial breakdown
where Lawton and Weinberg take their maxima, the ion density
should not be significantly higher than that produced by the
flame. Thus the maximum current density should depend on the
flame properties.

Using values for density and temperature previously assumed,
and an electric field of 30 kV/cm with 0.5 cm separation, the ionic
wind pressure and force density from this model are 24 N/m2 and
4800 N/m3 respectively. The pressure is independent of tempera-
ture. This is due to the nearly total energy transfer in collisional
plasma. As shown in Fig. 7, almost all of the electrical energy is
transferred to the flow for a > 1. Given flame collision parameters
are typically >100, the collisional impact energy term �w,a>1 in
Eq. (12) can be neglected. Then energy transfer and thus pressure
is dependent on the non-dimensionalized potential, which has a
1/kTe term. The force density for a fixed D is also independent of
the temperature. If D is taken as the sheath thickness however,
then the force density varies with temperature through the Debye
length. Both quantities vary linearly with ion density as the energy
transfer is per ion.

Note that these values are obtained for a predetermined dis-
tance over which the electric field acts, i.e., setting the sheath
thickness to 0.5 cm for a 15 kV potential to obtain a 30 kV/cm field.
In reality, the sheath thickness for a given potential is affected by
multiple variables as previously shown. If the sheath is determined
self-consistently, a 15 kV potential gives a collisional sheath thick-
ness of 1.19 cm, which is a 12.6 kV/cm field. Of course if the dis-
tance is physically held at 0.5 cm somehow, then a 30 kV/cm
field would be obtained. In this case the sheath (1.19 cm) is larger
than the physical spacing (0.5 cm), thus would span the entire dis-
tance. The sheath formulation of the ionic wind force does not ex-
actly match the maxima derived by Lawton and Weinberg, but do
have reasonable agreement given the different analysis methods.

3.3. Thermal equilibrium and relaxation times

The work presented in this paper makes the assumption of ther-
mal equilibrium between electrons, ions, and neutrals. This allows
an easy determination of charged species temperatures, and veloc-
ities, and is often used in the literature. The validity of the equilib-
rium assumption can be examined by considering the relaxation
mean free paths of ions and electrons. When two particles collide,
energy is transferred from the faster particle to the slower one.
When the two particles have equal or similar mass (i.e., ion–neu-
tral collisions), half of the fast particle’s energy is transferred as
shown by McDaniel [41]. If the fast particle is much lighter than
the second particle (i.e., electron–neutral collisions), the fraction
of energy transferred is only 2m/M, where m is the fast particle’s
mass and M is the mass of the second particle. For electron–N2, this
is 3.91 � 10�5. This is an exponential decay process.

To transfer 99.9% of an ion or electron’s energy to neutrals, an
ion requires �10 collisions while electrons require �175,000 colli-
sions. The momentum transfer mean free path for ion–N2 and elec-
tron–N2 are 2.2 � 10�4 and 3.89 � 10�3 mm respectively. Thus ion
and electron relaxation and equilibration mean free path are
approximately 2.2 � 10�3 mm and 68 cm. This very simple analysis
would seem to indicate that ions reach thermal equilibrium almost
immediately after creation within the reaction zone, while electron
may never reach thermal equilibrium. The latter is a rather surpris-
ing result, but it does not necessarily mean electrons are orders of
magnitude more energetic than ion or neutrals. Electrons are likely
created at temperatures similar to that of neutrals, thus starting
near equilibrium, as chemical ionization is not a very energetic
process. Electrons may also be lost through recombination reac-
tions. Lastly, due to the mass difference between electrons and
neutrals, electrons are not the primary method of momentum
transfer for the ionic wind. A more in depth consideration of parti-
cle collision in flames may be needed, but that is not the focus of
this paper, and may be the subject of future work.

4. Conclusions

In this paper plasma sheath theory is applied to collisional
flame plasma in an effort to understand the basic mechanisms.
It was analytically shown that the sheath at the positive electrode
is less than 1 V, only tens of microns thick, and independent of
the applied voltage. The cathode sheath grows with applied volt-
age and extends to multiple centimeters. The results explain why
a positive burner causes little or no change to the flame. The ionic
wind force is examined by equating the ion energy loss from col-
lisions to the energy transferred to the flow. The results match
well to the original maximum derived by Lawton and Weinberg.
The results of this work provide a foundation for future theoreti-
cal development of electric field modified flames and helps
explain some of the variable flame behaviors reported in the
literature.

The equations presented here can be used to approximate the
sheath and field properties by the following process:

(1) Knowing or approximating ne, Te, and V, calculate g and kD.
(2) Calculate the collision parameter from a ¼ kD=kMFP; where

kMFP ¼ 1=nnrin.
(3) The anode sheath potential can be found from Eq. (3). The

cathode sheath potential can be taken as the applied
potential.

(4) The sheath thickness can then be calculated from Eq. (4) and
d = D/kD.

(5) The energy, force density, and pressure that result from the
electric field can be calculated from Eqs. (12)–(14).

(6) Property variations within the sheath can be roughly calcu-
lated from Eqs. (3), (14), and (13) for the potential, electric
field, and ion velocity. Higher accuracy can be obtained by
numerically solving the governing Eqs. (24) and (25).

The 1D results presented here make simplifying assumptions,
such as constant temperature and plasma density that may not
hold for an actual flame. Further work is needed to develop a high-
er fidelity model with spatial property variation to better capture
and understand the plasma behavior and its effects on the flame.
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Appendix A. Sheath solution derivation

The conservation equations for the two-fluid model as given by
Sheridan and Goree are [39]:

ns ¼ no exp � eVs

kTe

� �
; ð15Þ

d
dx
ðniv iÞ ¼ 0; ð16Þ

miv i
dv i

dx
¼ �e

dVs

dx
�miðnnrinv iÞv i; ð17Þ

d2Vs

dx2 ¼ �
e
�o
ðni � neÞ: ð18Þ

Eqs. (15)–(18) can be combined to obtain a pair of coupled dif-
ferential equations for the sheath.

v i
dv i

dx
¼ � e

mi

dVs

dx
� nnrinv2

i ; ð19Þ

d2Vs

dx2 ¼
e
�o

vo

v i
� exp

eVs

kTe

� �� �
: ð20Þ

The ion density is obtained from the continuity equation nivi =
novo. The two governing equations can be non-dimensionalized
by scaling the potential, distance, and velocity by the appropriate
factors.

g ¼ � eVs

kTe
; ð21Þ

n ¼ x
kD
; ð22Þ

u ¼ v
vB
: ð23Þ

The dimensional sheath thickness is d = D/kD. Substituting the
dimensionless variables into Eqs. (19) and (20), and using the def-
inition of the collision parameter, a, previously defined, the gov-
erning equations become

uu0 ¼ g0 � au2; ð24Þ

g00 ¼ uo

u
� expð�gÞ; ð25Þ

where the prime denotes derivative with respect to n. The boundary
conditions for the governing equations are given at the wall (n = d)
and at the sheath edge (n = 0). At the wall, g(d) = gw. At the sheath
edge, g(0) = 0, g0(0) = 0, and u(0) = uo. From here the equations can
be solve numerically for g(n) and u(n) using schemes such as Run-
ge–Kutta.

The analytical solutions are obtained by simplifying the govern-
ing equations. For a collisional sheath, the convective term in the
momentum equation, uu0, can be neglected as the ion motion will
be collisionally dominated. Additional, as the sheath is a pure ion
sheath (electron repelling) the electron density contribution in
Poisson’s equation can be neglected. Thus the governing Eqs. (24)
and (25) become

u ¼
ffiffiffiffiffi
g0
a

r
; ð26Þ

g00 ¼ uo

u
¼ a1=2uo

ðg0Þ1=2 : ð27Þ

Eq. (27) can be integrated by setting g(n) = g0, with the initial
condition g(0) = g0(0) = 0. ThusZ g

0
g1=2dg1 ¼

Z n

0
a1=2uodn1; ð28Þ

resulting in

g ¼ dg
dn
¼ 3

2
uoa1=2n

� �2=3

; ð29Þ

which is an expression for the electric field as a function of position.
Eq. (29) can now be integrated again to obtain a function for g,

g ¼ 3
5

3
2

uo

� �2=3

a1=3n5=3: ð30Þ

Taking Eq. (30) at the wall (n = d, g = gw), we obtain an expres-
sion for the collisional sheath thickness.

d ¼ 500
243

g3
w

au2
o

� �1=5

: ð31Þ

For a collisionless sheath, analytical expressions are obtained by
setting a = 0 in Eq. (27) for collisionless, and letting uo � 1 from the
Bohm criterion thus making uo� g, and also neglecting the elec-
tron density in Poisson’s equation.

; ð32Þ

g00 ¼ uoffiffiffiffiffiffi
2g

p : ð33Þ

Multiple both size by g0

dg
dn

d2g
dn2 ¼

uoffiffiffi
2
p g�1=2 dg

dn
: ð34Þ

Using the chain rule

dg
dn

d2g
dn2 ¼

1
2

d
dn

dg
dn

� �2

; ð35Þ

we can integrate to obtain g0Z
d

dg
dn

� �2

¼ uoffiffiffi
2
p

Z
g�1=2dg

dg
dn
¼ 1

2
uoffiffiffi

2
p g1=2

� �1=2

:

ð36Þ

Integrating once more gives an expression for g and then d.

g ¼ 34=3

25=3 u2=3
o n4=3; ð37Þ

d ¼ 25=4

3
g3=4

w

u1=2
o

: ð38Þ

Appendix B. Ion energy transfer derivation

Eq. (24) gives the non-dimensionalized form of the momentum
equation. For a collisionless plasma (a = 0), it can be integrated for
the ion velocity as a function of potential [39].

1
2

u2 ¼ 1
2

uo þ g: ð39Þ
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The ion kinetic energy can be non-dimensionalized as
� ¼ ð1=2miv2

i Þ=kTe. At the wall or electrode, ions impact with an
energy

�w;a ¼ 0 ¼ 1
2

u2
w ¼

1
2

u2
o þ gw: ð40Þ

As this is the impact energy for a collisionless sheath, i.e., no en-
ergy loses, this also equals the maximum ion energy for a given
sheath potential �max. For a collisional sheath, the convective term
uu0 in Eq. (24) can be neglected as the particle’s motion will be coll-
sionally dominated. Thus

u ¼
ffiffiffiffiffi
g0
a

r
; ð41Þ

and g0 can be obtained from Eq. (25)

g0 ¼ 3
2

uo

� �2=3

a1=3n2=3; ð42Þ

and the collisional impact energy is then

�w;a>1 ¼
1
2

u2
w ¼

1
2

g0

a
¼ 1

2
3
2

uo

� �2=3

a�2=3n2=3 ¼ 1
2

5
2

uogw

a8=3

� �2=5

: ð43Þ

This is the energy with which ions impact the electrode after
moving through a collisional sheath where energy is lost to neutral
collisions. The difference between the maximum impact energy
from the collisionless case and the collisional case for a given
sheath potential and collision parameter gives the total energy lost
to the flow per ion.

D� ¼ 1
2

u2
o þ gw �

1
2

5
2

uogw

a8=3

� �2=5

: ð44Þ
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