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CAL C: LINE INTEGRALS & VECTOR FIELDS 

Line Integrals and Vector Fields: 

 Line integrals are used as a general form of integration over a curve 𝐶 rather than an 

interval. The curve needs to be parameterized using a ray that traces location as a 

function of 𝑡: 

𝒓(𝑡) = 𝑔(𝑡)𝐢 + ℎ(𝑡)𝐣 + 𝑘(𝑡)𝐤   for  𝑎 ≤ 𝑡 ≤ 𝑏   such that   𝑓(𝑥, 𝑦, 𝑧) = 𝑓(𝑔(𝑡), ℎ(𝑡), 𝑘(𝑡)) 

 Knowing that |
𝑑𝑠

𝑑𝑡
| = |𝒗(𝑡)|, a line integral is written:  

∫ 𝑓(𝑥, 𝑦, 𝑧)𝑑𝑠 =  ∫ 𝑓(𝑔(𝑡), ℎ(𝑡), 𝑘(𝑡)) ⋅ |𝒗(𝑡)|
𝑏

𝑎

 

𝐶

𝑑𝑡 

 Line integrals can be used in vector fields to find work, flux, and more. A vector field is 

defined: 

𝐹(𝑥, 𝑦, 𝑧) = 𝑀(𝑥, 𝑦, 𝑧)𝐢 + 𝑁(𝑥, 𝑦, 𝑧)𝐣 + 𝑃(𝑥, 𝑦, 𝑧)𝒌 

 One notable vector field is the gradient field, defined by the gradient vector 𝐹 of a 

scalar function f: 

∇𝑓 =
𝜕𝑓

𝜕𝑥
𝐢 +

𝜕𝑓

𝜕𝑦
𝐣 +

𝜕𝑓

𝜕𝑧
𝐤 

 Knowing that the tangent vector is defined as 𝑇 =
𝑑𝒓

𝑑𝑠
, which defines the forward motion 

of the path, the line integral of a vector field 𝑭 over path 𝒓(𝑡) can be written: 

∫ 𝑭 ⋅ 𝑻 𝑑𝑠
 

𝐶

=  ∫ (𝑭 ⋅
𝑑𝒓

𝑑𝑠
) 𝑑𝑠

 

𝐶

=  ∫ 𝑭 ⋅ 𝑑𝒓
 

𝐶

=  ∫ 𝑭(𝒓(𝑡)) ⋅
𝑑𝒓

𝑑𝑡
𝑑𝑡

𝑏

𝑎

 

 It is known that this integral is equal to the work done by a force 𝑭 over a curve 𝐶 from a 

to b as well as the flow of a fluid along the curve 𝐶.  

 

 The flux of 𝑭 across the curve 𝐶 is defined by the scalar component of the fluid’s velocity 

in the direction of the curve’s outward facing normal vector (while the tangential vector 

leads to flow along the curve, flux is concerned with flow across the curve).  

𝐹𝑙𝑢𝑥 =  ∫ 𝑭 ⋅ 𝒏 𝑑𝑠
 

𝐶

=  ∫ 𝑭 ⋅ (𝑻 × 𝐤) 𝑑𝑠
 

𝐶

= ∫ (𝑀
𝑑𝑦

𝑑𝑠
− 𝑁

𝑑𝑥

𝑑𝑠
)  𝑑𝑠

 

𝐶

=  ∮ 𝑀 𝑑𝑦 − 𝑁 𝑑𝑥
 

𝐶
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